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ABSTRACT
In this paper, we prove the existence of common fixed points for a generalized Geraghty contraction maps. Further we
introduce generalized (f, g) - Geraghty contraction maps and prove the existence of common fixed points. Our results
extend some of the known results. Examples are provided in support of our results.
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1. INTRODUCTION AND PRELIMINARIES

Banach contraction principle is one of the fundamental results in fixed point theory for which several authors
generalized and extended it by defining new contractive conditions. One among those conditions was due to
Geraghty[6] namely Geraghty contraction, introduced in 1973, where the Geraghty contraction depends on the class of
functions

S ={B:]0, ) — [0, 1)/ B(tn) = 1 = th — 0}
Notation: We denote a metric space (X, d) by X. If f : X — Xis a self map of X, we denote the set of all fixed points of f
by F (f). ie, F (f) = {x € X: f(x) =x}.
If M is a nonempty sub set o f X then cI[M] denotes the closure of M.

Definition 1.1: [6] Let (X, d) be a metric space. A selfmap f: X — Xis said tobe a Geraghty contraction if there exists
€ S such that
d(f(x), f(y)) < B, y))d(x, y) for all x, y €X. (1.1.1)

Here we observe that every contraction is a Geraghty contraction, but itsconverse need not be true [2], [3].
Theorem 1.2: [6] Let (X, d) be a complete metric space. Let f: X — X be aself map. If there exists § € S such that

d(f(x), f(y)) < p(d(x, y))d(x, y) for all x, y € X, (12.1)
then f has a unique common fixed pointin X .

Definition 1.3: [3] A selfmap f : X — X is said to be a generalized Geraghty contraction if there exists

£ € S such that
d(f(x), ()= (M(x, y))M(x, y) (1.3.1)
M(x,y) = maxifid(x, y),d(x, fx),d(y, fy), (d(x, f(y) + d(y,f(x))/2 } for all x, y € X.
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Suppose that M is a nonempty subset of a metric space (X, d) and f, T are self mappings of M . A point
x in Mto bea common fixed (coincidence) point of f and T if x = fx = Tx (fx = Tx). We denote the set of
coincidence points of f and T by C(f, T), and the set of all common fixed points by F(f, T).

ie, F(F,T)=F{) NE(T).

Definition 1.4: [8] A pair (f, T) of selfmaps of a metric space (X, d) is said to be weakly compatible, if they
commute at their coincidence points, i.e., if fTx = Tfx whenever fx = Tx for all x € X.

Definition 1.5: [9] Let K be a nonempty subset of a metric space (X, d) and T, f, g be three self maps on
K. A mapping T: K — Kiis called generalized (f, g) - contraction if there exists a constant k [0, 1) such that

d(Tx,Ty) < k maxifid(fx, gy), d(Tx, fx), d(TY, gy), L2020,

In 2007, Song [9] proved the following theorem for three maps. 1.6

Theorem 1.6: [9], [4] Let K be a metric space (x,d) and T, f, g : K —K three mappings with
CI (T(K) C F(K)N gK) . Suppose that Cl (T(K) is complete, T is generalized( f, g)- contraction with contestant

k €[0,1) . If the pairs (T, f) and (T, g) are weakly compatible, then F(T) NF(f) NF(g) is a singleton.
In 2013, Chandok and Narang [5] proved the following Theorem.

Theoreml.7: (Chandok [5]). Let M be a nonempty closed subset of a metric Space (X, d). Let T, f: M — M be self
mappings q €F(f) and T(M\{g}) C f(M)\{q}. Suppose that there exists k € [0, 1) such that

d(Tx,Ty) < k maxfd(fx, fy),d(fx,Tx),d(fy, Ty),d(fx' ) ; d(fy, Tx)}

For all x, y €M. Further, if T is continuous, cl[T(M\{q}] is complete, and f and T are weakly compatible on M\ {g} then
F(f, T) is a singleton.

In section 2, we introduce generalized (f, g)- Geraghty contraction maps T and prove the existence of common fixed points

for maps f, g and T by using technique of Chandok and Narang[5] by auuuming g € F (f) N F (g). Hence we note that q
need not be same as the common fixed point of f, gand T.

Here we introduce (f-g) Geraghty contraction map T.

Definition 1.8: Let (X, d) be a metric space. A self map T: X — X is said to be generalized (f, g) Geraghty

contraction if there exists g € S such that
d(Tx,Ty) < (M, (x, )M, (x,y) (1.8.1)

Where M, (x,y) = maxifid(fx, gy),d(Tx, fx),d(Ty, gy),w} forall x, y € X.

2. MAIN RESULTS
The following Lemma is useful in our subsequent discussions.

Lemma 2.1: Let M be a nonempty set and f: M —M be a selfmap. If q €F(f) then f(M) \{q} C f(M \{q}).

Proof: Let y € f(M) \{q}. Then there exists x € M, such that y=f(x), y#q.

If x = q then f(x) = f(q) = q since q € F(f).
i.e., y=1(x)=f(g) = q that implies y = g, a contradiction.

Therefore X # g, so that x € M\{q} and y=f(x) € f{(M\ {a}).y #q.

Now, we prove the existence of common fixed point of generalized (f, g)-Geraghty type contraction.

Theorem 2.2: Let (X, d) be a metric space, M be a nonempty closed subset of X. Lef f, g and T be selfmaps of M. Letq € F
f)NF(@and T(M\{g}) C f(M\{q} N (gM)\ {q}) and cl[T(M \ {q} )] is complete. Suppose that there exists

£ € S such that
d(Tx, Ty) < B(my (x,y))m, (x.y) (22.2)
Where m, (x,y) = maxifid(fx, gy),d(Tx, fx),d(Ty, gy),w} forall x,y € M.
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Further, if the pairs (T, f) and (T, g) are weakly compatible , then F(f) N F(g) N F(T) is singleton.

Proof: Let x, € M\{q}. Since T(M\{q}) C f(M\{q} N (gM)\ {q} ), we can find x;, x, € M\{q} such that T
Xo=fx; and T x; =g x,.

Similarly we can fond x5, x, € M\{q} suchthatTx, = fx3 and T x3 = g x,.

On continuing this process, we can find {x,,} € M\{q} suchthat Tx,, = fx,,,1 and Txy, 11 = gXon42
forn=0,1,23,....

Suppose that Tx,,, = Tx,,,,for somen .

Then we have d(Txt, 11, Txzn12) < By (tzn 11, X2n+2) )M (s, Xon 42,
where
My (X011, X2n+2) = MaXPd(f X541, 9X2n+2), AT X0 11, [ X200 41), A(T X042, GX2n 42),
d(fx2n+1rTxZn+Z)+d(gx2n+ZrTxZn+1)}
2

A(Txpn, Txpy12) + A(TXp 11, TXo041)
2

}

= maxifi(Txzn, Txzp41) (TX20, TX2p41)s (TX2n 41, TX2p 42,

=d(Txzn 41, TX2p42)
This implies that d(Tx5p, 11, TX2542) < d(TXx2, 41, TX2,42), @contradiction .
Hence Txy,11 = TXgp4p SOthat Txy, — Txgn i1 = Txop 4o
Hence {Tx,, } is a constant sequence, and hence it is a Cauchy.
Without loss of generality, we assume that Tx,, . Tx,,,; foralln=0,1,2,....

Now
We have d(Txzn 1, Txz0) < B(m1 Cezn 1) X20) )11 (gn i1, %20) (2.2.2)

. d(fxon+1,Txon)+d(gx2n ,Tx2n +1)
where my (Xz, 41, %2,) = MaXBd(f X 11, 9X2n), AT Xz 41, f X 11), A(T Xz, G2 ), —— 2 Aty
= maxifd(Txz, Txon 1), A(TX50, Tt 41), d(Togp g, Tity, ), iz e xen o1 Toan 1)y

2
d(Tx2n-1,T%2n+1)
=max {d(Txn, TX2n 1), d(TX2n, TX2n 1), w}
=max { d(Txz,, Txpp—1), A(TX20, TXpp 1)}

Suppose that max { d(Tx,,,, Tx3, 1), A(TX2,, TX2p 1) 3= (Tx9n 41, TX2,)

Then from (2.2.2), we have

d(Txzn 41, Tx20) < B(my (415 X20) )My (X 41, X2, ), @nd hence \
Ad(Txyn 41, Txz) < d(Txy, 41, Txy, ), a contradiction.

Hence max { d(Txy,, Txyn_1), A(Txgn, TXpn 1) 3= (Txgn, TXgn_1)

Therefore from (2.2.2), we have
d(Txzn 41, Tx2) < B(my (s, X20))A(T X, TX—1), @0 SO
d(Txzp 11, Txg) < d(Txgn, TX2n 1) (2.2.3)

Similarly it is easy to see that
d(Txgp 1, Txzn) < d(Txgp 2, TXgp-1). (2.2.4)

Hence from (2.2.3) and (2.2.4)
d(Tx, 41, Tx,) < d(Tx,, Tx,_,) for all n (2.2.5).

Thus {d(Tx, 1, Tx,)} is a strctly decreasing sequence of non-negative real numbers and so lim,, ., d(Tx, 1, Tx,)
exists and is is r(say).
ie, lim,_ ., d(Tx, .1, Tx,) =r,r = 0.

Now from (2.2.2)n, we have
d(Txg041, Tx2n) < B(my (an 1, X20)) M (X 41, X2)

© 2021, RIPA. All Rights Reserved 3



P. Hari Krishna*/ A common fixed point theorem of three selfmaps satisfying generalized Geraghty.../ IRIPA- 11(5), May-2021.

Suppose  that B(my(xz41,%2,)) = 1as n — oo, then by the hypothesis of 8, m; (X, 41, %5,) = 0as n — oo.
Then there exists 0 < y < 1 suchthat ﬁ(ml (x2n+1,x2n)) <y for infinetely many n.
Then, d(Txn11, Tx2n) < ¥.my (gp 41, X20)

On lettingn — oo,wehaver < vy.r.
Hencer =0.
Hence lim,, ., d(Tx,,4, Tx,) = 0. (2.2.6)
Now, we show that {Tx,} is Cauchy.
By (2.2.5) and (2.2.6) , it is sufficient to show that { Tx,,, } is Cauchy.
Suppose that { Tx,,}is nota Cauchy sequence. Then there exists an € > 0 and sequences of positive integers
{n(k)} and {m(k)} with n(k) > m(k) > k, such that
d(Tme(k),TXZn(k)) > & and d(Tme(k),TxZn(k)_z) S E. (227)

e < 1iminf d (T2 iy T2on o) (2.2.8)

By using Triangular inequality we have
d (Tx20m ) TX2n 1)) = A (TX20m () TX20 00 —2) + A (TX20 () =25 TX2n 1)) + AT X206y =15 TX20 1))

On taking limit supremum of both sides, as k— oo, we get
limy, o, supd (Txz, ), TXon ) S € (2.2.9)

Therefore from (2.2.8) and (2.2.9), we have
limk_)oo d(TXZm (k)!TXZH (k)) S € (2210)

Now,
d (Tme(k):TXZn(k)) < d (Tx2m ey TX2n 0 -1) + A (Tx2n -1 TX2n 1)) -

On taking limit infimum of both sides, as k— oo, we get
£ < limy o, inf d( Txpp, (), TX2n (1) -1) (2.2.11)

Again by using triangle inequality. we have
d( szm(k)'TxZn(k)—l) )< A (T2 yr TX2000)) + A (Tx2n ) T2 () -1)

On taking limit supremum of both sides, as k— oo, we get

limy, o, supd (Txp, ), TXon)-1) < € (2.2.12)
Hence from (2.2.10) and (2.2.12), we have

limk_)oo d(TXZm (k)’TXZH (k)—l) = & (2213)
Similarly we get

limy oo d(TXom o +1> TXan@) = € (2.2.14)

limy e, d(TXom g0 +1> TX2n@-1) = € (2.2.15)

Now Consider
Ad(Txomy+1, TX2n @) < B (ml (me(k)+1'x2n(k)))m1 (me(k)+1'x2n(k))
Where m; (Xom (k)41 %20 6)) = MAXEL(f X (1415 92000 ) AFX2m @041 TX2m ) +1), 4 (ngn(k)'TXZn (k))'

d(fxom (k)+1.T%2n (1)) ¥4 (9% 2m (k) T*2m (k)+1)} (2.2.16)
. 2.

= max{d(T%zm ), T¥an )-1)> A(TXom 00y 11, TX2m a0y 41)5 d (TXZn(k)—p Txon (k)),

d(Tx2m (1) +1.T%2n (1)) +4(T*2n () =1.T*2m () +1) }
2
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On letting as k— oo, using (2.2.10), (2.2.13), (2.2.14) and (2.2.15)
lli_)r{}oml (2mo+1 %20 ) = 111_)r£10= max{ d(Txzm 1), TX2n )-1)» AT X2 ()41 TX2m ()41) 4 (TXZn(k)—p Txan (k)),

d(Tx T x +d(Tx _1.Tx
( 2m (k)+1 Zn(k)) 2( 2n (k)—1 Zm(k)+1)} (2.2.17)
+
=max{ ¢0,0,—-}
=&

From (2.2.16), we have
Ad(Txomy+1 TX2n @) < B (ml (me(k)+1'x2n(k)))m1 (me(k)+1'x2n(k))

Taking limit as k— oo,
Im d(Toom )41, Tx2n ) < lim B (ml (me(k)+1'x2n(k))) Jimm, (e2m w1 X2n0)
e < lim g (m1 (me(k)+1'x2n(k)))
e < lim g (ml(me(k)+1'x2n(k))) =1

ie., lim g (m1 (me(k)H,xZn(k))) = 1, Since g €S, it follows that my (X (1)1, X2n (k) ) = 0, as k— 0.

So thate = 0, a contradiction. Thus {Tx,, } is a Cauchy sequence and hence { Tx, } is a Cauchy sequence in
M\ {q}.

Since ¢l [T(M\{q}] is complete , there exists u, v € M\ {q} such that fu =z = gv.

Now we prove that Tu = z.
d(Tu, Toxz) < B(my (w, x2,))my (, X5,,)
where m, (u, x5, ) = maxifid (fu, gx,,)d(fu, Tu), d(Tx,,, 9X2,),

d(fu,Txzpn)+d(gx2n ,Tu)}

d(fu,Txpn)+d(gxon ,Tu)}

limm, (u, x5,) = lim maxfid(fu, gx,,,)d(fu, Tu), d(Txy,, gxsr,), .
n—-o n—-oo

limm, (u, x,,) = maxifid (fu, z)d(fu,Tu),d(z, z), w}
n—oo

=d(Tu,z).

Therefore lim d(Tu,Tx,,) < lim B(m; (u, x,,)) limm, (w,x,,)
n—oo n—oo

n—-oo

d(Tu,z) < I11_)r£1o B(m, (u,x,,,))d(Tu, z)

1< lim B(my (u,x5)) < 1
i.e, lim p(my(u,x,,)) = 1, Since B €S, by the hypothesis of 5,
n_)oo(ml (4, %5,)) = 0, as n— oo so that Tu=z.
ThereforeTu=fu=z=gv =z
Since the pairs (T, f) and (T, g) are weakly compatible , we have Tu= fu implies Tfu = fTu = fz and hence gz= Tz=fz
:I‘herefore z is a common coincident point of f,g and T.
Now we claim that z is a common fixed point of f,g and T.

Suppose that Tz # z.
d(z,Tz) = d(Tu,Tz) < B(my(u,z))m, (u,z) (2.2.18)

Where m (u, z) = max{ d(fu, gz),d(fu,Tu),d(Tz, gz), dfu, T2)+d(gz,Tu)

=max { max{ d(z,gz),d(z,z),d(Tz, gz),
=d(z, Tz) (since gz= fz=Tz and Tu= fu=z)

}
d(z, Tz)+d(gz,Tu)

. ¥

Therefore from (2.2.18)
d(z,Tz) < ﬁ(ml (u, z))d(z, Tz)
d(z,Tz) < d(z,Tz), a contradiction.
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Sothat Tz = z.And hence Tz = fz = gz = z.
Uniqueness of z follows from the inequality (2.2.1),
Therefore F(f) N F(g) N F(T) # ¢ and F(f) N F(g) N F(T) = {z}.
Remark 2.3: By choosing g = f in the inequality 2.2.1 of Theorem 2.2 ,we the following corollary.

Corollary 2.4: Let (X, d) be a metric space. M be a nonempty closed subset of X. Let f and T be selfmaps of M. Let
g€ F(f)and T(M\ {q}) CfiM\ {q} and cl[T(M \ {g})] is complete.

Suppose that there exists g € S such that

d(Tx,Ty) < ﬁ(m(x, y))m(x, V) (2.41)

Where m(x,y) = maxifid(fx, fy),d(Tx, fx),d(Ty, fy),w} forall x,y € M.

Further, if the pairs (T, f) is weakly compatible, then F(f) N F(T) is singleton.

Remark 2.5: Theorem 1.6 follows as a corollary to Theorem 2.2 by choosing
B(t) = k, where k €[0,1) is of (1.5.1).

Remark 2.6: Theorem 1.7 follows as a corollary to Corollary 2.4 by choosing
B(t) = k,where k € [0,1) is of (1.7.1).

Remark 2.7: In Theorem 2.2 the common fixed point g of f and g may not be common fixed point pf f, g and T. (Example
2.8).

The following is an example in support of Theorem 2.2 for simplicity, we take one of the maps f as the identity map in this
example.

Example 2.8: Let X= M = [0, 1] with the usual metric. We define self maps f, g and T: M— M by f(x) = x,
g(x) =x?and T(x) = é

We define f: [0, o) — [0, 1) by f(t) = = forall t>0 and S(0)=0. Then § € S.

We choose q=1¢€ F(f) N F(g).

We now verify the inequality (2.2.1) for all x, y [0, 1].
x2 y2 x2—y2
d(Tx,TJ/):d(j:_) = |—|

2 2
. d(fx,Ty)+d(gy,T
my (x,y) = maxifid(fx, gy), d(fx, Tx), d(gy, Ty), “Lomioy

2 2
e 2 2 d(x, - +d(y2”x_)
my (x,y) = maxfid(x,y?),d (x,x?),d (yz’Y?)’ (sz
2
i) 2 2 x4 ly2
my (x,y) = maxiflx — y?|, |x -, y? -S|, —2——13
lx — y?| Smlgx,%/). Z
7y (x—y*) _
d(Tx,Ty) = |——| < rov— = B(m, (6, 9))my (x,y)

Theefore f,g and T satisfy all the hyptheses of Theorem 2.2 and in fact
f,gandT.
i.e, FONF@E NFT)=0.

0 is a commo fixed point of

Here we observe that, 1 is a common foxed point of f and g, but it is not a common fixed point of f,g and T.(Remark
2.7)

The following is a supporting example of Corollary 2.4

Example 2.9: Let X= M= [0, 1] with the usual metric.
S if if0<x <3

We define f: M— M by f(x) =
x if ;<x <1
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We define T: M— M by T(x) = 7.

We define B: [0, «0) — [0, 1) by f(t) = — for all t > 0.and B(0)=0. Then § € S.

We choose q = 1.
T(M\{g}) = [0,3] C[0, ] U [3,1] = F(m){q}.

We now verify the inequality (2.4.1) in the following case.

Case-(i): Letxe [0,5], y € [, 1]

Inthis case d(Tx,Ty) = d (f,%)= y;x, and

(% D+, D
M(x, y) = max { d(3,y),d Gf)d G%) BT
= max { 22,2 2 22
_2y—x
T2
d(Tx,Ty) = z

2

1 2y—x

;x S B(m(x,y))m(x, y).

In the remaining case the inequality (2.4.1) holds trivially.
Corollary 2.4 and in fact it has a common fixed point ‘0’
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