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ABSTRACT 

 New results concerning product summability of an infinite series are given. Some special cases are also deduced. 

________________________________________________________________________________________________ 

 

1.  INTRODUCTION: 

 

Let  � na  be a given infinite series with partial sums  ns  .  Let  
α
nu  denote the nth Cesaro mean of order  1−>α  

of the sequence  ( )ns  .  The series � na is summable  
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Let  ( )np  be a sequence of positive real constants such that  .......... ,nP = → ∞  as  ∞→n   ( ).011 == −− pP  
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defines the sequence  ( )nΦ  of  ( )npN ,  transform of ( )ns  generated by  ( ).np  The series  � na is summable  
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In the special case when  1=np  for all n (resp. k=1),   
knpR,  summability reduces to  

k
C 1,   (resp.  npR, )  

summability. 

 

The series  � na  is said to be summable )...,).....(,.....(),)(,( nnnn qNpNqNpN , when the  ( )pN ,  transform 

of the  ( )qN ,  transform of ( )ns  is a sequence of bounded variation (see Das [2]). 
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We give the following new definition: 

 

Let  ( )nT  defines the sequence of the  ( )nqN ,   transform of the  ( )npN ,  transform of ( )ns  generated by the 

sequences  ( )nq  and ( )np   respectively.  The series � na is said to be summable  ( )( ) ifkpRqR
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We may assume through the paper that  ,,...0 ∞→∞→++= nasqqQ nn .,0/ ∞→→ nasQq nn   

 

2.  NEW RESULTS: 

 

We state and prove the following 
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The above, via the linear independence of vv and λλ ∆ , implies 
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1
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1
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kk k kn v
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q q
F n v

Q Q Q
λ

∞
− −

+
= + −

� �� � � �
� �∆ + = Ο� � � �� �� � � �� �

� .            (by (16)) 

 

As by (17), via the mean value theorem, 
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which implies 
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Also, by (26), 

1 1
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which implies 
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3.  APPLICATIONS: 

 

Corollary: 3.1 Let  .1≥k   Define 

(27)             , .
n n

r
v v r

r v r v

q
f F f

r= =

= =� �  

Let 

 

(28)             ( ),vQv Ο=  

(29)          ( )vv qf Ο= . 

 

Then sufficient conditions for the implication 

 

(30)            � na  is summable  
knqR,   �� nna λ  is summable  ( )( )

kn CqR 1,,  are 

(31)             ,nn Q<λ  

(32)           ( )1 ,
v v

fλ = Ο  

(33)            ( )vvv QF Ο=λ , 

(34)             ( ),vvv qF Ο=∆λ  

(35)             ( ).
v v

qλ∆ = Ο  

 

Proof:    Follows from theorem 1 by putting  1=np  for all n. 

 

Corollary: 3.2 Let  .1≥k   Define 

(36)            
1

, .
n n

v v r r

r v r vr

f F p f
P= =

= =� �  

Let  

 

(37)            ( ),vv Pvp Ο=                      

(38)          ( ).vfP vv Ο=           

 

Then sufficient conditions for the implication 

 

(39)         � na is summable  ,1
n nk

C a λ��  is summable ( )( ) knpRC ,1,  

are 

(40)         ,nn <λ  
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(41)          ( ),vvv Pvp Ο=λ  

(42)         ( ),vFvv Ο=λ  

(43)         ( ),1Ο=∆ vv Fλ  

(44)         ( ).1Ο=∆ vλ  

 

Proof:  This follows from theorem 1,  by putting  1=nq  for all n, noticing that (7) for  1=nq  is obviously  satisfied 

as 

( )1 1

1 1 1 1
.

1 1n v n vn n n n v

∞ ∞

= + = +

� �
= − =� �

− −� �
� �  

 

Corollary: 3.3 Let  vv Ff ,   be as defined in (27). Let (7) and (17) be satisfied and 

 

(45)       ( ).vQv Ο=  

 

Then necessary conditions for the implication (30) are 

 
1 1/ 1 1/

1

1

,
1 1

k k

v v v
v v v

v v v

Q v q v q

F f F
λ λ λ

− −

−

+
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= Ο = Ο ∆ = Ο� � � � � �
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Proof:  Follows from theorem 4 by putting 1=np for all n. 

 

Corollary: 3.4 Let  vv Ff ,  be as defined in (36).  Let 

 

(46)         ( ).vv vpP Ο=  

 

Then necessary conditions for the implication (39) are 

1 1/ 1 1/

1

, , .
1 1

k k

v v v

v v v v

v v v

F p f F
λ λ λ

− −

+
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= Ο = Ο ∆ = Ο� � � � � �

+ +� � � � � �
 

 

Proof:  Follows from theorem 4 by putting  1=nq  for all n. 
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