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ABSTRACT 
The authors study the commutators and higher order commutators of para-metric Marcinkiewicz integrals and     
obtain that the operators bounded from 1

b ( )nH R  to ( )p nL R  with the symbol b BMO∈ . 
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1. INTRODUCTION 
 
Let T be a Calderon-Zygmund singular integral operator. For a locally integral function b on Rn; the commutator [b; T] 
of T is defined by 

[ , ] ( ) ( ) ( )( ) ( )( ).b T f x b x T f x T b fx= −  
 
It is well known that the Calderon-Zygmund singular integral operator T is bounded from 1( )nH R to 1 ( )nL R . 

However, it was observed in [7] that the corresponding result for [b, T] is false when b is a BMO function. In 1995, 
Perez in [7] introduced a subspace 1

b ( )nH R ; and proved that [b, T ] is bounded operator from 1
b ( )nH R to 1 ( )nL R for 

b BMO∈ , Following the definition of [8]. in 1998, Alvarez defined the atomic space b ( )p nH R , for 0 1p< < , and 

proved that the commutator [ , ]b T is also bounded from b ( )p nH R to ( )p nL R ,for / ( 1) 1n n p+ < ≤ in [9]. 

 
Before stating our results, let us first give the definitions and some known results on ρµ and bm

ρµ . Suppose that 1nS − is 

the unit sphere in ( 2)nR n ≥ equipped with the normalized Lebesgue measure '( )d d xσ σ= . Let Ω  be a 

homogeneous function of degree zero on Rn satisfying 1 1( )nL S −Ω∈  and the following property 

1

' '( ) ( ) 0
nS

x d xσ
−
Ω =∫                                                                                                                                      (1) 

 
In 1960, H•omander in [1] introduced the parametric Marcinkiewicz integrals; 

1
2 2

, 2 10
( )( ) | ( ) |t

dtf x F x
tρ ρ ρµ

∞

+
 =  
 ∫  

where 0 nρ   and 

, | |

( )( )( ) ( )
| |t nx y t

x yF f x f y dy
x yρ ρ−− ≤

Ω −
=

−∫
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If =1ρ , then is the classical Marcinkiewicz integrals defined by Stein in [4]. Stein proved that ifΩ  is continuous and 

satisfies a ip (0 1)aL a ≤  condition on n-1S , then is of type (p,p) for 1 < p ≤ 2, and of weak type (1,1). On the other 

hand, let ( )nb BMO R∈ and m N∈ , the m order commutators generated by the parametric Marcinkiewicz integrals

ρµ and b is defined by 
1

2 2

, 2 10
( ) | ( )( ) |

m mb b
t

dtf x F f x
tρ ρ ρµ

∞

+
 =  
 ∫

 
Where                                                           

               
, | |

( )( )( ) [ ( ) ( )] ( )
| |

mb m
t nx y t

x yF f x b x b y f y dy
x yρ ρ−− ≤

Ω −
= −

−∫
 

 
In [2], Ding, Lu and Xue obtained boundedness of commutators for the Marcinkiewicz integrals on Hardy space. In [3], 

Shi and Jiang obtained the weighted pL boundedness of ρµ and
mb

ρµ with rough kernels. In this paper, we will 

consider the boundedness of the higher order commutator
mb

ρµ on the atomic-Hardy spaces 1 ( )m
n

b
H R .

 
 

To state our results we need some notations and definitions. A function ( ')xΩ on 1nS − is said to satisfy the qL -Dini 

condition 1q  , if
1( ') ( )q nx L S −Ω ∈  and 

1

0

( )q d
ω σ

σ
σ

∞∫                                                                                     (2) 

Where 
1

1

| |

( ) ( | ( ') ( ') | ( '))sup n

q q

S
x x d x

ρ σ

ω σ ρ σ
−

≤

= Ω −Ω∫  

and is a rotation on 1nS − , | | || ||Iρ ρ= − , We say that 1( )nLip S −Ω∈ for 0 1α ≤ .  
If there exists a constant M>0 such that for any 

1, nx y S −∈ , | ( ) ( ) | | |x y M x y αΩ −Ω ≤ − . 
 
Definition 1: Let ( )nb BMO R∈ , m N∈  and 1 t≤ ≤ ∞ . A function ( )a x  is said to be a (1, t, bm)-atoms, if it 
satisfies the following conditions: 

  

0
1/ 1

t

(1)sup ( ) ( , );

(2)||a|| ;

(3) ( ) ( ) ( ) ( ) ( ) 0,
n n n

t

m

R R R

p a Q x r
Q

a x dx a x b x dx a x b x dx

−

⊂

≤

= = = =∫ ∫ ∫

 

Where Q  is a ball in .nR  
 
Now let us state our main results. 
 
Theorem 1: Let Ω  is a homogeneous function of degree zero on nR  satisfying (1) and the qL -Dini condition for 

1q  , Then there exists a constant 0C  , independent of f such that 1 1|| ( ) || || || .
m

mb

b
L H

f C fρµ ≤  

 
2. PROOF OF THEOREMS 
 
Because the proof of the following Lemma is very similar to Lemma 5 in [6], we just formulate it. 
Lemma 1: Suppose that is homogeneous of degree zero and satisfies qL -Dini condition for 1q  , If there exist a 

constant 0α , 00 1/ 2α  ,such that  0| |x Rα ,then 

dy

1
q

/ ( 1)

| | 2 | |/2 | |/

( )( ) ( ) | || | ,
| | | |

qq n q n
n p nR y R x R x R

x y y xCR d
y x y Rρ δ π

ω δ
δ

δ
− −

− −

  Ω − Ω
− ≤ +  −   

∫ ∫
   

 

  where the constant 0C  is independent of R and x . 
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When 1ω ≡ , from [3], we know the following conclusion immediately. 
 
Lemma 2: Suppose that Ω be a homogeneous function of degree zero on nR satisfying (1) and 0 nρ< < . If  

1( )( 1)q nL S q−Ω∈ >  and , ( ) ( ).nm N b x BMO R∈ ∈  

Then for 1 ,p< < ∞ there exists a constant 0C > , independent of f , such that || ( ) || || || .
mb

p pf C fρµ ≤  
 
Now, let us turn to the proof of Theorem 1 only for the case 1m = , When 1m > , the proof is similar to the case 

1m = , but more complex in the form and we omit the details by brevity. 
 
Proof of Theorem 1: It suffices to prove that 1|| ( )( ) ||

L
a x Cρµ ≤  for any (1, , )t b -atom ( )(1 )a x t< < ∞ . Fix a ball 

0( , ) nQ Q x r R= ⊂ , and let 
1
28Q n Q∗ = ,we have 

( )
( )( ) ( )( ) ( )( ) .

n c

b b b

R Q Q
a x dx a x dx a x dxρ ρ ρµ µ µ

∗ ∗
= +∫ ∫ ∫  

By Lemma 2, 
..

'H older s  inequality and size condition of ( )a x , we get  

( )( ) ( )( )( )11 tt tb b

Q Q
a x dx Q a x dxρ ρµ µ

∗ ∗

′∗≤∫ ∫  

                               
( )( )11 1 1 1

n

ttt t t

R
Q a x dx Q Q C′ ′ −≤ ≤ ≤∫ . 

Where 
1 1 1
t t
+ =

′
.It remains to show that  

( )( ) ( ): c
Q

I a x dx Cρµ∗
= ≤∫ . 

 

Taking that ( )l l la b a b+ ≤ + , when , 0a b ≥  and 0 1l< ≤ , we have  

( ) ( )( ) ( ) ( )( )
0

1 22
2

2 10
c

x x r

nQ x y t

x y dtI b x b y a y dy dx
tx y ρ ρ∗

− +

− +− ≤

 Ω − ≤ −
 −
 

∫ ∫ ∫  

( ) ( )( ) ( ) ( )( ) 0

1 22

2 12
c nQ x x r x y t

x y dtb x b y a y dy dx
tx y ρ ρ∗

∞

− +− + − ≤

 Ω − + −
 −
 

∫ ∫ ∫  

Since 0 0 2x y x x x x r− − − +   for any x Q∗∈ and y Q∈ , we have  

( )2 2 2 1
0

1 1
2

rC
x y x yx x r

ρ ρ ρ+− ≤
− −− +

 .                                            (3)    

 
By (3), we have 

( )
( ) ( ) ( ) ( )

0

1 2

1 2 12
c n nQ R x y t x x r

x y dtI b x b y a y dydx
tx y ρ ρ∗ − +− ≤ ≤ − +

Ω −  ≤ −  
 −∫ ∫ ∫  

( )
( ) ( ) ( ) ( )

( )

1 2

2 2
0

1 1
2

c n nQ R

x y
b x b y a y dydx

x y x y x x r
ρ ρ ρ∗ −

Ω −
≤ − −

− − − +
∫ ∫  

( )
( ) ( ) ( ) ( )1 2

1 2c nQ Q

x y
Cd b x b y dx a y dy

x y∗ +

Ω −
≤ −

−∫ ∫  
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( ) ( ) ( )1

1 2
11 22 2

1
j j nQ d x y d

j

x y
Cd b x C dx a y dy

x y+

∞

+≤ − ≤
=

Ω −
≤ −

−
∑∫ ∫  

( ) ( ) ( )1

1 2
11 22 2

1
j j nQ d x y d

j

x y
Cd b y C dx a y dy

x y+

∞

+≤ − ≤
=

Ω −
+ −

−
∑∫ ∫  

1,1 1,2I I= + , 

Where ( )
1

1
1

1
jQ

j

C b x dx
Q +

+

= ∫
 

and { }1
1 : 2 j

jQ x x y d+
+ = − < . Below we give the estimates of 1,1I

 
and 1,2I .  

 

Using 
..

'H older s inequality and the size condition of ( )a x , We get 

( )
1

1

1 2
1,1 1 22 2

1
 

j j

qq

nQ d x y d
j

Q x y
I Cd dx

x y+

∞

+≤ − ≤
=

 −
 ≤
 − 

∑∫ ∫
( ) ( )1

1

1 1
1 22 2

1
j j

qq
j

nd x y d
j

Q b x C
dx a y dy

Q x y+

′′

+

+≤ − ≤
+

 −
 ×
 − 

∫  

( ) ( )
( )( ) ( )( ) ( )

1 1
1 2

1 2 1 2
1

2 2

2 2

n q n qj j

n q n q BMO Qj jj

d d
Cd b a y dy

d d

′+ +∞

′+ +
=

≤ ∑ ∫  

( )
( )1 2

1

1

2 BMO Qjj
C b a y dy

∞

=

≤ ∑ ∫  

( )( )11
ttt

BMO Q
C b Q a y dy C′

≤ ≤∫ . 

 
On the other hand, note that 

( )
( )1 1 2 1 22 2

1

2
j j nd x y d j

x y
dx C

x y+ +≤ − ≤

 Ω −  ≤
 −  

∫ . 

SO 

( )
( ) ( )1 2

1,2 11 2
1

1

2Q jj
I Cd b y C a y dy

∞

=

 
 ≤ −
 
 
∑∫  

( )( ) ( )( )1 1

1

t tt t

Q Q
C b y C dy a y dy

′′
≤ −∫ ∫  

C≤ . 
 
For 2I , using the vanishing condition of a ( )x , we get  

( ) ( ) ( ) ( ) ( )( ) ( )( ) 0

1
2 2

0
2 2 1| | 2 | | | |

0

c n nQ x x r x y t x y t

x y x x dtI a y dy b x b y a y dy dx
tx y x xρ ρ ρ∗

∞

− − +− + − ≤ − ≤

 Ω − Ω − = − −
 − −
 

∫ ∫ ∫ ∫              

( ) ( )
( )

0

0

c n n nQ R

x y x x
C

x y x xρ ρ∗ − −

Ω − Ω −
≤ −

− −∫ ∫ ( ) ( ) ( )
0

1
2

2 1| | 2x x r

dtb x b y a y dydx
t ρ

∞

+− +

 × −  
 ∫  

( ) ( )
( )

( ) ( ) ( )0

00

c n n nQ R

b x b y a yx y x x
C dydx

x xx y x xρ ρ∗ − −

−Ω − Ω −
≤ −

−− −∫ ∫
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( ) ( ) ( ) ( )1
0

0
22 2

1 0
j j n nQ d x x d

j

x y x x
C b x C dx a y dy

x y x xρ ρ+

∞

− −≤ − ≤
=

Ω − Ω −
≤ − −

− −
∑∫ ∫  

( ) ( ) ( ) ( )1
0

0
22 2

1 0
j j n nQ d x x d

j

x y x x
C b x C dx a y dy

x y x xρ ρ+

∞

− −≤ − ≤
=

Ω − Ω −
+ − −

− −
∑∫ ∫  

2,1 2,2I I= + . 

Where ( )1
1

3 1
1

1
jQ

j

C b x dx
Q ++

= ∫  and { }1 1
1 0: 2 j

jQ x x x d+
+ = − < .By 

..
'H older s  

 
Inequality, Lemma 1 and the size condition of ( )a x , we have  

( ) ( )
1

0

1

0
2,1 2 2

1 0

1
2 j j

qq

n njQ d x x d
j

x y x x
I C dx

d x y x xρ ρ+

∞

− −≤ − ≤
=

 Ω − Ω − ≤ −
 − −
 

∑∫ ∫  

  
( )( ) ( )1

0

1

22 2j j

qq

d x x d
b x C dx a x dy

+

′
′

≤ − ≤
× −∫  

( ) ( )0

1
0

21

2
1

1 12
2 2

j

j

x y d qj n q n
j jQ x y d

j
d d a y dy

d
ω δ

δ
δ+

∞ −− +

−
=

 
≤ + 

 
∑∫ ∫  

( )1
1

1
11

1 21
1

1
j

q
q q

j Q
j

Q b x C dx
Q +

′

′ ′

+
+

 
 × −
 
 

∫  

( ) ( )( )11 1

0
1

tttq
BMO Q

C d b Q a y dy C
ω δ

δ
δ

′ 
≤ + ≤ 

 
∫ ∫ . 

On the other hand, by
..

'H older s inequality and the size condition of ( )a x again, it follows 

( ) ( )
1

0

1

0
2,2 2 2

1 0

1
2 j j

qq

n njQ d x x d
j

x y x x
I dx

d x y x xρ ρ+

∞

− −≤ − ≤
=

 Ω − Ω − ≤ −
 − −
 

∑∫ ∫ ( ) ( )11
1 2

q

jQ b x C a x dy
′

+× −  

( )
( ) ( ) ( ) ( )0

1
0

21

21 2
1

1 12
22

j

j

x y dn q n qj
n q jQ x y djj

C d d b x C a x dy
d

ω δ
δ

δ+

∞ −− +

′− −
=

 
≤ + − 

 
∑∫ ∫  

( )( ) ( )( )1 1

2

t tt t

Q Q
C b x C dy a y dy C

′′
≤ − ≤∫ ∫ . 

 
Thus, we proved that I C≤ . Also, we comple the proof of Theorem 1. 
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