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ABSTARCT
In this paper, we first introduce the concept of approximately cyclic module amenability for Banach algebras and then
study the hereditary properties of approximately cyclic module amenability of Banach algebras. Also, the relationship
between approximately cyclic 2A-module amenability of I, A/I and A, where A is Banach algebra and [ is closed
ideal and 2-submodule of A has been studied.
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1L.INTRODUCTION

Let A be a Banach algebra, and X be a Banach A-bimodule. A bounded linear map D: A — X iscalled a derivation if
D(ab) =D(a)-b+a-D(b) (a,b € A).
For each x € X, ad,: A — X defined with
ady(a) =a-x—x-a (a€eAp),
is derivation. Derivations of this form are called inner derivations. If there exists a net (x,) € X such that
D(a) = li\{n(a “X, — X, *a) (a€A),

then D is called approximately inner derivation.

A Banach algebra A is called amenable if for any Banach A-bimodule X, every derivation D: A — X* is inner, and it is
approximately amenable if every derivation D: A — X* is approximately inner, where X* is the dual of X. Also, A is
called weak amenable if every derivation D: A — A* is inner and it is approximately weak amenable if every derivation
D: A — A” is approximately inner.

The concepts of amenability and weak amenability of Banach algebra was defined and studied by Johnson in [6] and
Bade, Curtis and Dales in [3], respectively. Also the concepts of approximately amenability and approximately weak
amenability of Banach algebra was Introduced by Ghahramani and Loy in [4]. It is clear that, if A is approximately
amenable, then approximatly weak amenable but the vice versa is not hold (see [4, Theorem 3.2]). Obviously, if A is
weakly amenable then it is approximately weakly amenable. However, the converse is not true in general, as it was shown
in [4, Example 6.2] . Note that, if A is commutative A is weakly amenable if and only if it is approximately weakly
amenable (because in this case the only inner derivation from A to A" is zero).
A derivation D: A — A" is called cyclic if
[D@]() +[D(d)]@@) =0  (ab€A).

A Banach algebra A is called cyclic amenable if every cyclic derivation D: A — A* is inner. Also, A is called
approximately cyclic amenable if every cyclic derivation D: A — A* is approximatly inner.

The concept of cyclic amenability was presented by Grgnbak in [5]. After that, others authors rarely investigated the
cyclic amenability and the approximately cyclic amenability of Banach algebras. For example, the second author has
studied the cyclic amenability and approximately cyclic amenability of triangular Banach algebras in [8]. Also Shojaee
and Bodaghi generalized it in [9] to follow the results of Ghahramani and Loy [4].
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On the other hand, the concepts of module amenability and weak module amenability for Banach algebras which is
Banach module over another Banach algebra, has been developed by Amini in [1] and Amini along with Bagha in [2],
respectively.

In this paper, we define the concept of approximately cyclic module amenability for Banach algebras which is weaker
than the concepts approximately cyclic amenability and approximately weak module amenability. Indeed, we indicate
there exist approximately cyclic module amenable Banach algebras which are not approximately cyclic amenable and
approximately weak module amenable. Then we investigate relationship between approximately cyclic 2-module
amenability of 1, A/T and A, where I is closed ideal and 2-submodule of A.

2. PRELIMINARIES

Let 2 and A be Banach algebras such that A is a Banach 2-bimodule with compatible actions, and let X be a left
Banach A-module and a Banach 2-bimodule with the following compatible actions is called left Banach A-2-module:
a-(@-x)=(x-a)'x, a-(a-x)=(@-a)'x a-x-a)=(Qa-x)-q
for all aeA,ae U and x € X. The right Banach A-2-module is defined semilarly. If X be two-side Banach
A-A-module, it is called Banach A-2-module. Also, X is called a commutative (bi-commutative) Banach A-2-module,
if a-x=x-a(ax=x.a) forall « € UA,a € A and x € X. If X isa (commutative) Banach A-A-module, then so is X",
where the actions of A and 2 on X* are defined as usual:

(f-o,x)=(fa-x), (f-ax)=(fa-x),
{a-f,x) =(fx-a), (a-fx)=(fx-a),
(aeAaed xeX feX).

Notice that, if A is a commutative Banach 2-module and acts on itself by multiplication from both sides, then it is a
commutative Banach A-2-module. In this case, the dual space A* is also a commutative Banach A-2-module.

A bounded map D: A — X is called a A-module derivation if for all a,b € A and a € U:

D(a+b) =D(a) + D(b),D(a-a) =a-D(a),D(a-a) =D(a) - q,
and
D(ab) =a-D(b) +D(a) - b.

Moreover, 2-module derivation D: A — A" is called cyclic if it satisfy the following condition

[D(@)](b) + [D(b)](a) = 0.

Definition 1: A Bananch algebra A is called 2-module amenable if for any commutative Banach A-2-module X, each
A-module derivation D: A — X* is inner, and it is approximatly 2[-module amenable if every 2-module derivation
D: A — X* is approximately inner.

A commutative Bananch 2-bimodule A is called weak 2-module amenable, if every 2-module derivation D: A — A*
is inner, and it is approximatly weak 2-module amenable if every 2-module derivation D: A — A" is approximately
inner. The interested reader can be founded the difference between the above definitions in Example 2.4 of [7]. Also, in
Definition 2.1 of [7] we define cyclic 2-module amenable as followes. A commutative Bananch 2-module A, is called
cyclic A-module amenable if every cyclic A-module derivation D: A — A* is inner.

Definition 2: Let A be Bananch algebra, which is a 2-bimodule, if each cyclic 2-module derivation D: A — A" is
approximately inner, it is called approximately cyclic 2-module amenable.

Remark 3: Let A be Banach algebra, the approximately weak amenability implies that the approximately cyclic
amenability which is conclude the approximately cyclic module amenability of A. Also, the approximately weak module
amenability deduce the approximately cyclic module amenability of A.

At the Example 2.4 of [7] the difference between the concepts of cyclic module amenability and cyclic amenability is
shown. Also, the authors presented the Banach algebras that are cyclic module amenable but are not weak module
amenable.

In the following example, as similar as Example 6.2 of [4], we show that the concept of approximately cyclic module
amenability is not equal to the concept of cyclic module amenability of A (as an 2-module when 2L = C).
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Example 4: Let M, be the set of all square matrices with the following norm; || (ai]-) = (X |ai]-|2))%, which is
algebric norm. Now, we define
$:M, — M;,
where A:M,, — C to be considered with A(B) = ¥};; a;;b;;. We know that, ¢ is an isometrical homomorphism. On the
other hand, for every A,B € M,, and E € M;;, we can show that
(A-E,By=(E-AT,B) and (E-A,B)=(A-ET,B).

Therefore, adp(A) =A-P—P-A=P-AT —AT. P,

0 -1
P1: 1 0

a b —-b—c —a+d
adp, ([c d||]=]a-d c+d [
As the same way, for any n € N, we have

0 —P,
Pn+1: = [Pn 0

In paticular, n = 2, take

eM; and P ll,=2.

Moreover,

€My and  lladp, lI=22 < 2.

Now, put A, = Mgn and define:
D: Co(Ay) — MI'(A}) = Co(A,)”
A adp (xn)

n2
Similar to Example 6.2 of [4], D is cyclic derivation which is not inner.

3. MAIN RESULTS

Let A be a Banach algebra and commutative Banach 2-module with compatible actions, and let 1 be a closed ideal of
A. In general, I and A/I are not necessarily Banach 2[-module with compatible actions. Throughout this section we
assume that I is closed ideal and Banach 2-submodule of A. In this case both I and A/I are commutative Banach
A-module with the canonical actions.

In this section, we study relationship between approximately cyclic 2-module amenability of I, A/I and A, where I is
closed ideal and UA-submodule of A.

Definition 5: Let I be a closed ideal in A. We say that I has the trace extension property if for each A € I* with
ad=2XAa(a€A) thereis A € A" such that Al; =2 and a- A = A-a for every a € A. Also I has the approximately
trace extension property if for each A € I* with a.A=2A.a(a € A) there is a net (A,) € A* such that for each
o, Al =2 and

a-Ay—A,a—0 (a€A).

Theorem 6: Let AT be approximately cyclic 2-module amenable. Then 1 has the approximately trace extension
property.

Proof: Let A € I", suchthat a-A =2-a forevery a € A. Take 8 € A" with 8|; = A. Define
D:T— (D'
a—a-0—-0-a
As similar as proof of Proposition 9 of [7], we can show that D is cyclic module derivation. Since, ? is approximately
cyclic A-module amenable, there exists a net (A,) € (?)* = It such that
D(a@) = lior(na A — A2 (a€A).

Now, let A, = 8 — 2, € A*. For each a we have,
At =0 =2 =60l =21 =8|, -0 =2
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and for every a € A,
lima-A, — A, -a=lim(B—-2A,)-a—a-(0—-2,)

: =li0r(n(9-a—a-6)+(a-7\a—7\“~a)
=li0r(n(9~a—a-6)+(5-)\a—7\a-5)
= ~D@) +ad,, @)
=-D@) +D(@@) = 0.

Therefore, 1 has the approximately trace extension property.

Theorem 7: Let A be cyclic A-module amenable and I has the approximately trace extension property. Then AT is
approximately cyclic 2-module amenable.

Proof: Let D:? — (?)* be cyclic A-module derivation and m: A — AT be the quotient map. Take D=m*oDom: A —
A*. It is clear that D is cyclic A-module derivation (see Proposition 10 of [7]). But since A is cyclic 2-module
amenable, there exists A € A* with

D(@) =adj(a)=a-A—21-a (a € A).

Clearly D(a)|; = 0. Set A = A|,. For every a € A, we have
a-A—Ai-a=(a-A—21-a)|
=D@)
=0.
Since 1 has the approximately trace extension property, there exists a net (A,) € A* such that for any o; A.|; = A
and
lior(na-Aa—Aa-a=O (a € A).

Now A — A, € I+ for each o and also,
D@) =lima- A —A) — (A—Ap) - a.

For see this let a, b_e A,
(b,D(@)) = (b, (1" ° D © m)(a))

1l
—~
o
)
~

«5)
N
~—

=lim(b,a- (A —Ay) — (A — A,) - a)
=lim(b,a- (A —Ay) — (A—A,) - 3).

Thus D is approximately inner. This shows that, ? is approximately cyclic 2-module amenable.

Theorem 8: Let ? be approximately cyclic 2-module amenable and 1 be cyclic 2-module amenable and 12 = 1. Then
A is approximately cyclic 2-module amenable.

Proof: Let D: A — A* be cyclic 2-module derivation, define D: = * o D o 1, where, 1:1 & A is the natural embedding.
We show that D is 2-module derivation. Suppose o € 2 and a,b € A,
(b,D(a-a)) = (b, (1" o Do )(a-a)) = (b, D(a - a))
=(b,a-D(a)) = (b« D(a))
=(b-a, (" oDo1)(@))=(b-aD())
= (b, a - D(a)).

So D:1 — I* cyclic A-module derivation and since 1 is cyclic A-module amenable, there exists A € I* with
D(i) = (v* o D)(i) = ad, (i) Gien.

By using the Hahn-Banach extension Theorem, if X € A” to be the extension of A, we can define D = D — adj.
According to our findings in [7, Proposition 13], Im D € I+ and the map

DT — (D =1
a— D(a)
is cyclic A-module derivation and since ? is approximately cyclic 2-module amenable, there exists a net (A,) S (%)*
such that
D(a) =lior(n§-)xa —Xa (a€A).
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Thus

D(@) =lima-A, —A,-a (a€A).
o

With some simple calculations, it can be shown that
D(a) =lima - w, —w, -a (a€eAp),
o

where w,:= A, +A. Hence, D is approximately inner. It now follows that A is approximately cyclic 2[-module
amenable.
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