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ABSTRACT

In this paper, we consider the linear parameterized inverse singular values problem (LPISVP)of anti-symmetric
orthogonal anti-symmetric matrices which is described as follows:

mxn

Problem I: (LPISVP) Given anti-symmetric orthogonal anti-symmetric matrices A, A ,---, A, € ASOASR™" , and

. * * . T .
non-negative real numbers O, 2 e 2 o, , find values of C:(Cl,---,c) € R" , such that the linear

n

parameterized singular values of the matrix A(C) = A +CA +---+C A, are precisely 0,0,
We only discuss the singular values of anti-symmetric orthogonal anti-symmetric matrices are distinct and nonzero.

We first establish the property of anti-symmetric orthogonal anti-symmetric matrices. Based on the Newton-type
iterative method, we then turn Problem | into the linear parameterized inverse singular values of anti-symmetric
matrices with small sizes, and solve these problems.

Keywords: LPISVP, anti-symmetric orthogonal anti-symmetric matrices, anti-symmetric matrices, Newton-type
iterative method.

1. INTRODUCTION

Denote the set of all /77x 77 real anti-symmetric matrices, the set of allmx N real matrices, the set of all NxnN or
mx 7 real orthogonal matrices, the set of NxnN real anti-symmetric orthogonal anti-symmetric matrices by

ASR™", R™", O(n) orO(m),andO(m), respectively.

For decades, many authors have been devoted to study the solvability conditions for the inverse eigenvalues problem,
associated with different symmetric matrices, bisymmetric matrices, anti-symmetric matrices, centro-symmetric
matrices, and so on. For instances, we refer to the references [1-4]. The linear parameterized inverse eigenvalue
problem of bisymmetric matrices were surveyed by Shi-Fang Yuan, Qing-Wen Wang, Zhi-Ping Xiong[5]. Two
numerical methods for solving inverse singular value problems were considered by Moody T. Chu [6]. In this paper, we
consider (LPISVP) of anti-symmetric orthogonal anti-symmetric matrices.

Problem 1I: (LPISVP) Given anti-symmetric orthogonal anti-symmetric matrices A,, A,---, A. € ASOASR™" ;and
Y g Y

. * . T .
non-negative real numbers o, 2= -+ 2 0, , find values of C:(Cl,---,cn) €R" , such that the linear

parameterized singular values of the matrix A(C)= A, +C,A +---+C, A, are precisely 0,0,

In this paper, Newton-type iterative method is the main approach to solve Problem I. Establishing the property of

ASOASR™" and turning Problem 1 into LPISVP of anti-symmetric matrices with small sizes, and solve these
problems.
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We now briefly state the contents of this paper. In Section 2, we discuss the property of ASOASR™" . In Section 3, we
present the Newton-type iterative method to compute the solutions of Problem I, propose the iterative scheme and
discuss the algorithm for Problem I1, what’s more, do the convergence analysis.

2. THE PROPERTY OF ANTI-SYMMETRIC ORTHOGONAL ANTI-SYMMETRIC MATRICES

To study Problem I, we first analyze the property of ASOASR™" .
. AT =-A, (PA)T =—PA , with P an arbitrary orthogonal matrix and the spectral decomposition is

|
P:U( : )uT.
_In—k

1nA=U {Ai AZ]U T with A and A, respectively anti-symmetric matrices.

z z
I11.The singular value decomposes of the matrices A and A, are AIZU{ ! 0]V1T and A, :Uz( ? OJVZT ,
respectively, withU, e O(n—k), U, e O(k), and =, =diag (0;,0,,---,0, ), Z,=diag (4, tt,,--, 1, )

Denote the diagonal matrix X :
21
-,
22
-

Thus we have the following results.

y=

Theorem 1: Suppose A e ASOASR™" | the singular value decomposition of A can be expressed as follows:

_pyAT Y o[V
A=PZQ ,where P=U andQ=U .
U, v,

The set M (Z)and A, defined by:

M,(£)={PzQ"|P0,Qe0},

A={A(c):ceR"}.
IV.The tangent vector to M_(Z) at a point X e M (Z)is: T(X)=XK—-HX , with both K and A anti-
symmetric matrices.

3. THE SOLUTION OF PROBLEM |

We assume all singular values 0, -+ O, are positive and distinct.

The decompose of A, A,,---, A, are as follows:

A Vs of® o A\
=U u ,A=U u,- A=U u'.
A ( Af] & ( AsJ h ( Af]

Based on the property of anti-symmetric orthogonal anti-symmetric matrices in section 2, we only discuss all singular
values are distinct and describe the related problem as follows:
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Problem 1l: Given real matrices A, A,---,A, € ASOASR™ and non-negative real numbers

* . T
O'l 20‘2 >0' _and lul > ,uz > e > o find values of ¢ = (011 Cpre cn) , such that the non-
negative singular values of the matrix A(C)1 = Aé +C1A11 +-~-+CnAi are precisely o-l*, o-;, e 0;7/( ,and the
non-negative singular values of the matrix A(c), = AZ +---+C, A are precisely ,ui, y; yoe ,U,:-

We describe the process of solving Problem Il as follows:

Given AY) e M, (), there exist p eO( ), Qv €O(n) such that:
PUTAMQM =% and AM 4 AVK® — MK ™ with any anti-symmetric matrices jl*) and /*) represent
tangent vectors to M _ ().

There exists A(C(M)) e ASOASR™" such that :

AV L AMKM M AW =A(C(V+1)) 1)
or equivalently:
s+yKY _{g Wy = pT A(C(V+1) )Q(V) @)

where

Denote W " :P(V)TA(C(V+1))Q(V), which Wi() DIE DI K() Hg )Z for 1</ < nl<j j < n,both

i) and Z{v) are anti-symmetric matrices.Only consider the diagonal elements of (2), we have:

(0':102 "'O_:_k,,lvt_:k,"',/l,l;)-r — d|ag {P(V)TA(C(V+1))Q(V)}=a* +J(V)C(V+l)

with
(v) U U, v ),U 29) | LU! n-k(v)
o ) (< >)
U l
v (v) — (v)
) v Vi (V1 ’ )
Q' =uU ") and )
Vv, VZ(V) = (\/2 V) v )
(a* )T = (Uj’(V)T A:;_Vll(v) R Uln—k(V)T A:;_Vln—k ,U ) A)ZVZ e ,U ;(V)T A)szk(v) )
V)T Ailvll(v) Ull(V)T Agvll(v) . Ull(v)T &Vll(v)
J(V): Ulnfk(v)T Al]’\/lnfk(v) Ulnfk(v)T Aévln—k(v) Ulnfk(v)T Aﬁvln,k(\,)
U;(v)T Afvzl(v) U;(V)T Azzvzl(v) U;(V)T A12V21(V)
k(v)T Alzvzk(V) U:(V)T AZZVZK(V) U:(V)T A12V2|<(v) g
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We can get C(V+1) by solving (3), if and only if the coefficient matrix J(V) is nonsingular matrix.

Considering the SyIvester matrix equation(Z) for unknown matrices A“)and £fV), we get:

2+ VTN HYUYs, =U1(V)TA(C(V”) )1V1(V),
4)
2, +Z VT KN —ug THYUYE, =ULTA(c l))zvz( )
KW HY
with UTKYU =| and UTHYU =|
K" HY
or equivalently:
2R - Az, U A )1v1<v>, 5)
2, +5,KY Az, :Ugv)TA(c(V“))ZVZ(V). (6)

For convenience, we denote

(W_(_v)) _yor A( () )1V1(v) -y 1(v)T ( AL+ Cl(v+1) A+t Cr(1"+1) A )Vl(V)

1

From (5), because KY =HY =0, we have:

Tii lII

w4 o)
RW __gw _ %% +o;W
)

l(l) - l(ji) - (O_*)Z _(O_*)Z !

i i
1\ J(v |*W()+ WI()
)

L J

Thus ,we get Kl(v) and H~l(v).

The same as to (5), we denote
2" =y A(c(”l) ) ALE

1 2

T (A)2+C1(v+l) A12 et CE]V+1)A12)V2(V).

From (5), because K H~ =0, we have:

2ii
K(V) ,Ui Zij ,Uj Zji

T ) )
i i

- - W 4wz

Hath = —Haih :_zl;])'? J_r(u;_ziz -
i i

By now,we get ng) and I-|§V).

Based on our discussion mentioned above, K(V) and H (V) have been solved, and the equations in (2) are completely
solved.

We now discuss the iterative scheme.
Suppose AV e M S (Z) : A(C(V+l)) € A and the equation (1) with
A(C(V+l))

v A1(V) v+
A():U[ Aév)JUTandA(C( 1>)=u t A(c“*l))z u';
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then, (1) is equivalent to

Ai(V) + Ai(V)Kl(V) _ Hl(v)Al(v) _ A(C(v+1) )1,
Aé\l) + Aév)Ky) . Hgv)Aév) _ A(C(v+1)) .

2

First, we define four Cayley transformations:

(v) W \™* (v) W\
&=1+W- 1—W- andRz=1+H2 1—H2 ’

2 2 2 2

(v) W\* (v) v\™*
S,=| 1+ AS | FPLS and S, =| 1+ He M |

2 2 2 2

Then, the lifted matrix on M (Z) is defined to be
A1(v+l) ~ RI A1(V)Sl1
AT < RIAS,

From (7) and (8), we have

A1(v+l) ~R! (eHl(V)A(C(V+l) )1 e_Kl(V))Sl,

A£v+1) ~ RzT (eHg\/)A(C(VJrl)) efKéV) )SZ.

SzTe*Ky) ~ |, what’s more,
Ul(v+1) _ RiTul(v)’ Vl(v+l) _ SlTvl(v)’
(v+1) T (v) and (v+1) Ty (V)
UM =RIUY, |V =sTvY,

2

If K

e

e

and H K

Thus, the orthogonal matrices (J (“*Y and \/ () can be stated as follows:

y ) _ [Ul(wl) ] _ [Rirul(V) J
U §v+l) R;—U gv)

V(v+l) _ Vl(VJrl) _ SIVI(V)
VZ(V+1) Svaz(V)

The iterative scheme is now completed. An algorithm for solving Problem Il proceeds as follows.

Algorithmfor Problem 11
1. Given some real matrices Ay, A,---,A € ASOASR™ , the singular values

lediag(af,cr;,--~,0';_k) and Zzzdiag(ﬂ;,ﬂ;,---,ﬂ;) , the error boundary &

(0) (0)
U éo) Vz(O)

2.For v=0,1,2,--- until convergence, do :
a. Form the matrix J(V),

b. Solve ¢(“*Y according to (3) if J() is non-singular matrix.

© 2017, RIPA. All Rights Reserved
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are
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c. Form the matrix A(C(M)) given by

A(C(wl)): Ab+cl(v+1)A1+”_+C(v+l)A].

n

d.Compute the anti-symmetric matrices | (*) and H (), according to (1).
e. Compute |J () and \/ ("*) by solving (9), then, we have

" Hl(V) U1(V+l) g Hl(v) U1(V); 1+H_§v) U£V+1) —11- HSI) U£V)1
2 2 2 2
) (v) (v) (v)
1+ Kl Vl(v+l) —l1- Kl Vl(v); 1+ Kz VZ(V+1) 11— Kz VZ(V)'
2 2 2 2

f. Compute:

o (Gl(m) , O_gm) e O':,k ) ’ #(vﬂ)

(#f’ﬂ;“"ﬂ;) by
J.(\Hl) =U(v+l)iT A(C(v+l)) Vl(v+l)i i=12--,n-Kk,
1

i 1

IUEVJrl) U £v+l)jT A(C(v+l) )2 VZ(V+1)j J =12 k.

2 2 U*z O-Iyazl'“!o-*_k )
g.Compute O_(v+1) —ol + Hlu('/*l) _ lu* , Where . ( . . ' . )
= (4 e 1),
2 2
h. If”g("*l) ol + Hﬂ("”) — ’U*H < &, then we getc* = ("1, stop, otherwise go to a.

We now discuss the convergence analysis of Algorithm.

* S AT D Ul -~ \71
Denote A(C )z PZQ ,with P=U .~ |andQ=U ~ |
U2 V2
What’s more,

AS),

A(c)=U A©)
and 2

B’ —u| " (21 j " Ut —u|VEN U
L]2 22 \72T Lj222 AzT

Thus, we have
A(c), =0V,
A(c), =0,z

At the v-th stage, we define

¥ _{j
W —pti_poy| Y .
Ug\I)_Uz
NN VALY,
B’ =Q"-Q=u| " ™ .
v _
2 2
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Lemma 2: Suppose the LPISVP has an exact solution at¢”, A(C*) =P2Q", with P ¢ O(n) andQ e O(n). For
anyP e0(n),Q e0(n), denote the error matrices by E,=P —P and E, =Q —Q .If the matrices P,Q € R™
sty 7P — e G7Q = ren|H || ], [K || E].

Similar to the Lemma 7 in[5], we can proof the conclusions.

Proof: By
PTP=p (E+P)=PE+l=e", [e"=1+H+o([H[),

and

QQ=Q"(E+Q)=QE+1=¢", |e“=1+K+o([K[).

we get: |H]|=[E[, |K[ =[E].

What’s more,

(10)

from (10), we have,
~ 12
” El”2 = +||V1 —Vi|| = ||E11||2 +[Ex ”2 ’

[E.I - ”U2 _02”2 +||V2 -V, = [Eal +Ez| .

Theorem 3: Suppose all singular values O'I, 0';, ey Gs_k, ,uf, ,u;, el ,u: are nonzero and distinct. Suppose also that

the matrix J(V) is non-singular. The next iteration (9) can be defined. Furthermore, there exists & > 0 such that, if

Jer=of T )
| =o(uggv>2).'

Similar to the Theorem 8 in [5], we can proof the conclusion of Theorem 3.

E]FV%»J.) E:E V)

”El(o)” <¢ and ||E§°)|| < ¢, then
E (D)

2

. HY K
Proof: The matrix P(V)TA(C )Q(V) =%, if the matrices H" =| and KW =] 1
Hév) Kév)

IST P(v) _ H(V)

satisfies A , then

Q Q =¥
TA(c)QY =P PEQTQ" =& ze "

That is
UOTA(C) VY =UMTG NI = e s e,

USTA(C) VY =00 RNV = e s e
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By Lemmal, we have

= of )] o<
K= of[ES]). [k =o(|EY]).

We write

HEY <UL HIULT MY <UL UL
KL =V IV KL =V KT
then
e =u U] e =u ]
ek Sy T ek _y T
and

HY =1 -uM0] =—EY KW =1 v\ =—EY),
HY =1 -0M07 = —EW KW =1 VN =—EY.

21

Thus we have
1K) =o (=)

[ =
H ] =of[Es]):Je| = ofJE])
P(V)TA(C*)Q(V) _ e M5k
z)jz(l +KY +0(HK(V)H2D

€
=(| ~H® +0(HH )
)
The deference between (2) and (12), yields:
pT (A(C*) _ A(C(VH)))Q(V) _ Z(K(V) _ K(V))_(H v _H (V))Z n O(HE(V)HZ)

=3+3KY —HUx +0(HE<V>

The diagonal equations of (13) lead to the next linear system:
2" )=o)

Thus, by order of convergence, we get

e -<e-ofJe ).
From (4), we obtain

[“wcmA<c<v+l>uvsv>wKfvu(mﬂﬂfvwaw(

Ugv)T [A(C*)z _ A(C(M))JVZ(V) =3, (ng) _ ng))_(Hgv) _ Hgv))zz +0(

EY

)
Similarly, from the off-diagonal equations of (13), it is not difficult to see that
=R of|e )
2
- o( )
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[t -] =o( [ .

2
- o(\ )
Observe that:
El(ru) iy 1(v+1) _U“l RlTU l(v) _ e-H{PU 1(v)'
El(;/+1) :Vl(m) _\71 _ SlTvl(v) _ e—K{f)Vl(v).

Because of (11), it follows that

EY

[H = H1] =of [

So, it is clear now that

] =o(|E )

ES™ =0(‘ EY 2).

e -
Similarly, we

el el ).

Till now, we complete the process of this proof.
4. CONCLUSIONS

In this paper, we consider linear parameterized inverse singular value problem of anti-symmetric orthogonal anti-
symmetric matrices. Our main work is to propose the singular value decomposition for anti-symmetric orthogonal anti-
symmetric matrices, then solve the LPISVP of anti-symmetric orthogonal anti-symmetric matrices through Newton-
type iterative method.
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