
International Research Journal of Pure Algebra-9(10), 2019, 77-81 

 Available online through www.rjpa.info ISSN 2248–9037  

International Research Journal of Pure Algebra-Vol.-9(10), Oct.-2019                                            77 

 
APPROXIMATE CYCLIC MODULE AMENABILITY OF BANACH ALGEBRAS 

 
MOHAMMAD HOSSEIN REZAEI GOL1, MOHAMMAD REZA MIRI2  

AND EBRAHIM NASRABADI3 
 

1,2,3Faculty of Mathematics and Statistics, University of Birjand,  
Birjand 9717851367, IRAN. 

 
(Received On: 26-02-19; Revised & Accepted On: 20-09-19) 

 
 

ABSTARCT 
In this paper, we first introduce the concept of approximately cyclic module amenability for Banach algebras and then 
study the hereditary properties of approximately cyclic module amenability of Banach algebras. Also, the relationship 
between approximately cyclic 𝔄𝔄-module amenability of 𝐼𝐼, 𝐴𝐴/𝐼𝐼 and 𝐴𝐴, where 𝐴𝐴 is Banach algebra and 𝐼𝐼 is closed 
ideal and 𝔄𝔄-submodule of 𝐴𝐴 has been studied. 
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1.INTRODUCTION 
 
Let A be a Banach algebra, and X be a Banach A-bimodule. A bounded linear map D: A ⟶ X is called a  derivation if  

 D(ab) = D(a) ⋅ b + a ⋅ D(b)        (a, b ∈ A). 
For each x ∈ X, adx: A ⟶ X defined with  

 adx(a) = a ⋅ x − x ⋅ a        (a ∈ A), 
is derivation. Derivations of this form are called inner derivations. If there exists a net (xν) ⊆ X such that  

 D(a) = lim
ν

(a ⋅ xν − xν ⋅ a)        (a ∈ A), 
then D is called approximately inner derivation. 
 
A Banach algebra A is called amenable if for any Banach A-bimodule X, every derivation D: A ⟶ X∗ is inner, and it is 
approximately amenable if every derivation D: A ⟶ X∗ is approximately inner, where X∗ is the dual of X. Also, A is 
called weak amenable if every derivation D: A ⟶ A∗ is inner and it is approximately weak amenable if every derivation 
D: A ⟶ A∗ is approximately inner. 
 
The concepts of amenability and weak amenability of Banach algebra was defined and studied by Johnson in [6] and 
Bade, Curtis and Dales in [3], respectively. Also the concepts of approximately amenability and approximately weak 
amenability of Banach algebra was Introduced by Ghahramani and Loy in [4]. It is clear that, if A is approximately 
amenable, then approximatly weak amenable but the vice versa is not hold (see [4, Theorem 3.2]). Obviously, if A is 
weakly amenable then it is approximately weakly amenable. However, the converse is not true in general, as it was shown 
in [4, Example 6.2] . Note that, if A is commutative A is weakly amenable if and only if it is approximately weakly 
amenable (because in this case the only inner derivation from A to A∗ is zero). 

A derivation D: A ⟶ A∗ is called cyclic if  
 [D(a)](b) + [D(b)](a) = 0        (a, b ∈ A). 

 
A Banach algebra A  is called cyclic amenable if every cyclic derivation D: A ⟶ A∗  is inner. Also, A  is called 
approximately cyclic amenable if every cyclic derivation D: A ⟶ A∗ is approximatly inner. 
 
The concept of cyclic amenability was presented by Grønbæk in [5]. After that, others authors rarely investigated the 
cyclic amenability and the approximately cyclic amenability of Banach algebras. For example, the second author has 
studied the cyclic amenability and approximately cyclic amenability of triangular Banach algebras in [8]. Also Shojaee 
and Bodaghi generalized it in [9] to follow the results of Ghahramani and Loy [4]. 
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On the other hand, the concepts of module amenability and weak module amenability for Banach algebras which is 
Banach module over another Banach algebra, has been developed by Amini in [1] and Amini along with Bagha in [2], 
respectively. 
 
In this paper, we define the concept of approximately cyclic module amenability for Banach algebras which is weaker 
than the concepts approximately cyclic amenability and approximately weak module amenability. Indeed, we indicate 
there exist approximately cyclic module amenable Banach algebras which are not approximately cyclic amenable and 
approximately weak module amenable. Then we investigate relationship between approximately cyclic 𝔄𝔄-module 
amenability of I, A/I and A, where I is closed ideal and 𝔄𝔄-submodule of A. 
 
2. PRELIMINARIES 
 
Let 𝔄𝔄 and A be Banach algebras such that A is a Banach 𝔄𝔄-bimodule with compatible actions, and let X be a left 
Banach A-module and a Banach 𝔄𝔄-bimodule with the following compatible actions is called left Banach A-𝔄𝔄-module:  

 α ⋅ (a ⋅ x) = (α ⋅ a) ⋅ x, a ⋅ (α ⋅ x) = (a ⋅ α) ⋅ x, a ⋅ (x ⋅ α) = (a ⋅ x) ⋅ α, 
for all a ∈ A,α ∈ 𝔄𝔄  and x ∈ X.  The right Banach A -𝔄𝔄 -module is defined semilarly. If X  be two-side Banach 
A-𝔄𝔄-module, it is called Banach A-𝔄𝔄-module. Also, X is called a commutative (bi-commutative) Banach A-𝔄𝔄-module, 
if α ⋅ x = x ⋅ α(a. x = x. a) for all α ∈ 𝔄𝔄, a ∈ A and x ∈ X. If X is a (commutative) Banach A-𝔄𝔄-module, then so is X∗, 
where the actions of A and 𝔄𝔄 on X∗ are defined as usual:  

 〈f ⋅ α, x〉 = 〈f,α ⋅ x〉,    〈f ⋅ a, x〉 = 〈f, a ⋅ x〉, 
 〈α ⋅ f, x〉 = 〈f, x ⋅ α〉,    〈a ⋅ f, x〉 = 〈f, x ⋅ a〉, 
 (a ∈ A,α ∈ 𝔄𝔄, x ∈ X, f ∈ X∗). 

 
Notice that, if A is a commutative Banach 𝔄𝔄-module and acts on itself by multiplication from both sides, then it is a 
commutative Banach A-𝔄𝔄-module. In this case, the dual space A∗ is also a commutative Banach A-𝔄𝔄-module. 
 
A bounded map D: A ⟶ X is called a 𝔄𝔄-module derivation if for all a, b ∈ A and α ∈ 𝔄𝔄: 

 
 D(a ± b) = D(a) ± D(b), D(α ⋅ a) = α ⋅ D(a), D(a ⋅ α) = D(a) ⋅ α, 

and  
 D(ab) = a ⋅ D(b) + D(a) ⋅ b. 

 
Moreover, 𝔄𝔄-module derivation D: A ⟶ A∗ is called cyclic if it satisfy the following condition  
[D(a)](b) + [D(b)](a) = 0. 
 
Definition 1: A Bananch algebra A is called 𝔄𝔄-module amenable if for any commutative Banach A-𝔄𝔄-module X, each 
𝔄𝔄-module derivation D: A ⟶ X∗ is inner, and it is approximatly 𝔄𝔄-module amenable if every 𝔄𝔄-module derivation 
D: A ⟶ X∗ is approximately inner. 
 
A commutative Bananch 𝔄𝔄-bimodule A is called weak 𝔄𝔄-module amenable, if every 𝔄𝔄-module derivation D: A ⟶ A∗ 
is inner, and it is approximatly weak 𝔄𝔄-module amenable if every 𝔄𝔄-module derivation D: A ⟶ A∗ is approximately 
inner. The interested reader can be founded the difference between the above definitions in Example 2.4 of [7]. Also, in 
Definition 2.1 of [7] we define cyclic 𝔄𝔄-module amenable as followes. A commutative Bananch 𝔄𝔄-module A, is called 
cyclic 𝔄𝔄-module amenable if every cyclic 𝔄𝔄-module derivation D: A ⟶ A∗ is inner.  
 
Definition 2: Let A be Bananch algebra, which is a 𝔄𝔄-bimodule, if each cyclic 𝔄𝔄-module derivation D: A ⟶ A∗ is 
approximately inner, it is called approximately cyclic 𝔄𝔄-module amenable.  
 
Remark 3: Let A be Banach algebra, the approximately weak amenability implies that the approximately cyclic 
amenability which is conclude the approximately cyclic module amenability of A. Also, the approximately weak module 
amenability deduce the approximately cyclic module amenability of A.  
 
At the Example 2.4 of [7] the difference between the concepts of cyclic module amenability and cyclic amenability is 
shown. Also, the authors presented the Banach algebras that are cyclic module amenable but are not weak module 
amenable. 
 
In the following example, as similar as Example 6.2 of [4], we show that the concept of approximately cyclic module 
amenability is not equal to the concept of cyclic module amenability of A (as an 𝔄𝔄-module when 𝔄𝔄 = ℂ).  
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Example 4: Let Mn  be the set of all square matrices with the following norm; ∥ �aij� ∥2= (∑ |aij |2

i,j ))
1
2, which is 

algebric norm. Now, we define  
 ϕ: Mn ⟶ Mn

∗  
where A: Mn ⟶ ℂ to be considered with A(B) = ∑ aij biji,j . We know that, ϕ is an isometrical homomorphism. On the 
other hand, for every A, B ∈ Mn  and E ∈ Mn

∗ , we can show that  
〈A ⋅ E, B〉 = 〈E ⋅ AT, B〉        and        〈E ⋅ A, B〉 = 〈A ⋅ ET, B〉. 

 
Therefore, adP(A) = A ⋅ P − P ⋅ A = P ⋅ AT − AT ⋅ P. 
 
In paticular, n = 2, take  

 P1 = �
0 −1
1 0 � ∈ Mn

∗         and        ∥ P1 ∥2= 2. 

 
 
Moreover,  

adP1 ��
a b
c d �� = �

−b − c −a + d
a − d c + d �. 

 
As the same way, for any n ∈ ℕ, we have  

 Pn+1: = �
0 −Pn
Pn 0 � ∈ M2n         and        ∥ adPn ∥= 2

n
2 ≤ 2. 

  
Now, put An = M2n

♯  and define:  
 D: C0(An) ⟶ Ml1(An

∗ ) = C0(An)∗ 
 A ↦ adP n (xn )

n2  
Similar to Example 6.2 of [4], D is cyclic derivation which is not inner.   
 
3. MAIN RESULTS 
 
Let A be a Banach algebra and commutative Banach 𝔄𝔄-module with compatible actions, and let I be a closed ideal of 
A. In general, I and A/I are not necessarily Banach 𝔄𝔄-module with compatible actions. Throughout this section we 
assume that I is closed ideal and Banach 𝔄𝔄-submodule of A. In this case both I and A/I are commutative Banach 
𝔄𝔄-module with the canonical actions. 
 
In this section, we study relationship between approximately cyclic 𝔄𝔄-module amenability of I, A/I and A, where I is 
closed ideal and 𝔄𝔄-submodule of A. 
 
Definition 5: Let I be a closed ideal in A. We say that I has the trace extension property if for each λ ∈ I∗ with 
a. λ = λ. a (a ∈ A) there is Λ ∈ A∗ such that Λ|I = λ and a ⋅ Λ = Λ ⋅ a for every a ∈ A. Also I has the approximately 
trace extension property if for each λ ∈ I∗  with a. λ = λ. a (a ∈ A)  there is a net (Λα) ⊆ A∗  such that for each 
α,Λα |I = λ and  

 a ⋅ Λα − Λα ⋅ a ⟶ 0        (a ∈ A). 
 
Theorem 6: Let A

I
 be approximately cyclic 𝔄𝔄 -module amenable. Then I  has the approximately trace extension 

property.  
 
Proof: Let λ ∈ I∗, such that a ⋅ λ = λ ⋅ a for every a ∈ A. Take θ ∈ A∗ with θ|I = λ. Define  

 D: A
I
⟶ (A

I
)∗ 

 a ↦ a ⋅ θ − θ ⋅ a. 
As similar as proof of Proposition 9 of [7], we can show that D is cyclic module derivation. Since, A

I
 is approximately 

cyclic 𝔄𝔄-module amenable, there exists a net (λα) ∈ �A
I
�
∗

= I⊥  such that  
 D(a) = lim

α
a ⋅ λα − λα ⋅ a        (a ∈ A). 

 
Now, let Λα = θ − λα ∈ A∗. For each α we have,  

 Λα |I = (θ − λα)|I = θ|I − λα |I = θ|I − 0 = λ, 
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and for every a ∈ A,  

lim
α

a ⋅ Λα − Λα ⋅ a = lim
α

(θ − λα) ⋅ a − a ⋅ (θ − λα) 
= lim

α
(θ ⋅ a − a ⋅ θ) + (a ⋅ λα − λα ⋅ a) 

= lim
α

(θ ⋅ a − a ⋅ θ) + (a ⋅ λα − λα ⋅ a) 
= −D(a) + adλα (a) 
= −D(a) + D(a) = 0. 

Therefore, I has the approximately trace extension property.  
 

Theorem 7: Let A be cyclic 𝔄𝔄-module amenable and I has the approximately trace extension property. Then A
I
 is 

approximately cyclic 𝔄𝔄-module amenable.  
 

Proof: Let D: A
I
⟶ (A

I
)∗ be cyclic 𝔄𝔄-module derivation and π: A ⟶ A

I
 be the quotient map. Take D� = π∗ ∘ D ∘ π: A →

A∗ . It is clear that D�  is cyclic 𝔄𝔄-module derivation (see Proposition 10 of [7]). But since A is cyclic 𝔄𝔄-module 
amenable, there exists λ ∈ A∗ with  

 D�(a) = adλ(a) = a ⋅ λ − λ ⋅ a                (a ∈ A). 
 
Clearly D�(a)|I = 0. Set λ� = λ|I. For every a ∈ A, we have  

 a ⋅ λ� − λ� ⋅ a = (a ⋅ λ − λ ⋅ a)|I 
 = D�(a)|I 
 = 0. 

Since I has the approximately trace extension property, there exists a net (Λα) ⊆ A∗ such that for any α;     Λα |I = λ� 
and  

 lim
α

a ⋅ Λα − Λα ⋅ a = 0        (a ∈ A). 
 
Now λ − Λα ∈ I⊥ for each α and also,  

 D(a) = lim
α

a ⋅ (λ − Λα) − (λ − Λα) ⋅ a. 
 
For see this let a, b ∈ A,  

〈b, D(a)〉 = 〈b, (π∗ ∘ D ∘ π)(a)〉 
= 〈b, D�(a)〉 
= 〈b, a ⋅ λ − λ ⋅ a〉 
= lim

α
〈b, a ⋅ (λ − Λα) − (λ − Λα) ⋅ a〉 

= lim
α
〈b, a ⋅ (λ − Λα) − (λ − Λα) ⋅ a〉. 

Thus D is approximately inner. This shows that, A
I
 is approximately cyclic 𝔄𝔄-module amenable.  

 
Theorem 8: Let A

I
 be approximately cyclic 𝔄𝔄-module amenable and I be cyclic 𝔄𝔄-module amenable and I2 = I. Then 

A is approximately cyclic 𝔄𝔄-module amenable.  
 
Proof: Let D: A ⟶ A∗ be cyclic 𝔄𝔄-module derivation, define D�: = 𝛊𝛊∗ ∘ D ∘ 𝛊𝛊, where, 𝛊𝛊: I ↪ A is the natural embedding. 
We show that D� is 𝔄𝔄-module derivation. Suppose α ∈ 𝔄𝔄 and a, b ∈ A,  

〈b, D�(α ⋅ a)〉 = 〈b, (𝛊𝛊∗ ∘ D ∘ 𝛊𝛊)(α ⋅ a)〉 = 〈b, D(α ⋅ a)〉 
= 〈b,α ⋅ D(a)〉 = 〈b ⋅ α, D(a)〉 
= 〈b ⋅ α, (𝛊𝛊∗ ∘ D ∘ 𝛊𝛊)(a)〉 = 〈b ⋅ α, D�(a)〉 
= 〈b,α ⋅ D�(a)〉. 

 
So D�: I ⟶ I∗ cyclic 𝔄𝔄-module derivation and since I is cyclic 𝔄𝔄-module amenable, there exists λ ∈ I∗ with  

 D�(i) = (𝛊𝛊∗ ∘ D)(i) = adλ(i)                (i ∈ I). 
 
By using the Hahn-Banach extension Theorem, if λ� ∈ A∗  to be the extension of λ , we can define D� = D − adλ� . 
According to our findings in [7, Proposition 13], Im D� ⊆ I⊥ and the map  

 𝒟𝒟: A
I
⟶ (A

I
)∗ = I⊥ 

 a ⟼ D�(a) 
is cyclic 𝔄𝔄-module derivation and since A

I
 is approximately cyclic 𝔄𝔄-module amenable, there exists a net (λα) ⊆ (A

I
)∗  

such that  
 𝒟𝒟(a) = lim

α
a ⋅ λα − λα ⋅ a        (a ∈ A). 
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Thus 

 
 D�(a) = lim

α
a ⋅ λα − λα ⋅ a        (a ∈ A). 

With some simple calculations, it can be shown that  
 D(a) = lim

α
a ⋅ ωα − ωα ⋅ a        (a ∈ A), 

where ωα : = λα + λ . Hence, D  is approximately inner. It now follows that A  is approximately cyclic 𝔄𝔄-module 
amenable.  

 
REFERENCES 
 

1. Amini, M., (2004). Module amenability for semigroup algebras, Semigroup Forum, 69, 243–254. doi:10. 
1007/s00233-004-0107-3. 

2. Amini, M. and Bagha, B.E., (2005). Weak module amenability for semigroup algebras, Semigroup Forum, 71, 
18–26. doi: 10.1007/s00233-004-0166-5.  

3. Bade, W.G. and Curtis, J.P.C. and Dales, H.G., (1987). Amenability and weak amenability for Beurling and 
Lipschitz algebras, Proceedings of the London Mathematical Society, 3(2), 359-377. 

4. Gharamani, F. and Loy, R.J., (2004). Generalized notions of amenability, J. Funct. Anal, 208, 229-260. doi:10. 
1016/S0022-1236(03)00214-3. 

5. Grønbæk, N., (1992). Weak and cyclic amenability for non-commutative Banach algebras, Proc. Edinburgh. 
Math. Soc, 35, 315–328. doi: 10.1017/S0013091500005587. 

6. Johnson, B.E., (1972). Cohomology in Banach algebras, Memoirs Amer. Math. Soc, 127. 
7. Miri, M.R. and Nasrabadi, E. and Rezaie Gol, M.H., (2018). Cyclic module amenability of Banach algebras, Int. 

J. Pure Appl. Math, ISSN:1311-8080, to appear. 
8. Nasrabadi, E., (2018). Cyclic amenability and approximate cyclic amenability of triangular Banach algebras, 

Int. J. Pure Appl. Math, ISSN:1311-8080, to appear. 
9. Shojaee, B. and Bodaghi, A., (2015). A generalization of cyclic amenability of Banach algebras, Mathematica 

Slovaca, 65 (3), 633–644. doi:10.1515/ms-2015-0044. 
 

Source of Support: Nil, Conflict of interest: None Declared 
[Copy right © 2019, RJPA. All Rights Reserved. This is an Open Access article distributed under the terms of 
the International Research Journal of Pure Algebra (IRJPA), which permits unrestricted use, distribution, 
and reproduction in any medium, provided the original work is properly cited.] 
 


	APPROXIMATE CYCLIC MODULE AMENABILITY OF BANACH ALGEBRAS
	1.INTRODUCTION
	2. PRELIMINARIES
	3. MAIN RESULTS

