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ABSTRACT
In this paper , we obtained some properties of { -module over a ring R, prove the relation between ( - module and

Browerian algebra and also established that { -module is a direct product of Browerian algebra and { - group.

Mathematical Subjectclass[2000]: {06F25,06F99)

1. INTRODUCTION AND PRELIMINARIES:

The relation between logics of algebra and modern algebra was worked by many mathematicians from Boolean. But
in 1935 it was M.H. Stone who emphasized that there is a precise connection between lattice ordered groups and
Boolean Algebra. He observed that a distributive complemented lattice is a Boolean ring with identity.

In connection with the work of M. H. Stone, Birkhoff, G.,imposed an open problem 105 in [1]: Is there a common
abstraction which includes Boolean algebras (Rings) and lattice ordered groups as special cases. To answer this
problem by the way of introducing the algebraic structure connecting lattice and group is called £- group or lattice
ordered group etc. Many propreties connected with dually residuated lattice ordered semigroups was presented in [2].

Definition 1.1 Let R be a ring with unit element.A non-empty set M is said to be a { -module over R, if it is
equipped with the binary operations +, scalar multiplication and binary relation < defined on it and satisfy the
following conditions

(i) M is a module over aring R .

(ii) (M ,<) is alattice.

(i) x<y=>a+x<a+y, foral a,x,ye M

iv) x<y=>ax<ay, forall x,ye M and &€ R ,with & >0, is unit.

Definition 1.2 Let R be a ring with unit element.A non-empty set M is said to be a { -module over R if it is
equipped with binary operations +, scalar multiplication, vV and N defined on it and satisfy the following conditions

(i) M is a module over aring R .

(ii) (M ,v,A) is a lattice.
(ida+(xvy)=(a+x)via+y)
iviat+(xany)=(a+x)A(a+y) forall a,x,ye M
vy alxvy)=axvay , a(xAy)=axAQy

forall x,y€ M and @€ R with & >0, is unit

2. PROPERTIES:

Property: 2.1 If M is a { module then, [(a—b)Vv O0]+b=av b forall a,b in M .
Property: 22 If M isa { module then, a<b=>a—c<b—c and c—b<c—a forall a,b,c in M

Property: 2.3 If M is a { module then,(av b)—c =(a—c)v (b—c), forall a,b,c in M .
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Property: 2.4 If M isa { module then, a—(bv c¢) =(a—b)A(a—c), forall a,b,c in M
Property: 2.5 If M isa { module then, a—(bAc)=(a—b)v (a—c), forall a,b,c in M
Property: 2.6 If M is a { module then, (bAc)—a=(b—a)A(c—a), forall a,b,c in M
Property: 2.7 If M isa { module then,a>b = (a—b)+b=a, forall a,b in M .
Property: 2.8 If M is a { module then, (a~v b)+(aAb)=a+Db, forall a,b in M .
Property: 2.9 If M isa { module then, [(a—b)Vv O]l+aAb=a, forall a,b in M

Property: 2.10 If M is a { module then, (av b)—(arnb)=(a—b)v (b—a),
forall a,b in M .

Property: 2.11 In a { module M then, a—(b—c)<(a—b)+c and (a+b)—c<(a—c)+b, forall a,b,c in
M .

Property: 2.12 In a (- module M if anb=0 and anc=0,then an(b+c)=0, if avb=0 and
avc=0,then av(b+c)=0 ,forall a,b,ce M

Theorem: 2.1 Any { -module M is a distributive lattice.
Proof: Given M isa ¢ -module.

To prove that M is a distributive lattice.

It is sufficient to prove
avx=avy,anx=aAy implies x =7y, forall a,x,y in M .

Let a,x,y in M be arbitrary.
Suppose aVX=aV y,anXx=aAny
Wehave a+b—aAb=avb, by property 2.8

Putting b = X, in the above eqn, we get
atx—anx=avx

=>x=avx+tanx—a
=avy+any—a

x=a+y—a, by property 2.8
=>x=y

Thus avx=avy,anx=any
= x=y, forall a,x,y in M .

Hence M is a distributive lattice.

Theorem: 2.2 Any Browerian algebra B is a { -module over B .
Proof: Given B is a Browerian Algebra.

To prove B isa f -module over B .
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It is sufficient to prove.

(1) (B,+,s.m) is a module.
(2) x<y implies a+x<a+y forall a,x,ye B
B)x<y=>ax<ay,foral x,ye B,ae B,a >0, is unit.

Define +,- = scalar multiplication on B, by
X+y=xvy,xy=xAy,forall x,ye B
Scalar multiplication is closed

Let X€ B, € B be arbitrary, where & is unit & >0
=>anrnxe B=>axeB

Next to claim

O alx+y)=ax+ay
(i) (@ + B)x =ax+ Px
(i) (gf)x = a(Px)
iv) 1-x=x

forall @, f,x,y€ B

Therefore B is a module over B .
For(2): Let a, X,y € B be arbitrary.

Suppose X<y = xVvy=Yy and x =xAYy. Then
atx=a+y

=a+(xVvy)

=(a+x)v(a+y)
Thus x<y=>a+x<a+y, foral a,x,ye B

For (3): Let &, X, y € B be arbitrary , where & > 0, & is unit

Suppose x <y

:>xvy=y
=>a(xvy) =ay
=S oaxvay=ay

= oax<ay, foral &, x,ye B

Therefore the Browerian algebra B is a £ - module.

Theorem: 2.3 Any ( - module M is a direct product of a Browerian Algebra B and an ( -group G if and only if
(Ya+b)—(c+c)=(a—c)+(b—c) and
(i) (ma+nb)—(a+b) = (ma—a)+(nb—>b)

forall a,b,c € M and any two positive integers 11,7 .

Proof: To prove B is a Browerian Algebra, G isa /- groupand M = BXG
Take B={ae M/a+a—a =0}

Claim: 1 B is a Browerian Algebra.

Claim: 2 G is a { - group.

(i) (G,V,A) is a lattice.
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Next to claim that
LLa+(xvy)=(a+x)v(a+y)
2.a+(xAny)=(a+x)A(a+y) ,foral a,x,ye G

Hence G isa £ - group.
Claim: 3 M = BXG

It is enough to prove forany a € M can be uniquely expressed as @ = x + Y,
y=(a+a)—a,x=a—-[(a+a)—a]= x€ B and ye G .Then

(y+y)-y=[2a-a)+(2a-a)l-(2a—-a)
=[2a+2a)—(a+a)]-2a—a), by (3.19)
=@a—-2a)-2a—a)
>4a—-2a—a, since 2a—a<a
=a=(a+a)—a=y

=>+y)-yzy

Also (y+y)—y<(y—y)+y, by property 3.11
=y

= (+y)-y=<y

Therefore (y+y)—y=1y

=>yeG
y=(a+a)—a
=>y<a

x20=>x+x20+x=x
= Xx+x2Xx

Now, (a—y)+(a—-y)=(a+a)—(y+y), by (3.17)

=2a-2y
=2a—-2QR2a—-a)
=2a—(4a-2a)

= x+x=2a—-4a-2a)

We have
(4a-2a)+(a—QRa—-a))=QRa—-a)+Ra—a)+(a—2a—a))
>QRa-a)+2a—-a)+0, since x=0

= (4a-2a)+(a—2a—a))=2a
=2a—4a-2a)<a-2a—a)
=>x+x<x

Therefore x+x=Xx
=>x+x—x=0

= x€eB

Thusif a€ M then a = x+ y implies xe B,ye G
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Uniqueness part: Suppose a = X+ y' where X' € B and y'e G
Hence M = BXG

Second Part: Conversely assume that a ¢ -module M = BXG where B is a Browerian algebra and G is a £ -
group.

To prove
() (a+b)—(c+c)=(a—c)+(b-c)
(ii)y (ma+nb)—(a+b)=(ma—a)+(nb—>b),forall a,b,ce M and any two positive integers m,n .

Let a,b,c€ M be arbitrary.

=a,b,ce B sincea=a+0,b=b+0,c=c+0
=a-c,b—c,a+beB
=(a—-c)+(b-c),a+be B

= (a—c)+(b—-c)—(a+b)e B such that

(a+b)vx=(a—c)+(b—c), since B is a Browerian algebra

= x=—(c+c)€ B such that
(a+b)—(c+c)=(a—c)+(b—-c)

Similarly let a,b € M be arbitrary.

=a,be B

= ma,nb,,a,be B, since ata=a,a+a+a=a etc.
=ma—a,nb—b,ma+nbe B

= (ma-a)+(nb—-b),ma+nbe B

= x=[(ma—a)+ (nb—>b)]—(ma+ nb) B such that
= (ma+nb)+x=(ma—a)+(nb—>b)

= (ma+nb)—(a+b)>(ma—a)+ (nb—>b)
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