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ABSTRACT

New results concerning product summability of an infinite series are given. Some special cases are also deduced.

1. INTRODUCTION:

Let z a, be a given infinite series with partial sums s, . Let u,'f denote the nth Cesaro mean of order & > —1

of the sequence (Sn ) . The series Z a, is summable

IC.of

" $
n=1

For a =1, |C,0(|k reduces to |C,1|k summability.

i k=1, if

u’ _”;{1|k <o (Flert 1]).

Let ( pn) be a sequence of positive real constants such that P =.......... —>0, as Nn—> > (P_1 =p,= 0).
The (N , p) transform @, of (Sn) generated by ( P, ) is defined by

1 n
(2) ¢n = _zpn—vsv'
P n v=0
The sequence - to — sequence transformation

1 n
P, —F‘Z:(;PVSV

n v

defines the sequence (Cbn) of (IV R pn) transform of (Sn) generated by ( P, ) The series Z a, is summable
k=1t

IR, p,

oo

3 Snlle, -@, | <oo.

n=l

)

In the special case when p, =1 for all n (resp. k=1), |R, P,|, summability reduces to |C,1|k (resp. |R, )2

summability.

..... (N,p,)...(N,q,)..., when the (N, p) transform

The series Z a, is said to be summable|(N, p,)(N.q,)

of the (N , q) transform of (Sn ) is a sequence of bounded variation (see Das [2]).
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We give the following new definition:

Let (Tn) defines the sequence of the (ﬁ , qn) transform of the (1\_] R pn) transform of (Sn) generated by the
sequences (qn ) and (pn ) respectively. The series Z a, is said to be summable |(R, q, )(R, D, )|k , k=1, if

oo

@ Z e

n=l1

T,-T,.| <eo.

We may assume through the paper that Q, =¢, +...+¢q, —> o, asn—>o, q, /0, =0, as n—> oo.
2. NEW RESULTS:
We state and prove the following

Theorem: 2.1 Let k >1, (/1,1 ) be a sequence of constants. Define

fv:zir’ Fv:zprfr'

r

Let
5) p,0,=0(P),
©) P.f, =0O(vg,),
- k=1 _k k=1
(7) Z n qn — O (qu)

k k
n=v+l Qn anl QV

Then sufficient conditions for the implication

(8) Zan is summable |R, q,

= Zan/ln is summable |(R,qn)(R,pn)

k

are

©) 41<0,,

10)  wp,|4|=0(R),
an  |A|F,=0(0,),
(12)  |AA|F,=0(q,).
and

13 |A4]=0(g,).

Proof: Let (S”) be the sequence of partial sums ofz a,A, . Let v,V be the (]V, q, ), (]v, q, )(]V, pn)

transforms of the sequences (Sn ), (S n) respectively. We write ¢, =v, —v,_,, T =V —V . Therefore

(14) t q—"ZQHav,

" 0,0, 5
and
V,= Liq,ii‘,pv&,

Qn r=0 Pr v=0
1 n n q

= D A
0 &S 2p
1 n

= — S.f,.
o V;p‘ f
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Tn = Vn - anl

qn N annfn
= prSrfr+—
QQ,,”Z? 0

QQ Zprfz A+ qu” Za/i

-1 =0 nnl‘0

(15) = —n VZV r r + M Vﬂ\/
gglga pr PO 0

_ Pl < A,
v L e WA v LR

i (Sl Bl g e g
pnqn n—1 v
e[S o

0. J S ‘]Qmj

n=l
Qn anl v=1 qv qv -l

n—1
4 Lodn (tv/lv +—Q"‘1 tVA/ivj + P9 t, A,
Pn Qn—l v=1 qv Pn Qn—l

n-1

n=n—-1 v=0

7
=>T,.

J=1

In order to complete the proof, it sufficient to show that

k-1
Z n Tnj
n=1

f oo, j=1,2,3,4,56,7.

Applying Holder’s inequality,

m+1 « m+ n-1 k
k-1 _

S, =S S

n=2 n=2

n an1

m+1 klknl 1

n—1 k=1
www( %J
Z;Q 25 TR &)
k

m m+1
o(1) LA R Y S
VZ=1: C]f ng;rl Q: n—1
m A F}
=0()> v | = 0).

v=1 Qf

n—1

k = k-1 | qn Qv—l pv
= ﬂ/
2o a T A

wl gk 0k pt kY*
< n v v r, ﬂ, ’
nZ:Z: Qn anl VZ:;‘ q112k71 ‘ | | ‘ | f VZ:]:
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n=l1 Q Qn 1 vl v v=I anl
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=0(1)> v “F lk = 0(1).
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m m k
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T kzmzﬂnk LPuln_ ZQ‘IIAﬂ

n6

m+1
k-1
21

n=2 n=2 PQn 1 v=l 4,
’”Z“klpq SOk lk’iq]k_l
<Y ptt e N ey A :
n=2 Pan 1 v= l Zk_l ! ! v=I1 Qn 1
m Qk ’/1(
= O(l)zl 2k-1 1 B
v= I n=v+ n—l
- o(1)ka*1 0(1).
v=I I
Finally
m m Q k
AT = e P )
”Z:; n7 ; 0 n’’n

= O(l)an e |14

k
m ~ v p
t 1 =0(1).
[P] 0)

n n

This completes the proof of the theorem.

Theorem: 2.2 Let (7) be satisfied and

(16) Pv:O(pva)7
(17) Qn:O(nqn).

Then necessary conditions for the implication (8) to be satisfied are
1-1/k 1-1/k
1% v
Al=0] 2o | ja|=0f Y4 |ar)|=0f 4 |.
I+F, p.Jf, I+F,

A= {( ) Za is summable }
B’ {( ) Zb A, is summable (R q, )(R,pn)|k}.

A

v

Proof: For k >1 define

From (15), we have

(18) T, Z(Qq"Q‘ :g" Javﬂv
n—1 n=<n-1

With ¢, and T, as defined by (14) and (18), the spaces A" and B" are BK-spaces with norms defined by
1k
w el ={l + 2|
1k
@ W, ={lnl ]
n=l

respectively. By the hypothesis of the theorem,

@n lel, <o = e, <=
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The inclusionmap i: A" — B~ defined by i(a)=a is continuous since A~ and B" are BK-spaces. By the
closed graph theorem, there exist a constant K>0 such that

@2) lel, < &e], -

Let e, denote the nth coordinate vector. From (14) and (18), with (an) definedby a, = e, —e

n n+l?

n=v,

a, =0 otherwise, we have

0, n<v
t,= 2. , n=v
0,
QnQV , n>v
QnQn—l
and
0, n<v
F
7:1: {qv v +pqu jﬂf\, n=v
Qv Qv—l R/ Qv—l
F
A, [—q” vy Pudn jﬂv , n>v.
QnQn—l R/LQn—l

From (19) and (20), we have

1/k

k k
(23) C = vk_l ( qv J + nk—l ( qnqv J ,
|, 0 2 oo

k k
F - F
24) ll, = vk_l( © | Py j/lv + > n A, (—q” v 4 Lol J/lv
QVQV—] PVQV—I n=v+l1 QnQn—l PnQn—l
Applying (22), we obtain
k k
F & F
(25) Vk_l£ q,r, + p.4q, le + an_lAv ( q.1, + P.4, jﬂ'\,
QV Qv_1 PVQV_l n=v+l Qn Qn—l Pn Qn—l

k1| 4y ’ — 1| 9.9, ‘
-0 v |y Iy
) (QJ P (Q,IQHJ

1/k

As the R.H.S of (25), by (7), is

g k qk o nk—lqk
=0(1)| v (—j +— "
QV Q‘If_l n;l Q:,C Qn—l
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k k-1 k
ofe 3] (]
0, 0, 0,
k
44
0,
k
and the fact that each term of the L.H.S of (25) is O [vkl ( 4, j J , We obtain

k—l( quv + pqu Jk ﬂv k _ Vk—l(qv Jk ,
Qv Qvfl Pv Qvfl Qv

which implies by (16)
k
“—o|l |,
0,

q, k
&@J(+J

that is
1= O(Q_J
I+ F,

Also, we have, by (25),

k k
l(qnpva]/lv_i_(anvH + pnqn ]A/?/V =O Vk—l(qu )
Qn Qn—l Qn Qn—l Pn Qn—l Qv

The above, via the linear independence of ﬂv and Aﬂv , implies

k k
i nk—l[ anv-H + pnqn J A ; k — O vk—l qv
n=v+l QnQn—l PnQrL—l Qv

k k
A4[ (1+F,.,) Zn"l[ % J = o v & J (by (16)

(26) i n*"

n=v+l1

n=v+l Qn Qn—l

As by (17), via the mean value theorem,

1 S Qr]: l1 n S k-1 qn '
— = , then,
o' gl[ anQ zggl )gf[ggjt

n -1

M) e Vk-n[q»g |
0, Q,

which implies

© 2011, RJPA. All Rights Reserved 202



W. T. Sulaiman®/ On A Product Summability of An Infinite Series /RJPA- 1(8), Nov.-2011, Page: 196-204

Also, by (26),

k k
S 4.P.t, Al =o| v [ 49 j ’
n=v+l QnQn_l Qv
m k k

k pk|g [k k-1 q -1 4

pv fv lv " ( ) J ) O ’ (_VJ ,
| n:Zv-;—l QnQn_1 Qu
k

PEFEIA 1 -0 vkl(qu

v Vv v Qf Qv

which implies

3. APPLICATIONS:

Corollary: 3.1 Let k >1. Define

RS T

Let
(28) Q,=0(v),
(29) f, =0I(g,).

Then sufficient conditions for the implication

(30) D a, issummable [R,q,| = > a,A, issummable |(R,q,)(C.1), are
31) MH<QW

(32) ( ).

(33) 0(Q,).

(34) O( ),

(35) (%)

Proof: Follows from theorem 1 by putting p, =1 for all n.

Corollary: 3.2 Let k >1. Define

n 1 n
(36) fFZF,FFZPrfr-

Let

37) wp,=0(P,),

v

38  Pf,=00)
Then sufficient conditions for the implication

39) Z a,, is summable |C,l|k DZanﬂn is summable |(C,1)(R, D, 1 ‘
are

(40) |4, <n,
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(1) vp,|A,|= O(P,),
(42) AF, =0(v),
@3)  |A4,|F,=0(),
(44) |AZ,| = 0(1).

Proof: This follows from theorem 1, by putting g, = 1 for all n, noticing that (7) for q, = 1 is obviously satisfied

as
5 1 5 1 1)1
n:v+ln(n_1) n=v+1 n—1 n .

Corollary: 3.3 Let fv , F, be as defined in (27). Let (7) and (17) be satisfied and

@) v=0(Q,).

Then necessary conditions for the implication (30) are

1-1/k 1-1/k
ﬂv — O Qv—l , ﬂv — O v qv Aﬂv — O v qu
1+F f 1+F

v v+l

Proof: Follows from theorem 4 by putting p, = 1 for all n.
Corollary: 3.4 Let fv F , be as defined in (36). Let

(46) P =O(vpv).

Then necessary conditions for the implication (39) are

1-1/k 1-1/k
A=0——| a=01—| ar=01—|
I+ F p.f, 1+ F,

Proof: Follows from theorem 4 by putting ¢, =1 for all n.
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