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ABSTRACT 

A solvability condition for finite groups with maximal nilpotent subgroups is given as follows. Let G be a finite group 

and M  a maximal nilpotent subgroup of G . If P is a Sylow 2-subgroup of M and every subgroups of P  of order 

2 or 4 is pronormal in G , then G  is solvable. 
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1. INTRODUCTION: 

All groups considered are finite. Hall in [7] introduced the concept of pronormality.  Criteria for pronormality were 

given   and studied by some authors (see [12, 13] and [10, 17]). D'Anielio introduced (see[5]) the concept of dual 

pronormality, and gave the structure of finite groups such that the n -maximal subgroups are dual pronormal. 

D'Anielio introduced (see[5]) the concept of � -dual pronormality, and gave the structure of finite groups such that the 

n -maximal subgroup is � -dual pronormal. Bianchi etc. in [3] introduced the concept of H -subgroup. 

H -subgroups were studied by Asaad in [2], Csrogo and Herzog in[4], and Guo and Wei in [9]. 

 

A group is said to be solvable if its composition factors are all of prime order (see [8]). Let G  be a finite group all of 

whose proper subgroups are nilpotent. Then G  is soluble (see [16, 9.19]). Thompson in [18] proved that ifi G  is a 

finite group with a maximal nilpotent subgroup of odd order, then G  is soluble. Deskins in [6] proved that G  has a 

maximal nilpotent subgroup of class 2≤ , then G  is soluble.  Asaad in [1] proved that if G  is a finite group of 

odd order n  in which every minimal subgroup is pronormal in G , then G  is supersolvable. A nature question 

arises:    

 

If 2|| G |, certain subgroups are pronormal in G , what can be said about the structure of G ? 

 

The key of this note is to prove the following: 

 

Main Theorem: Let G be a finite group and M  a maximal nilpotent subgroup of G . If P  is a Sylow 2-subgroup 

of M and every subgroups of P of order 2 or 4 is pronormal in G , then G is solvable. 
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2. PRELIMINARIES: 

The concept of pronormality is one of the most important of embedding properties and was first introduced by P. Hall 

in his lectures in Cambridge. 

 

Definition 2.1[7, I, 6.1] Let G be a group andU G≤ . ThenU is said to be pronormal in G (written U  pr G ) if, for 

each g G∈ , the subgroupsU and 
g

U  are conjugate in their join , .gU U  

Remark2.1 Normality implies pronormality. But the converse is not the case. For example, let 4G A= , the alternate 

group of degree 4. Obviously, the Sylow 2-subgroup P of G  are pronormal in G  (see[8,p13]), but not normal in G . 

If P  is normal in G , then G  must have element of order 6, which is impossible. 

 

Lemma 2.1 [7, I, 6.3] Let U be a pronormal subgroup of a group G . 

 

(1) IfU L G≤ ≤ , then U pr L ; 

(2) IfU K G≤ � , then ( )GG N U K= ; in other words, the Frattini argument applies to pronormal subgroups; 

(3) If K G� , then UK pr G ; furthermore, /UK K pr /G K and ( ) ( )G G
N UK N U K= ; 

(4) IfU  is subnormal in G , thenU G� ; 

(5) ( )GN U  is both pronormal and self-normalizing in G . 

Let rad ( G ) denote the radical of a group G , which is the largest solvable normal subgroup of G . 

 

Lemma 2.2 [15, Theorem] If a finite group G  contains a maximal nilpotent subgroup M  and a non-abelian 

minimal normal subgroup N  and if P  is the Sylow 2-subgroup of M , then G P= . 

 

3. THE PROOF OF MAIN THEOREM AND ITS APPLICATIONS: 

In this section, we will give the proof of the Main Theorem, some applications, and also any remarks. 

 

The Proof of Main Theorem: 

 

Proof: Assume that the result is false, and let G  be a counterexample of minimal order. Then we have: 

Step: 1 ( ) 1PO G′ =  

If ( ) 1
P

O G′ = , Let Q  be normal q -subgroup of ( )P
O G′ , where q p≠ , and so Q  is normal in G sinceQ  is 

characteristic in ( )P
O G′ . Then we consider the quotient group /G Q . Let 2P  be a subgroup of P  of order 2 or 4 

is pronormal in G . Then, by Lemma 2.1(c), every subgroup 2 /P Q Q  of /PQ Q of order 2 or 4 is pronormal 

in /G Q , where /PQ Q  is a Sylow 2-subgroup of /MQ Q . 

Then /G Q , /PQ Q satisfies the hypotheses of the theorem, and the minimal choice of G implies that /G Q  is 

solvable. This means that G  is solvable by [8, 4.1(ii) (iii), p23], a contradiction. Then ( ) 1
P

O G′ = . 
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Step: 2 For any maximal nilpotent subgroups M , / ( )M F G  is solvable, where ( )F G  is the Fitting subgroup 

of G . Furthermore, ( ) ( )G F GΦ = , where ( )GΦ is the Frattini subgroup of G . 

If ( )F G M≤ , then ( )G MF G=  and M are solvable since the minimal choice of G . Thus G is solvable by  

[8, 4.1(ii)(iii), p23],  a contradiction.  Then, by Step 1, / ( )M F G  is solvable. On the other hand, if 

( ) ( )G F GΦ > then there exists a normal subgroupW such that ( )W F G≤ butW is not in ( )GΦ . And so we 

have /G W  is soluble. And since ( )/G GΦ  is soluble, G is isomorphic to a subgroup of ( )/ /G G G WΦ × . 

Thus, by [16, 5.1.2], G  is soluble, a contradiction. Then we have ( ) ( )F G G= Φ . 

Step: 3 Let ( )R rad G= , then G PR= , and P is a Sylow 2-subgroup of G . 

By Lemma 2.2, we have G PR= , If P is not a Sylow 2-subgroup, then by the maximality of M , 

then : 2G M
α= for some integer α  .Then there exists a subgroup 0M  such that 0M M G≤ ≤ and 

0: 2M M = . Since for every subgroup L  of P  of order 2 or 4 is pronormal inG, then L  is pronormal in 0M  

by Lemma 2.1(a), the minimal choice of G implies that 0M  is soluble. By hypotheses, M is nilpotent, and so, 

since 0M M� , 0M  is nilpotent, which contradicts the maximality of M . Thus P  is a Sylow 2-subgroup of G. 

Step: 4 the final contradiction. 

By Step 2, ( )R G≥ Φ , and, by [11, Lemma 2.6], ( )F R is the direct product of minimal normal subgroups of G 

which is contained in R . Let 1 2, , nR x x x= � , where 
i

x R∈  is of order 2
i

p ≠  (
i

p is prime number ofG) 

by Step 2. Then ( ) 1 n
F R x x= ×� , and 

i
x char ( )F R  char R . Thus 

i
x G� . Then we have /

i
G x  

is soluble by Step 1, and so G is soluble, a contradiction. 

This completes the proof. 

Remark: 3.1 The condition of the theorem ‘nilpotent’ can't be removed. Let 5G A= , the alternate group of degree 5. 

The subgroup of the Sylow 2-subgroup of order 4 is pronormal inG, but G is not soluble. 

Remark: 3.2 The condition of the theorem “nilpotent”can't be replaced by “soluble”. Let 5G A= , the alternate group 

of degree 5. Obviously, 4A , the alternate group of degree 4, is the soluble maximal subgroup of G . And the subgroup 

of the Sylow 2-subgroup of order 4 is pronormal in G , but G  is not soluble. 

 

Corollary: 3.1 Let G  be a finite group and M a maximal nilpotent subgroup of G . If P  is a Sylow 2-subgroup of 

M  and every subgroups of P  of order 2 or 4 is normal in G , then G is solvable. 
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Proof: By Remark 2.1, normality must be pronormal. Then we use Main Theorem to Corollary 3.1, G  is soluble. 

This completes the proof.  

 

Corollary: 3.4 [14, Theorem] Let G  be a finite group with a nilpotent maximal subgroup M . If P is a Sylow 

2-subgroup of M and 2 PG ∩  is normal in P for any Sylow 2-subgroup 2G of G . Then G is soluble.  
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