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ABSTRACT

New general results concerning absolute summability of an infinite series are presented. Other special cases are also
deduced.
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1. INTRODUCTION:
Let T be a lower triangular matrix, (Sn ) a sequence, then

T, = ZthSV 1)

v=0

A series Z a, is said to be summable |T|k Kk >1, if

an_l|ATnl|k < @)

Given any lower triangular matrix T one can associate the matrices T and T , with entries defined by,

respectively. With S, = Zin:o al,
tn = itnvsv = itnviaiﬂ’l = iaiﬂ’l itnv = it:aiﬂ’l

v=0 v=0 i=0 i=0 v=i i=0 (3)
anfniaiﬂfl

i=0

as tn—l,n = O

n n-1_
Yn = tn _tn—l = Zt_n ql/ll _zt”‘lviai;{’l = &)
i=0 i=0

n
X, =u —-u_=>u.a.
n n n-1 ; ni i (5)
We call T a triangle if T is lower triangular and t, # 0 for all n. A triangle A is called factorable if its nonzero entries

a,,, can be written in the form b_C. for each m and n. We also assume that U = (uij) is a triangle (p,),(q,) are

assumed to be positive sequences of numbers such that
P =p,+p+..+p, >0,a n— oo,

Q,=0,+0, +...+q, > ©,a8 N > »©,
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The series Zan is said to be summable |R, p,l, K=1, if

w k
S nAz, | <oo,

n=1

"

where
n

Z,=) P

n i
i=0

Via giving another name of this kind of summability (that is replacing |R, pn|k by ‘N, P, ) with exactly the same

meaning, Savas [1] gave the following result

Theorem: 1.1 Letl < K < S <0, Let (/1n ) be a sequence of constants, T be a triangle with bounded entries such that

T and ( pn)satisfy
. Py |\ sk

t, 4 =0|| = .
(i) LA, (( P }V J
(il (n|Xn|)sfk = 0(),

) Av( nv;i\/ ‘ (|tnn n|)

(iii);
w s-1
o 30 Avm»:o(vﬂtw«r),
| = O(twn]). g

tnnﬂn
=v+l

n-1
o S
g s -1
oy 2 (M)
where (anun_un—l PP 1;F’—la\/ Zp| |J

n i=0

m\ ( (vita) ),

is summable |T|k whenever Zan is summable ‘N, Pn,

. a A
Then the series Z n-n
2. RESULT:

The aim of this paper is to present the following general result:

Theorem: 2.1 Let 1<k <s< 00, (ln) be a sequence of constants. Let T and U be triangles with bounded entries such that

U is factorable, thatis U canbe writtenas U, = ¢ngpv, and they satisfy the following:

),

M tA =0V ga.,
(i) ( X,[) =0,

)
V(m)\ O([tm ).
(iv) Z (nft, ﬂw|) A (6 4)=0(v Al )

n=v+1

(iii)
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O ([t ).
O((VIta)™)s g

n-1
v DA A=
v=1

(vi) i( nlt,, n|)sl

n=v+1

vi)  Ap,t=0(|4,]).

nvﬂ\/

Then the series Zanﬂn is summable |T|S whenever Zan is summable |U |k . It may be mentioned that theorem
1.1 remains a special case of theorem 2.1 in the sense that

If we are putting U E(R, pn),that is U :(unv), where U, =@ .@,, ¢, =

@, = P,_; in theorem 2.1 we

PP

n' n-1
obtain theorem 1.1.

Proof: By Abel’s transformation we have

nv/,{\/
Y V
ch o

S (Son p (53} (e

= X A Xt A
— V(A —1t —lA t Mntnn’n
; o, ( ®p nvﬂ\/ +¢v+1 v( nv;{v)) ¢ ?,

=Y, +Y,,+Y,.

To complete the proof, by Minkowski’s inequality, it is sufficient to show that

>y, <o, j=1,2,3
n=1

nj

Now applying Hélder’s inequality, we have

S s-1 S S s-1 S -1 vanv/q\/ -1
S = St §a () X g |thv|\
n=1 n=1 v=1 (0\,

| (th

|¢|

e AL
@,
Jaort) i

e XL IAl Z w4t 4

t A

nv’n

v=1 | v | n=v+1
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> K s—k
_ k-1 -
=0(1) 2 VX[ (v]X,])
v=1
> K
= 0(1)ZVS‘1IXVI =0(1

n=1 n=1

n=1
s-1
< i nS ] n-1 nv/’i\/ H (Z (tnvﬂ\, )‘j
n=1 v=l |¢v | | v+1| =1
- . s nvﬂv X )
oW, Il
% vﬂ|m hs
0 XV s 0 . o
oyl S A, (1)
v=l |¢ | ®Dyq| n=v+1
S _l twﬂv Xv )
—oy ¥ AL
v=l |¢V| |¢V+1|

-0 v,
v=1

_ O(l)ivk—l | Xv|k (Vs—s/k—k+l | XV|S—k)
v=1

—o) Y v x,[ =0
v=1

= s t X Al
nsle — sl ~nnMn’"n
2l =2,
& o e X0
Sznsl|nn n
Al e

=o)X X,
n=1
—o() > X, [ =0 ().
n=1

Theorem: 2.2 Let 1< K < oo, (ﬂn) be a sequence of constants. Let T and U be triangles with bounded entries such

that U is factorable, thatis U, can be writtenas U, = @.¢, and they satisfy the following:

(M 1:Wﬂ\/ = O(|¢v¢v+l|)'

iy 208 (BA)=0(t )

© 2011, RJPA. All Rights Reserved 271




W. T. Sulaiman*/ GENERAL RELATIONS FOR ABSOLUTE SUMMABILITY /RJPA- 1(9), Dec.-2011, Page: 268-273

(iii) Z |t“” ”| ‘A ”Vﬂ\’ ‘ ( k_1|tvvﬂv|k)
(iv) VZJRVM (|tnn n|) and

o 2 (A A |0 (A, w0
g =0(4])

Then the series Zanﬂn is summable |T|k whenever Zan is summable |U

tnv/q‘\/ =
nvﬂ\/

(vi)

x
Proof: Follows from Theorem 2.1 by putting s = k.

k >1, whenever it is summable

Corollary: 2.3 Sufficient conditions for the series Zan to be summable |R, qn|k ,

|R, pn|k are
0  a.PR=0(pQ,)

- s 1qs VS 1qs -1
n_Q v ]
W 3 [ Q ]

Proof: Follows from theorem 2.2.by putting.

f _ anv—l L’j _ pan—l

p
= v My T ' h = S V:PV—’ and /’anl'
" QnQn—l Pn Pn—l ¢ Pn Pn -1 Y '

noticing that fw =t,. U, =u, forallv. We will show that conditions of Theorem 2.2 are all satisfied.

P
wero =2 :o[%jzo(;vTv}o(m).

(Z)Z vnv ;qugvl_QQ 1;(]\, - (|t”“|)

} k-1 o kel ak
.. qn qnqv i qn
(3) By (ii) ngl(n|tnn|) Avtnv nzvll[nQ_j Q.Q. 4 % n§1 Q,Q -1

v lq\ll( _ k-1]p [K
_o( 3 j_o(v t[).
q, 9.Q,. L
d - =o([t,.|).
ZQ 2.0.. (QQJ;% [an Ofw

(4) th

- k-1 w0 k-1.k
5 n tnn nv nk -1 qn J anv—l =Q,_ n qn
( ) n—z\H—l( | |) n%l [ n QnQn—l Q ' n:Z\H'l Qn Qn—l
-1 k-1
—O(VQqV j by(ii)

:O((v|tw|)k_l).
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Corollary: 2.4 The series Zan is summable |F€,qn|k iff it is summable |R, q”|k . k>1 provided the following

holds
M  9,P,=0(p,Q,)
i  P.Q,=0(a,PR,),

0 nS—qu VS—qu—l
P n — O \/ ,
@ 2 50, ( Q;

0 ns—l S Vs—l s-1
(iV) z PSPpn :O[ pv j’

s
n=v+l 'n ' na pv

Proof: Follows from Corollary 2.3, via changing the rolls of ( P, ) ) (qn)
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