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ABSTRACT
In this paper, we prove the existence of common fixed points for a pair of nonself- mappings in complete metrically
convex metric spaces. Our results extend the results of Geeta Modi, Aravind Gupta and Varun singh [14]. Examples
are provided to illustrate our results.
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1. INTRODUCTION AND PRELIMINARIES

The study of existence of fixed points for nonself - mappings in metrically convex spaces was initiated by Assad and
Kirk [2]. Assad [1] provided sufficient conditions the existence of fixed points for nonself-mappings defined on a
closed subset of complete metrically convex metric spaces satisfying Kannan-type mappings [12] which have been
subsequently generalized by Khan, Pathak and Khan [13].

Definition 1.1 [2]: A metric space (X, d) is said to be metrically convex if for any x,y € X with x # y there exists a
pointz € X,x # z # y suchthat d(x, z) + d(z,y) = d(x, y).

Lemma 1.2 [2]: Let K be a nonempty closed subset of a complete metrically convex metric space (X, d). If x € K and
y & K then there exists a point z € dK (the boundary of K) such that d(x,z) + d(z,y) = d(x,y).

Definition 1.3 [9]: A pair of nonself-mapping (F,T) on a nonempty subset K of a metric space (X, d) is said to be
coincidentally commuting if Tx, Fx € K and Tx = Fx implies that FTx = TFx.

Definition 1.4 [5]: Let K be a nonempty subset of a metric space (X,d) and F,T: K — X. The pair (F,T) is said to be
weakly commuting if for every x,y € K withx=Fyand Ty € K,
d(Tx,FTy) < d(Ty, Fy).

Notice that for K = X, this definition reduces to that of Sessa [15].

Definition 1.5 [6]: Let K be a nonempty subset of a metric space (X,d) and F,T : K — X. The pair (F,T) is said to
be compatible if every sequence {x,} € K and lim,_,d (Fx,,Tx,) = 0and Tx, € K (for every n € N), implied
that lim,,_,, d (Ty,, F Tx,) = 0 for every sequence {y,,} S K suchthaty, = Fx,,n € N.

In 2000, M. S. Khan, Pathak and Khan [13] proved the following existing theorem.

Theorem 1.6 [13]: Let (X,d) be a complete metrically convex space and K a nonempty closed subset of X. Let
T : K — X be the mapping satisfying the inequality

d(Tx,Ty) < amax{d(x,Tx),d(y,Ty)} + b {d(x,Ty) +d(y,Tx)} for every x,y € K, where aand bare non-
negative reals such that

ath _ b }=h>0,max{

1+a+b h 1+b
1-b’1-a-b

1-b ' 1-a-b

max{ h} = h > 0 withmax{h.h’} = h" < 1.
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Further, assume that Tx € K and x € dK, then T has a unique fixed point in K.

In 2005, M. Imdad and Ladlay Khan [10] proved a common fixed point theorem for a pair of nonself-mappings in
complete metrically convex spaces which is a special case of Theorem 3.1 of [10].

Definition 1.7 [10]: Let (X, d) be a metric space and K a nonempty subset of X. Let F,T: K — X be two nonself maps.
If there exists ¢ : RT — R™ an increasing continuous function satisfying the properties

i) ¢(t)=0 © t=0and

(i) ¢(2t) < 2¢(t) and there exista > 0and b = 0witha +4b < 1

¢(d(Fx,Fy)) < amax { ¢p(d(Tx,7y)), p(d(Tx, Fx)), $(d(Ty,Fy))}+ b{$(d(Tx, Fy)) + $(d(Ty, Fx))} for all
distinct x,y € K,a,b = Osuchthata + 4b < 1.
Then F is called a generalized T contraction mapping of K into X.

Theorem 1.8: [10] Let (X, d) be a complete metrically convex space and K a nonempty closed subset of X. If F is a
generalized T contraction mapping of K into X satisfying the following:

1. 0K € TK,FK n K <€ TK;

2. Tx € 0K = Fx € K;

3. (F,T) is coincidentally commuting;

4. TKisclosed in X.

Then F and T have a unique common fixed point.

In 2014, Geeta Modi, Aravind Gupta and Varun singh [14] proved the following theorem.

Theorem 1.9 [14]: Let (X, d) be a complete metrically convex metric space and K a nonempty closed subset of X. Let
F,T : K — X be two mappings satisfying the inequality
d(Fx,Fy) < (a + c)d(Fx,Tx) + b [max{d(Tx, Fx),d(Tx,Ty)} + d(Ty, Fy)] (1.9.1)
for all x,y € K where a, b and ¢ are nonnegative reals such thata + 2b + ¢ < 1.
Further, assume that

(i) 0K S TK,FK nK S TK;

(ii) Tx e 0K = Fx €K;

(iii) (F, T) is coincidentally commuting;

(iv) TK is closed in X.
Then F and T have a unique common fixed point.

We now introduce a more general contraction condition.

Definition 1.10: Let (X, d) be a metric space and K a nonempty closed subset of X. Let F,T: K — X be two nonself
maps. F is said to be a generalized symmetric T contraction if there exist nonnegative real a, b, cwitha +2b +c < 1
satisfying the inequality

d(Fx, Fy) < 2 [d(Fx, Tx) + d(Fy, Ty)] + 5 [max{d(Tx, Fx),d(Tx,Ty)} + max{d(Ty, Fy) (Tx,Ty}]] (1.1.10)

for all distinct x, y € K.

In section 2, we prove our main results.
2. MAIN RESULTS

Theorem 2.1: Let (X, d) be a complete metrically convex metric space and K a nonempty closed subset of X. Let
F,T: K — X be two mappings satisfying the inequality

a+b+c b
d(Fx,Fy) < — [d(Fx,Tx) + d(Fy, Ty)] + 3 [max{d(Tx, Fx),d(Tx,Ty)} + max{d(Ty, Fy),d(Tx,Ty)]

for any x, y €K. Where a , b and c are nonnegative reals such that a + 2b + ¢ < %
Further, assume that

(i) 0K S TK,FKNK S TK;

(ii) Tx e 0K = Fx €K;

(iii) (F, T) is coincidentally commuting;

(iv) TK is closed in X.
Then F and T have a unique common fixed point.

Proof: Let x € 0K.
Then by, (i) there exists a point x, € K such that x = Tx,.
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Since Tx, = x € 9K, by (ii) Fx, €K .

Hence by (i) Fx, € FK N K < TK. Then there exists x; € K suchthat y; = Tx; = Fx, € K.
Since y; = Fx, € K then there exists a point y, = Fx;.

If y, € K,theny, € FK n K € TK which implies that there exists x, € K such that y, = Tx,.

Otherwise if y, ¢ K, then by Lemma 1.2 there exists a point p € 9K such that
d(Txy,p) + d(p,Fx;) = d(Txy,y,). (2.1.2)

Since p € 0K, by (i), there exists a point x, € K such that p = Tx, so that
d(Txy,Txz) + d(Txp,y,) = d(Txy,y2) (2.1.3)

On continuing this process, we can find a sequence {x, } and {y, } such that
(V) Yn+1 = F;cn
(i) ¥y, €K =y, =Tx,ory, ¢ K = Tx, € 0K and
d(Txn—l, Txn) + d(Txy, ¥,) = d(Tx 1, ¥n)- (2.1.4)

We write P = {Tx; € {Tx,,}/Tx; = y;} and

{Tx
QZ{TxiE Tx:l ;tyl .

IfQ+0@, letTx, €Q = Tx, #y, = ¥, €K

= Tx, € 0K (by (vi)) = Fx, € K (by (ii)) Then there exists x,,.; € K such that
Txn+1 = Fxn = Yo+l = Txn+1 EP.

Thus, we have x, € Q = Tx,,1 EP.
Therefore, any two consecutive terms of {Tx, } can not lie in Q.

Now, the following three cases arise for which we show that
d(Tx,, Tx,+1) < Ad(Tx,_4, Tx,) foralln.

Case (I): Tx,,Tx,,1 EP

Case (I): Tx,, € P,Tx,,, € Q and

Case (I11): Tx,, € Q,Tx,,1 € P (so that Tx,,_, € P)
Case (I): Tx,, Tx, 1 € P.

By (2.1.1) we have
d(Txn'Txn+1) = d(Fxn—l'Fxn)

a+b+c
< (F550) WG, T ) + dEFx,, T, )
b
+ 3 [max{d(Tx,_1,Fx,_1),d(Tx,_1,Tx, )} + max{d(Tx, ,Fx,),d(Tx,_1,Tx,)}]

+b+
_ (%) [d(Vn1Yn) + d(Vns1)]

b
+ E [max{d(yn—l » Yn )r d(yn—l » Yn )} + max{d(yn » Yn+1 )r d(yn—l » Yn )}]

at+b+c b
= (T) [d(n-1.0) + A, Yur1)] + 5 G, 30)
b
+5 max{d(yn ' Yn+1 )' d(yn—l In )} (215)

2

Suppose that d(y,,—1, ¥, ) < AW, Ynt1)
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Then from (2.1.5)

a+b+c b b
d(Txn' Txn+1) < (T) [d(yn—l,Yn) + d(yn,Yn+1)] + E d(.Vn—l 'yn) + E d(yn 'yn+1):
which implies that
a+2b+c — - . a+2b+c
d(Txy, Txp41) < (m) d(Tx,_4,Tx,), a contradiction to our supposition, since g < b
So max{d (Yo, ¥n+1 ) AWn-1 ¥u )} = dWn-1,¥n)-
Therefore, from (2.1.5), we have
a+b+c b b
d(Txn' Txn+1) < (T) [d(yn—l,Yn) + d(yn,Yn+1)] + E d(.Vn—l 'yn) + E d(yn—l 'yn)r
a+b+c a+b+c
= (T + b) d(Tx,_1,Tx,) + (T) d(Tx,, Txy11),
and it follows that
d(Tx,, Txp41) < Ad(Tx,_1,Tx,), where l% .
Case (I1): Tx, € Pand Tx,,1 € Q.
From 2.1.4 of (vi), we have d(Tx,,, Txp+1) + Ad(TXp41, Yns1) = A(Txy, Yni1)
So that d(Txn'Txn+1) < d(Txnﬁyn+1) = d()’nﬁyn+1) = d(Fxn—linn)
a+b+c
AGn Yus1) = dFX 1, F,) < (C555) [A(F 221, TR 1) + d(Fx,, T,)] (2.1.6)
b b
t5 max{d(Tx, 1, Fxp—1),d(Tx, 1 Tx, )} +5 max{d(Tx, , Fx, ), d(Tx,_1 Tx, )}
a+b+c b
= (—2 ) AW, Txy_1) + AV, Tx)] + 3 max{d(Tx,_1,Yn-1), d(Txp_1,Tx, )}
b
+ E max{d(Txn »Yn+1 )' d(Txn—l, Tx, )}
a+b+c b
= (F55) A, T ) + d(Tx, 00, T2)] + 5 max{d(Tx, 1, T2,), AT, Tx,))
b
+ E max{d(Txn ’ Txn+1 )' d(Txn—l , Txn )}
a+b+c b
= (T) d(Tx,, Txy_1) + d(Tx, 41, Tx,)] + Ed( Tx,_1,Tx,)
b
+ > max{d(Tx, ,Tx,4+1),d(Tx,_1,Tx, )} (2.1.7)

Suppose that d(Tx,—1,Tx, ) < d(Vy, Vn+1)

Then, from (2.1.7) we have
a+b+c b b
d(Fx,_q,Fx,) < (T) [d(Tx,_1,Tx,) + Ay Vs)] + Ed( Tx, 1 Tx, )+ Ed( Yn, Yn+1 ), and hence

a+2b+c

d( ¥ Yn1) < (m) d( Tx,_1, Tx,)
d( ¥, Yns1) < d(Tx,_1,Tx, ), a contradicition.

So max{ d( Yn , Vn+1 )' d(yn' yn+1)} = d( Txn—l, Txn )

Hence, from (2.1.7) we have

a+b+c
d( In, yn+1) < (T) [d( Txn—l , Txn ) + d(Yn' yn+1)] + bd( Txn—l , Txn )
+3b+
Therefore d( ¥, Y41 ) < Ad(Tx,_1,Tx, ), where A = ﬁ

Thus from (2.1.6), we have
d(Tx,_1,Tx,) < Ad( Txp_1, Ty ).
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Case (II): Tx,, € Q and Tx, ., € P. Inthis case, we have
Txn_l € P.

Tx, # Fx,_1 Txy41 = Fx, and Tx,_; = Fx,_;

d(Txn , Txn+1 ) =< max{d(Txn—l ’ Txn+1 ) ’ d(Fxn—l, Txn+1 )}

Suppose d(Tx, , Tx,41) < d(Fx,_q, Txy41),
d(Txn , Txn+1 ) < d(Fxn—l, Txn+1 )
= d(Fxn_L Fxn)
< (a+;)+c) [d(Fxp,_1Tx,—1) + d(Fx,,Tx, )] +§ max{d( Tx,_q Fx,_q ), d(Tx,_1,Tx, )}

b
+ 3 max{d( Tx, Fx,),d(Tx,_1,Tx,)}
a+b+c
(—=—

b
+ > max{d( Tx, ,Txn+1), d(Txn_l Tx, )}

b
) [d(Fxp_1Tx,—1) + d(Txp41, Tx, )] + 5 max{d( Txy_1 Fx,_4 ), d(Txn_1 Tx, )}

Since d( Tx,_1 Fx,_4 ) +d(Fx,_1Tx,) = d( Txy,_1Tx, )
d( Txn_LFxn_l) < d( Tx,_1 Tx, )

a+b+c b
d( Tx, ,Tan) < (T) [d(Txp_1Txy, ) +d(Txy49, Tx, )] + 5 max{d( Tx,_1 Tx, ), d(Txn_ll Tx, )}

b
+ > max{d( Tx, Tx,4q ), d(Txn_l Tx, )}

Suppose that max{d( Tx, Tx,41 ), d(Tx,_1, Tx,)} = d( Tx, Txy41)

a+b+c b b
d(Tx, Txn4r ) < (T) [A(Txn-1,T%0 ) + AT 11, T2 )] + 5 d(Txy 1 T ) + Ed( Tx, TXn41)
a+2b+c

2—(a+2b+ c)) (% Txn )

d(Tx,Txn41) < (

d(Tx, Txn41 ) < d(Tx,_1 Tx, ), acontradiction.

So max{d( Tx, Txpi1 ), d(Txn_L Tx, )} =d(Tx,_1 Tx,)

b+ b b

d( Tx, Txpsr) < (%) (AT 2 T2) + AT 0, T5)] + 5 (T2, T, + 5 (T2, T,
a+3b+c

2—(a+2b+c)

d( Tx, Txp41 ) < Ad(Tx,_1Tx,),where A = (

d( Tx, Txp41 ) < ( ) d(Tx,_1,Tx,)
a+3b+c
)<1

2—(a+2b+0)

On the other hand, if
d( Txn ,Txn+1 ) < d(Txn—l,Txn+1 ) then ( Txn' Txn+1 ) < d(Txn—l,Txn+1 )
< d(Fx,_,Fx,)

a+b+c b
(T) [d(Fx,_2Tx,_) + d(Fx,, Tx, )] + 3 max{d( Fx,_, ,Txn_z), d(Fxn, Tx, )}

b
+ 3 max{d( Tx,, Fx,),d(Tx, 5 Tx, )}
a+b+c
(—=—

b
+ > max{d( Tx, Txp41 ), d(Tx,_y, Tx, )}

b
) [d(Tx,—1 Tx,_3) + d(Txp11,Tx, )] + 5 max{d( Txy,_5Tx,_4 ), d(Txn_Z‘ Txn)}

Since d(Txn_zl Tx, ) + d( Tx, Tx,_4 ) = d( Tx,_5Tx,_4 )

Therefore
d(Txn_z_ Txn) < d( Txn_zyTxn_l)

a+b+c b
d(Txn_Z, Tx, ) < (T) [d(Txn_z, Tx, ) +d(Tx,41Tx, )] + 5 max{d( Txy,_Tx,_4 ), d(Txn_zl Tx, 4 )}
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b
+ 5 max{d( Tx, Tx, 41 ), d(Txn_Z, Tx,_4 )}
_(a+b+c
B ( 2

b
+ > max{d( Tx, Tx, 11 ), d(Txn_Z, Tx,_1 )}

b
) [d(Txn_Z, Tx, ) +d(Tx, 41 Tx, )] + 5 max{d( Txy,_pTx,_4 ), d(Txn_z Tx,_4 )}

Suppose that max{d( Txy_p Txy_q ), d(Txn‘ Txp 41 )} = d( Tx, Txp 41 )

at+b+c b b
A( T Txps1 ) < (T) (AT, T 1) + (T T )] + 5 AT, 2T 1) + 5 d( T, T 1)

a+2b+c
d( Txn‘Tan ) < (m) d(Txn_z‘ Txn_1 )

d( Tx, Tx,11) < d(Tx,_2, Tx,_1 ), a contradiction.

So max{d( Tx, Txp 11 ), d(Txn_z_ Tx,_1 )} = d( Txn_zyTxn_l)

+b+
d(Tx, Txpy1) < (u)

b b
[d (Txn_Z, Tx,_1 ) + d(Txn+1_ Txn) + 3 d(Txp,_5Txp_1) + 3 d( Tx,_5Tx,_4 )
a+3b+c
2—(a+2b+c)

d( Tx, Txp1q ) S Ad(Txp,_5Tx,_q ), where A = (

d( Tx, Txp11 ) < ( ) d(Txn_z_ Tx,_1 )

a+3b+c ><1
2—(a+2b+0¢) '

Thus in the all case we have
d( Tx, Txp1q ) < Amax {d( Txn_l_Txn), d(Txn_z_ Tx,_1 )}
d( Tx,_1Tx, ) < Amax {d( Tx,_,Tx, _1), d(Txn_3, Tx,_, )}

By induction, we get
d( Tx, Txy 11 ) < I"max {d( TxO,Txl), d(TxL Tx, )}

Now for any positive integer ¢, we have

d( Txp Txp4q ) < d( Tx, Tx, 11 ) + d( Txy 1 Txn 42 ) + et d( Txp1q1,TXn4q )
< I"max {d( TxO_Txl), d(Txl_ Tx; )} + **imax {d( TxO_Txl), d(Txl_ Tx, )}
+2"2max {d( Txo,Tx1), d(Txy, Txy ) ...+ 1 max {d( Tx Tx1),d(Txy, Tx, )}
=M1+ A+ A2+ +27 " max {d( Txo Tx;),d(Tx;, Tx, )}
<1+ A+ A2+ )max {d( Tx Txy),d(Tx;, Tx, )}

1
=" (_1 — /'l) max {d( TxOlTxl), d(Txll Tx, )}d( Txy , TXyiq ) S 0asn — oo,

Therefore {Tx, } is a Cauchy sequence and hence converges to a point z in X.
We assume that a subsequence {Txn(k)} of {Tx, }contained in P and TK is closed subspace of X.

Since {Tx, } is a Cauchy sequence in TK, it converge to a point z € TK, then there exists u such that Tu = z and
consequently {Fx,,_; } and converge to z

a+b+c
(Fxn(k)_l , Fu) < (T) [d(Fxn(k)_l , Txn(k)_l ) + d(Fu, Tu)]

b b
+ o max {d(Txn(k)_l v Fxn -1 ) , d( (Txyy-1» Tu)} + o max {d(Tu, Fu), d(Txp (k)-1, Tu)}.

On letting k — oo, we get

d(z,Fu) < (%b-'_c) [d(z,z) + d(Fu,Tuw)] + gmax {d(z,2),d(z,Tu)} +§max {d(Tu, Fu),d(z, Tu)}.

(erive
(

INA

) d(Tu, Fu) + gd(z, Tu) + gmax {d(Tu, Fu),d(z, Tu)}.

N

a+b+c

b
) d(Fu,Tu) + 5 d(Tu, Fu)

a+2b+c
= T)d(Fu,Tu)

d(z, Fu) < d(Fu,Tu)since (z = Tu).
© 2016, RIPA. All Rights Reserved 402
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Which gives that Tu = Fu and hence u is coincidence point of F and T.
Since the pair (F, T) is coincidentally commuting,
Therefore z = Tu = Fu that implies Fz = FTu = TFu = Tz and hence Fz = Tz.

Now, we prove that z is fixed point of F.

Consider
d(Fz,z) = d(Fz,Fu)
< () [F T + (T + 5 maxtd(T B, d (T Tw) + 3 max{d(Tu, ), d (T Tw),
= (Y2 ) (arz, T) + d(z2)) + 2 maxtd(F, Fa),d (T2.2)

b b
Ed(Fz z) +— d(FZ Z)

Therefore d (Fz,z) < bd(Fz,z)

since b < 1 it follows that d(Fz, z) < d(Fz, z), a contradiction.

So that z is fixed pointof F and z = Fz = FTu =TFu =Tz

Therefore z is a common fixed point of F and T.

Uniqueness follows from the inequality 2.1.1

Theorem 2.2: Let (X,d) be complete metrically convex metric space and K a nonempty closed subset of X. Let
F,T : K — X be two mappings satisfying the inequality

d(Fx,Fy) < (a+2b + c)[d(Fy, Ty)] + 2bd(Tx.Ty) (2.2.1)

for all x,y, € K. Where a, b and c are non-negative reals such the a + 3b + ¢ < %
Further, assume that

() 0K STK,FKNK S TK;
(ii) Tx e 0K = Fx € K;
(iii) (F, T) is coincidentally commuting;
(iv) TK is closed in X
Then F and T have a unique common fixed point.
Proof: As in proof of the Theorem 2.1, we can find a sequence {x, } satisfying
(V) Fx, €K = Tx,,q = Fx,
(vi) Fx, € K = Tx,4, € 0K and
(vi)d(Tx, ,Txpyq) +d(Txpiq,Fx,) = d(Tx, Fx,) (2.2.2)
erte P = {Txl' € {Txn }/Txl' = Fxl'_l} and Q = {Txl' € {Txn }/Txl' * Fxl'_l}.
NowTx, €Q=>Tx, # Fx, 1 > Fx, 1 € K
= Tx, € 0K = Fx, € K (by (ii))
= Tx, €P.
Thus, we have Tx,, € Q = Tx,,, € P.
Therefore, any two consecutive terms of {Tx,, } can not lie in Q.
Now, we have the following three cases.
Case (I): Tx, ,Tx,41 EP
Case (II): Tx € P, Txn,1 € Q and

Case (II): Tx, € Q, Tx,,; €Q (sothat Tx,_; €P
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Case (I): Tx,,Tx,4+1 € P Thenby (2.1.1)

d(Txn, Txny1) = d(Fxy_q,Fxy,)
<(a+2b+)[d(Fx,_1,Tx,_1) + d(Fx,, Tx,)] + 2bd(Tx,_1,Tx,)}
=(a+2b+)[d(Tx,, Txp_1) + d(Txy 11, Tx,)] + 2bd(Tx,_1,Tx,)}

a+4b+c
1-(a+2b+c)

d(Tx,,Txpy1) < Md(Tx,_q,Tx,), where 4; =

d(Tx,,Tx, 1) < ( )d(Txn_l,Txn)

a+4b+c <1
1-—(a+2b+c)

Case (II):
Tx, € Pand Tx,,, € Q. Then we have Tx,, = Fx,_{,and Tx,,, # Fx,

From (vii), we have
d(Tx,,Txpyq) +d(Txpiq, Fx, ) =d(Tx,,Fx,)

Sothat d(Tx,,Tx,.1) <d(Tx,,Fx,)
=d(Fx,_1,Fx,)
=(a+2b+)[d(Tx,, Tx,_1) + d(Fx,, Fx,_1)] + 2bd(Tx,_1,Tx,)
=(a+2b+)[d(Tx,, Tx,_1) + d(Fx,, Fx,_1)] + 2bd(Tx,_1,Tx,)
=(a+4b+)[d(Tx,, Tx,_1) + (a + 2b + c)d(Fx,, Fx,_1)]

a+4b+c

< " -~
(P, Fn 1) < (1 —(@+2b+0)

) d(Txn' Txn—l)

Since by (2.2.3)
d(Tx,, Txp41) < d(Fx,_q,Fx,),we have

d(Txn, TXn41) < 11d(Txy_q,Tx, ), where 4y = ( atibte )

1—(a+2b+c)

Case (I11):

Tx, € Qand Tx, .1 € P,then Tx,_; € P so that we have
Txpy1 # Fxy 1, Txpy1 = Fxyand Tx, 1 = Fx,_,
d(Txp, Txy11) < maxifd (T, 1, Txn41), d(Fxp—1, T, 41)}

Suppose d(Txn—l'Txn+1) = d(Fxn—lthn+1)'

d(Txanxn+1) < d(Fxn—l'Txn+1)
=d(Fx,_1,Fx,)
<(a+2b+)[d(Fx,_1,Txy_q) + d(Fx,, Tx,)] + 2bd(Tx,_1,Tx,)}
<(a+2b+)[d(Fxy_q,Txp_1) + d(Tx, 41, Tx,)] + 2bd(Tx,_1,Tx,)}

Since d(Tx,_1,Fxp,_1) + d(Fx,_1,Tx,) = d(Tx,_1,Tx,)
d( Txn—l rFxn—l ) < d( Txn—l , Txn )
d(Tx,, Txpe1) < (@a+2b+c)[d(Tx,_1,Tx,) + d(Txpyq, Tx,)] +2bd(Tx,_1, Txy)

AT, T )<< a+4b+c )d(T T )
Xy L Xny1) = 1—(a+2b+c) [ Xy L' Xp—1

a+4b+c
d(Tx,, Txp1) < 1d(Tx,_q,Tx,), where A, =

1—(at+2b+o) ~*

Now, if d(Tx,, Tx,4+1) < d(Tx,_1,Tx,.1) then

d(Txn' Txn+1) < d( Txn—l , Txn+1 )
<d(Fx,_,,Fx,)
=(a+2b+c)[d(Fx,_5, Tx,_3) + d(Fx,, Tx,)] + 2bd(Tx,_;,Tx,)
<(a+2b+)[d(Txy_1,Txp_y) + d(Txp 41, Txy)] + 2bd(Tx,_5, Tx,)}

Since d(Tx,,_p, Tx,) + d(Tx,, Tx,_1) = d(Tx,_5, Tx_1).
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Therefore d(Tx,_,, Tx,) < d(Tx,_,,Tx,_1)
d(Txn' Txn+1) < (a +2b + C)[d(Txn—l' Txn—Z) + d(Txn+1:Txn)]
+ 2bd(Txy, 2, Tx, 1)
d(Tx,, Txp1) < (@+4b + ) [d(Txp_1,Txp_2) + (@ + 2b + ¢)d(Tx,, Txp41)

a+4b+c
d(Txn,Tan) < (m) d(Txn_z,Txn_l)

a+4b+c
d(Tx, ,Txpyq) < Md(Txp_y,Txp_1), where 1; =

— <1

1-(a+2b+c)

Thus in the all case we have

d(Tx,,Txpyq) < Aymaxifd( Tx,_q,Tx,),d(Tx,_y,Tx,_1)}

d( Txn—l ’ Txn ) < Al max{d( Txn—Z ’ Txn—l)’ d( Txn—3 , Txn—Z)}-

As in the proof of theorem 2.1 we can show that {Tx,, } is a Cauchy sequence in and hence converge to a point z in X

We assume that a subsequence {Txn(k)} of {Tx, } contained in P and TK is a closed subset of X.

Since{Tx,} is a Cauchy sequence in TK, it converge to a point w € TK, then there exists v such that Tv = w.
and consequently {Fxn(k)_l} also converge tow.
d(Fxn(k)_l,Fv) <(a+2b+¢) [d(Fxn(k)_l,Txn(k)_l) + d(Fv, Tv)] + 2bd (Tx, 1)-1, TV)}

On letting k — o, we get

dw,Fv) < (a+2b+c)[dw,w) +d(Fv,Tv)] + 2bd(w, Tv)}
= (a+ 2b + ¢)d(Fv,Tv)

d(w,Fv) < d(Fv,Tv)since (w = Tv).

Which gives that Tv = Fv and hence v is a coincidence point of F and T

Since the pair (F.T)is coincidentally commuting, therefore w = Tv = Fv that implies
Fz = FTv = TFv = Tw and hence Fw = Tw.

Consider d(Fw,w) = d(Fw, Fv)
<(a+2b+c)dFw,Tw) + d(Fv,Tv)] + 2bd(Tw, Tv)
=(a+2b+c)[d(Fw,Tw) + d(w,w)] + 2bd(Tw,w)
= 2bd(Tw,w)
Therefore d(Fw, w) < 2bd(Fw,w)
Since b < 1it follows that d(Fw,w) < d(Fw,w), a contradiction.
So that wis a fixed point of Fand w = Fw = FTv = TFv = Tw.
Therefore w is a common fixed point of F and T.
Uniqueness follows from the inequality 2.2.1
The following is an example in support of Theorem 2.2

Example 2.3: Let X = R be the set of reals with the usual metric, K = {—3} u [0.1]

We define self maps F and T : K = X by
=3x,if0<x<1 if 0<x<1

2
T(x) ={ ; , F(x {_5'
1, if x=-3 ) 0, if x € {—3,1}
The boundary of K is 0K = {—3,0,1} € TK

TK = [-3,0] U {1}is closed in R.
FK — (—%,0),FKnK = {0} TK
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Also T1=-3€ 0K=>F1=0€K
TO=0€0K=>F0=0 €K

T(-3)=1€dK=>F(-3)=0€K
We now verify the inequality (2.2.1)

Case (i): (x,y) € [0,1).
d(F(x),F(y)) = %y| <(a+2b+c) [57 +57y] +6b|x — y|
=(a+2b+c)[d(Fx,Tx) + d(Fy,Ty)] + 2bd(Tx, Ty)

holdsforazl,b =1 and ¢ =1
8 16 8

Case (ii): x € [0,1) and y = -3
x S5x
d(FG),FG)) =5 < @+2b+0) [7 + 1] +2b(1 + 3x)
=(a+2b+c)[d(Fx,Tx) + d(Fy,Ty)] + 2bd(Tx, Ty)

holds for a =l,b =1 and ¢ =l.
8 16 8
Case (iii):x =1landy = -3
d(F(x),F(»))=0<(a+2b+c)[1+1]+2b(1+ 3x)
=(a+2b+c)[d(Fx,Tx) + d(Fy,Ty)] + 2bd(Tx, Ty)
holds for a =%,b =i and ¢ =%.
which shows that the contraction condition (2.2.1) is satisfied for every distinct x, y € K.

Moreover “0” is a point of coincidence as TO=F0. Also TFO=0=FTO; hence the pair (F,T) is coincidentally commuting.
Thus all the conditions of Theorem 2.2 are satisfied and “0” is the unique common fixed point of F and T.

Remark 2.4: Theorem 1.9 follows as a corollary to Theorem 2.1 replacing x with y and y with x in the inequality
(1.9.1), we get the following
d (Fy,Fx) < (a + c)d(Fy, Ty) + b[max{d(Ty, Fy),d(Ty, Tx)} + d(Tx, Fx)] (2.4.1)

Now from inequality (1.9.1) and (2.4.1), we get the inequality (2.1.1)

In the next theorem, we replace coincidentally commuting of (F,T) and closedness of TK by weak commutativity and
continuity of the map F or T respectively to prove the following.

Theorem 2.5: Let (X,d) be a complete metrically convex metric space and K a closed nonempty subset of
X. Let F,T : K - X be two mappings satisfying the inequality
d(Fx,Fy) < (a+ 2b + ¢)d[(Fx,Tx) + d(Fy, Ty)] + 2bd(Tx, Ty) (2.2.1)
forall x,y € K. Where a,b and c are non — negative reals such that a + 3b + ¢ < %
Further, assume that

(i) 0K S TK,FK NK < TK, (9K is the boundary of K);

(ii) TxedK > Fx€K;

(i) (F,T)is weakly commuting;

(iv) either F or T is continuous on K.
Then F and T have a unique common fixed point.

Proof: As in proof of the Theorem 2.2, we can show that sequence {Tx,,} is a Cauchy sequence in X, it converge to a
point z € X.Hence we assume that there exists a sub sequence {Txn(k)} of {Tx,} which is contained i P .

Since T is continuous, {TTxn(k)} converges to a point T z. And we have
Fxn(k)_l = Txn(k) and Txn(k)_1 € K,

Since F and T are weakly commuting, we have
d(TTxn(k), FTxn(k)_l < d(Fxn(k)_l, Txn(k)_l).
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On letting k — oo, we get

d(Tz, FTxyy-1) — 0.

d(FTxn)-1,Fz) < (a+ 2b + ) [d(FTxp(0)—1, TTXn -1 ) + d(F2,T2)] +2bd(TTx (1)1, T2Z)}-
On letting k — oo, we get

d(Tz,Fz) < (a+2b+¢)[d(Tz,Tz) + d(Fz,Tz) + 2bd(Tz,Tz)}]
= (a+2b+c)d(Tz Fz)

d(Tz,Fz) < d(Tz,Fz) since (a +3b+c< %) a contradiction. Hence Fz = Tz.

Now we prove that Tz = z.

Suppose that Tz # z.
d(Txn(k) ,TZ) = d(Fxn(k)_l, FZ)
<(a+2b+ c)[d(Fxn(k)_l, Txn(k)_l) + d(Fz,Tz)] +2bd(TTxy4)-1,T2)}.

On letting k — o, we get
d(z,Tz) < (a+2b+c)[d(z,2) + d(Fz,Tz)] + 2bd(z,Tz)}]
= 2bd(z,Tz)
d(z.Tz) < d(z,Tz), a contradiction
Thus z =T z = F z and hence z is a common fixed point of Fand T .
Finally, we prove a theorem when weak commutativity is replaced by compatibility.
Theorem 2.6: Let (X, d) be a complete metrically convex metric space and K a closed nonempty subset of
X.Let F,T: K — X be two mappings satisfying the inequality
d(Fx,Fy) < (a+ 2b + o)[d(Fx,Tx) + d(Fy, Ty)] + 2bd(Tx, Ty) (2.2.1)

forall x,y € K.Where a, b and c are non- negative reals suchthata + 3b + ¢ < %

Further, assume that
(i) 0K S TK,FKNK < TK, (0K is the boundary of K);
(ii) Tx e 0K = Fx €K;
(iii) the pair (F, T ) is compatible;
(iv) either F or T is continuous on K.
Then F and T have a unique common fixed point.

Proof: As in proof of the Theorem 2.2, we can show that sequence {T'x, } is a Cauchy sequence in X, it converge to a
point z € X.

Hence we assume that there exists a sub sequence {Txn(k)} of {Tx,}
which is contained in P

And we have Fx,)-1 = Tx, ) and Tx,gy-1 € K

Since the pair (F,T) is compatible,

we have lim,, o, d(FXy0)—1, TXp)—1 = 0

that implies lim,, o, d(TT X, 4y, FT Xy, (4)-1 = 0.

By continuity of T, it follows that FTx,,,y—; —» Tz as k — oo.

Now as in the proof of Theorem 2.4, we can show that z is a common fixed point of F and T.
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