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ABSTRACT

The purpose of the paper is to generalize common fixed point theorem of Jain and Bajaj [4] in dislocated metric space

using intimate mappings.
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1. INTRODUCTION

Banach’s common fixed point theorem was generalized in 1976 by Jungck by the use of commuting maps. The result
has been since generalized and extended in various ways by many authors. Jungck [2] introduced the concept of
compatibility which is a generalization of weak commutativity. The concept of compatible mapping of type (A) has

further been generalized through the concept of intimate mappings.

2. PRELIMINARIES

Definition 2.1 [1]: Let X be a non-empty set and let d: XxX— [0, o) be a function satisfying the following conditions:

(i) d(x,y) =d(y, x)
(if) d(x,y) =d(y, x) =0 impliesx =y
(i) d(x, y) < d(x, z) +d(z, y) for all X, y, z eX
Then d is called dislocated metric (or simply d- metric) on X.

Definition 2.2: Let A and S be self-maps on a d-metric space X. The pair {A, S} is said to be compatible if
lim,,_,, d(ASx,,SAx,) = 0 whenever {x,}is a sequence in X such that
lim, ., Ax, = lim,_. Sx, =t for somete X.

Definition 2.3: Let A and S be self-maps on a d-metric space X. The pair {A, S} is said to be compatible of type (A) if

Lim,,_,., d(ASx,,SSx,) = 0 and Lim,,_,., d(ASx,, AAx,) =0
whenever {x,] is a sequence in X such that  lim, . Ax, = lim,_. Sx,=tfor some t € X.

Definition 2.4: Let A and S be self-maps on a d-metric space X. The pair {A, S} is said to be S intimate iff
ad(SAx,, Sxp) < ad(AAx,, AX,) where o= lim sup or lim in f whenever {x,} is a sequence in X such that
lim, ., Ax, = lim,_. Sx, =t for somete X.

MAIN RESULT

Let A, B, E, F, S, T be six mappings on dislocated metric space (X, d) such that
2.1.1 A(X) c F(X)uS(X) and B(X) c E(X) UT(X)

[ 1+d (Ex ,Ax)] [1+d (Fy ,By)]
2.1.2 d(Ax, By) < a, d(Fy, BY)m +a, [d(Tx, AX)+ d(Sy, By)] + a3 d(Ex, Ax) Trd Gy B
+ 2, [d(EX, Fy)* d(Fy, AX)] + as[d(Tx, By) + d(Ax, Sy)] + a;d(Fy, By)L-4er T
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. 1
For all x, y in X where a;, a,, a3, a4, 8, 8= 0 and a;+2a,+az+2a,+2as+ag < 5

2.1.3 The pair {A, E} is E intimate and {B, F} is S intimate.
2.1.4 E(X) and T(X) are complete.
Then A, B, E, F, S, T have a unique common fixed point.

Proof: Let X, be any arbitrary point in X. Then from 2.1.1 there exists a point x; in X such that Axo=Fx;=Sx;. For point
X; We choose a point x,€ X such that Bx;=Ex,=Tx, and so on .Inductively we define a sequence {y,} in X such that
y2n:FX2n+1=SX2n+1= AXZn and y2n+1=EX2n+2:TX2n+2:BX2n+1 for n=0, 1, 2.

We now prove {y,} is a Cauchy sequence in X.

Consider
d(an,Y2n+1) = d(AXZmBXZnﬂ)
1+d(Ex2pn Ax2n)

< a d(FX2n+1'BX2n+1)[[1+d(Tx2n,5x2n+1)]] + ay [d(TXZnaAXZn)'l' d(SX2n+1yBZn+1)]

14+d (Fxyn 41 Bxon
+ a3 d(Exzn.szn)[[ o)l ay [d(EXan,FXzn+1)+ d(FXan+1,AX20)]

14+d (Sx2n+1,Bx2n+1)] (1+d(a o]
+ Xon A X2n
+ d(A + e S M 9
+ 85 [A(TX20,BXon+1) + A(AX2n,SXons+1)] + 86 d(FX2n+l’BX2”+1)[1+d(5x2n+1,Ex2n)]

1+d(yY2n,Y2n+1

1+d (Y2n,Y2n
< ald(yZnyYZnﬂ)[L_'_d(yZn_ly2 2n,Y2n+1)]

;} + a[d(Yan-1,Y2n) + Ad(Yan,Yan1)] + 830(Y2n-1,Y2n) {1+d(y2n,y2n+l)]

+ [d(Yr1Yan) + QoY) +36[A(Vzn1Yarer) + QY onsYon)] + 260VonYanen) (g2t

< a1d(Yan,Yan+1) + 2[d(Yzn-1,Y2n) + d(YanYans1)] + @30(Yan-1,Y20) + @a[d(Yan-1,Y2n) + d(YanYan)]
+ a5 [d(Yan-1,Y2n+1) + d(Y2n,Yan)] + @60 (Yan,Y2n+1)

< d(Yan,Yan+1) + @2[d(Yan-1, Y2n) + A(Y2n,Y2n1)] + @3d(Y2n-1,Y20) + @a[d(Y2n-1,Y2n) + d(Yan, Y2n-1)
+ d(Yan1, Yon)] +as[d(Yan-1,Y2n) + d(Y2n,Y2n+1) + A(Yan, Yone1) + A(Yan, Yone1)] + @6d(Yans Yone1)
< (artay+3as+ag)d(Yan, Yone1) + (a2+as+3as+as)d(Yan1,Y2n)

az+az+3astas
(1—(aq+az+3as+ag)

d(YanYan+1) < d(Y2n-1,Y2n)

L apz+az+3as+as _
(1-(aq+az+3asg+ag)

Therefore
d(Yn, Yn+1) < h d(Yn1, Yn)

dWn Yoer) S B AdVYns, Vo) < e < h"d(yy, y.) for every integer p > 0 we get

d(ynv yn+p) S d(ynv yn+1)+ d(¥n+l! Yn+2)+ d(¥2+3, yn+4)+ ......... * d+(y{], yn+p)
< hd(yo, y1)+h™" d(yo, y1)+h™* d(yo, y1) +...... + " d(yo, ya)
< h'[1+h+h?+h%... ... h**1d(yo, y1)

hn
< 7AYo, Y1)
As n—oo we get d(Yn, Yn+p) —0
Therefore {y,} is a Cauchy sequence

Since E(X) and T(X) are complete and {Ex,,} and {Tx,,} is Cauchy therefore it converges to a point z = Eu =Tu for
some u in X. Theny, —z and Axzn, BXon+1, EXony FXone1, Sons, TXon —2

From from 2.1.2
[14+d (Eu ,Au)]

d(Au, BXans1) < a3 d(FXans1, BX2”+1)[1+d(Tu,5x2,,+1)] +a, [d(Tu, Au) + d(SXzn+1, Bansa)]
\[1+d (Fxan+1 ,Bx2n+1)]
+ azd(Eu, Au) ST T, + a4 [d(EU, FXon1) + d(FXons1, Au)]
+ ag [d(TU, BX2n+1) + d(AU, SX2n+1)] + ag d(FX2n+1, BX2n+1)

< ayd(z, 2) % +a,[d(z, Au)+d(z, 2)] + axd(z, Au)

+asfd(z, 2p+d(Au, 2)] + asd(z, 2) (o

< a,d(z, Au) + a,[d(z, Au) + d(z, Au) + d(z, Au)] + asd(z, Au) + a,[d(z, Au) + d(z, Au) + d(z, Au)]
+ as[d(z, Au)+d(Au, z) + d(z, Au)]+ agd(z, Au) d(z, Au)
< (a1 +33.2 +a3 +3a4+3a5+3.6)d(2, AU)

[14d(Au ,Tu)]
[1+d(Sx2p+1,.Eu)]

[1+d(z,2)]
T+d@a)] + a4[d(z, 2)+d(z, Au)]
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[1- (a; +3a; +a3 +3a4+3as+ag)]d(z,Au) <0
This implies d(z, Au) =0 = d(Au, z). Therefore Au =z.
Since A(X) c F(X) U S(X) there exists x € X such that Fw = Sw =2

Then consider
d(z, Bw) = d(Au, Bw)

1+d(Eu A 1+d(Fw ,B
< a, d(Fw, Bw)2ELAD] g [d(Tu, Au)+ d(Sw, Bw)] + ayd(Eu, Au)%

[14d (Tu,Sw)]

+ a4 [d(Eu, Fw)+ d(Fw, Au)] + a5 [d(Tu, Bw) + d(Au, Sw)] + asd(Fw, BW)%
[1+d(z,2)] [1+d (z,Bw)]

< a,d(z, BW)% +a,[d(z, z)+d(z, Bw)]+azd(z, 2) i+ aGEw] +ay[d(z, 2)+d(z, 2)] +as[d(z, Bw)+d(z, z)]
1+d(z,z

+ agd(z, Bw) rdGo]

< (a3 +3a, +2a3 +4a,4+3as+a5)d(z, Bw)
[1- (a; +3a, +2a3 +4a,+3as+ag)]d(z, Bw) < 0
This implies d(z, Bw)=0 .Similarly d(Bw, z)=0 which implies Bw =z
Since Au=Eu=Tu=z

As the pair {A, E} is E intimate we have
d(EAXan, EXzn) < d(AAXzn, AXay)

d(Ez, z) < d(Az, 2)

Now we prove Az=z
d(Az, z) = d(Az, Bw)
1+d(Ez A 1+d(Fw ,B
<a, d(Fw, Bw)[[(—”” +a, [d(Tz, Az) + d(Sw, Bw)] + a,d(Ez, Az)%

14+d(Tz,5w)]
+ a, [d(Ez, Fw)+ d(Fw, Az)] + as [d(Tz, Bw) + d(Az, Sw)] + ag d(Fw, Bw)re@z.10]

[1+d(Sw,Ez)]
1+d(Ez,A 14+d(z,
< ayd(z, 2) w + a[d(Tz, Az)+d(z, 2)] + a:d(Ez, Az) {Hdﬁﬁ + a[d(Ez, 2)+d(z, A2)]

1+d(Az,T.
+as[d(Tz, 2)+d(Az, 2)] + agd(z, 2) (20

1+d(Az,A
< ayd(z, 2) w + a,[d(Az, Az)+d(z, 2)] + a:d(Az, Az

1+d(Az,A
+as[d(Az, 2)+d(Az, 2)] + aed(z, 2) o

[14d (z,2)]
) iy T 2ld(AZ 2)+d(z, A2)]

[1- (2a; +4a, +2a3 +2a,+2a5+2a)]d(Az, 2) < 0
d(Az, z) = 0.

Similarly d(z, Az) = 0. Therefore Az = z. This implies Az = Tz = Ez = z. Similarly the pair {B, F} is F intimate we
have
d(':B)(2n+1a FX2n+1) < d(BBX2n+1a BX2n+1)

Taking limits n— oo,
d(Fp, p) < d(Bp, p). Now we prove BZ=z.

d(z, Bz) = d(Az, Bz)

< a;d(Fz, Bz) [1+d(Fz ,B2)]

L14dEz AD) 5, [d(Tz, A2)+ d(Sz, Bz)] + asd(Ez, A7)

[14+d(Tz,52)] [1+d(Sz,Bz)]
+a, [d(Ez, F2) + d(Fz, Az)] + a5 [d(Tz, Bz) + d(Az, S2)] + a5 d(Fz, Bz)%
d(z, 1+d(Fz,
< a d(Fz, Bz)% +a, [d(z, 2)+ d(Sz, B2)] + axd(z, z)%
+a, [d(z, F2)+ d(Fz, 2)] + as [d(z, BZ) + d(z, S2)] + as d(Fz, Bz)%
1+d(z, 1+d(Bz ,B
<a, d(Bz, Bz)% +a, [d(z, 2) + d(Bz, 2)] + a:d(z, z)% + a, [d(z, B2)+ d(Bz, 2)] + as [d(z, B2)

1+d(z,
+d(z, BZ)] + a,d(Bz, Bz)%

< 2a, +4a, +2a; +23.4+23.5+23.5)d(2, BZ)
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[1- (2a; +4a, +2a3 +2a,+2a5+235)]d(z, Bz) < 0
d(z, Bz)=0.

Similarly d(Bz, z) = 0. Therefore Bz = z. This implies Bz = Fz = Sz = z. Therefore z is the common fixed point of A, B,
E, F, S, T. Now we prove z is the unique fixed pointof A, B, E,F, S, T

Let p is the another common fixed point of A, B, E, F, S, T.

d(z, p) = d(Az, Bp)
< a, d(Fp, Bp)% a, [d(Tz, Az) + d(Sp, Bp)] + a;d(Ez, Az)"
+a [d(Ez, Fp) + d(Fp, A2)] + as [d(Tz, Fp) + d(Az, Sp)] + ad(F, Bp);%;j;?
< ayd(p, Py + 22 [0z, 2)* d(pp)] + 2z, 2 rg 2 + 2 [d(z, p)+ d(p, 2)]
+as[d(z, p) +d(z, P)] + 26 4P, PV rgcd

< 2a; +da, +2a; +2a,+2as+2a4)d(z, p)

[14+d(Fp,Bp)]
[1+d(Sp,Bp)]

[1- (2a; +4a, +2a3 +2a,+2a5+2a¢)]d(z, p) < 0

d(z, p) = 0. Similarly d(p, z)=0. Therefore p = z. Hence z is the unique common fixed point of A, B, E, F, S, T.
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