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ABSTRACT

Let F*1 be an hypersurface of a Finsler space F™. In this paper we obtain condition for an infinitesimal C-
Conformal motion for hypersurface of Finsler space and prove some results relating to the infinitesimal C-Conformal
motion. Further a condintion is obtained to preserve *P-Finsler hypersurface and an infintesimal C-Conformal motion
preserves C"-recurrent Finsler hypersurface.
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1. INTRODUCTION

The theory of conformal changes of Finsler metrics has been initiated by M. S. Knebelman in 1929. H. Izumi ([1], [2])
gave the condition for a Finsler space to be h-conformally flat and he has also studied *P-Finsler space. Later S.
Kikuchi [3] gave the condition for a Finsler space to be conformally flat. M. Hashiguchi introduced a special change
called C-conformal change which satisfies C-conditions. C. Shibata and M. Azuma have studied C-conformal invariant
tensors of Finsler metric. The authors S. K. Narasimhamurthy and C. S. Bagewadi have published a paper on
infinitesimal C-conformal motions of Special Finsler spaces [6]. In this we study infinitesimal C-conformal motions on
some special Finsler hypersurfaces and obtain some results on *P-Finsler hypersurfaces, C-reducible, P-reducible, C"-
recurrent Finsler hypersurfaces.

2. PRELIMINARY

Let M™ be an n-dimensional smooth manifold and F"™ = (M™, L) be an n-dimensional Finsler space equipped with
fundamental function L(x, y) on M™. The metric tensor g;;(x,y), angular metric tensor h;; and Cartan’s C-tensor Cjjy
are given by

1ss 0, ij -1
9ij =50.9L% g7 =g
hij = gij — Ll
1.
Cijr = Eak 9ij
5}

1 . )
Cilj' = Egkm(amgij); where 0, = PP

The conformal change of a Finsler metric L = L = e™®[ then ¢ is called the conformal factor and depends on point x
only. By this change, we have another Finsler space F"™ = (M™ L) on the same underlying manifold M". M.

Hashiguchi introduced the special change called C-conformal which is non-homethetic conformal change satisfying

Cgﬂaa =0, o%= g“ﬁaa, 0, = 00/0x% ,

C;'ﬁa“ =0 o0%= Cfﬁa”gnﬁ = (o™ =0,also
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Capyo? = C&,9p50° = €405 = 0. 2.1
The Berwald connection and the Cartan connection of F™ are given

BT = (Gfi, Nji, 0), CT = (Ffi, Nf, Cf)

respectively.

A hypersurface F™~1of the underlying smooth manifold F' may be parametrically represented by the equation

x' = x"(u®), where u? are Gaussian coordinates on F™~1 and Greek indices run from 1 to (n-1). Here we shall assume
that the matrix consisting of the projection factors B, = dx'/du® is of rank (n-1). The following notations are also
employed

1
i — 0x Bi — vaBi BU — Bi B]
aB T guaguB ' 08 ap’ Pap.. a Dp...

If the supporting element yt at a point (u®) of M™ 1 is assumed to be tangential to M™~1, we may then write

y' = BL(w)v* i.e F™is thought of as the supporting element of M~ at a point (u,). Since the function

L(u,v) = L(x(w), y(u, v)) gives rise to a Finsler matrix of M™%, we get a (n-1) dimension Finsler space

Ft =M™ L(u,v)).

At each point (u,) of F™1, the unit normal vector N!(u, v) is defined by

9ijBEN' =0, g;iN'N/ =1.

If (BL, N;), is the inverse matrix of (B}, N%), we have

BB = &£, BiN; = 0, N'N; = 1 and further BfBf + N'N; = 8.

Making use of the inverse g*f of (Gap)), we get

Bf = g*fg;;B), N; = giN’.

3. LEI DERIVATIVE ON FINSLER HYPERSURFACE

Consider an infinitesimal extended point transformation in a Finsler space generated by the vector X = vi(x)d; , i.e.
Xt=xi+vide, 7 =y'+ (9v')y’dt. (3.1)

The condition for the above transformation to be infinitesimal conformal motion is that there exists a function ¢ of x
such that

Lygap = 20(X)gap, Lxg™ = —20(X)g°F. (3.2)
It is well known that on i.c.m (3.1) satisfies

LyC§, =0, and Lyy' = B,(w)v® = 0. (3.3)
From this we can easily seen that

(@) LxCiB} = LxCs =0, Cq=Cfl LyCP = —20C“
(b) LyL =0l

(©) Lxl* = —0l®, Lyl, = al,

(d) Lyh§ =0, Ly(g*°gg,) =0

The commutative formulae involving Lie and Covariant derivatives are given by

(@) LyTy, — kT = T3 AGy, — T A, — AY0,T§ (3.4)
(i) LxHgy = Algyy +AGGEym = Afyp = Afyip — A5Gl -
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n_ N - _ 5 n
Where Ag = LxGg,  Afy = LGy = vijgiy + Hiysv" + GgymVyjo »

where g means the interchange of indices f and y in the foregoing terms and symbol ‘I’ denotes the covariant

derivative in Finsler hypersurface.

Since the Lie derivative is commutative with ay, ay and from (3.1)

Lyyg, = 06y + 0,85 —a%gp,, 0 = 0go.

4. AN INFINITESIMAL C-CONFROMAL MOTION ON F*~1

If we impose the C-condition on the vector ag, i.e,

Clg05 =0,

then the transformation is called an infinitesimal C-conformal motion (denoted by an i. C-c. m). We have

(i) Logh} = —hyl' — hil;
(i) L2(0xC/"ay) = Loy (LC/"ay) — LC/ a0y L = 0, or (0,C/")a, = 0.

Transvecting (4.2) (i) by Bi‘;}f we get

LoghiBEB) = (—hyl' — hil;)BEB)

Lo, h§ = —hg, 1% — hils.

Transvecting (4.2) (ii) by Bio]‘.ﬁ B}’,"‘g‘

12(3,C/hay) B BXY = (Lo, (LC"ay) — LCM 0, L) B BEE = 0
12(0,C4%05) = L0, (LCH05) — LCFPa505L = 0.

Using the above calculation, we obtain

(a) A‘é‘y = LXGE‘], = ayé'l‘;" + 056y —a%gpy,
(b) Af = Agg = LyGf = agy® + 0085 — a%yp.

Hence we have

Theorem 4.1: An infinitesimal C-conformal motion on F™™! satisfies LyGp, = 0),5[3" + by —a%gpy,
LyGf = agy® + o5 — a%yp.

From (3.4) (i), we have

LyCgyir — (Lx G- = A%chy - AZaCT(IXV - AZBCI?TI - A?(}nCﬁy

From (3.2), (3.3) and (4.4), we have

LyCgyr = (0,76}" + ordy — a“gnr)Cg}, - (055}7 + ar6;;’ - angﬁr) Cyy — (0},6}" + ay6;,’ - angyr)C’f‘n -
(ary" + 0051'-7 - a"yr)a,,cgy,

LxCgyr = orCg, — 0%Crgy — 0pCfy, — orCgy, — 0, Cr — 0rCgy, — GOa.FCI%/ - ary”(énCE‘y) + a"yr(a'any) ,

LxCyyr = =0 Crpy — 0pCfy — 0,Cf, — 0o (0rCfy ).
Transvecting above by y', we have
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LyChyry" = —0Crpyy" — agCiyy" — 0, Chyy' — UO(aFCl%/)yr’
LXCE‘},”O = JOCI‘;"y. (4.6)
Thus we have

Theorem 4.2: An infinitesimal C-conformal motion satisfies LyCg, o = 0oCg),

Definition [4.1]: If the tensor * jik = p]"-k - ao(x)Cjik

Transvecting above equation by B{* Bél; we get

* PjcB{ By = pjcB{ By = ao(R)CB By

* Py, = Py, — 0g(x)Cg,. 4.7
vanishes, then the space is called a * P-Finsler hypersurface, oy(x) is a scalar function. Taking Lie derivative on (4.7)
Ly x Pg, = LxPg, — Lxoo(x)Cg,

By * P-condition is given by Pg, = (g, and using (4.6) we get

Ly = Pg, = 0oCg), — Lx(00)C, — 00Lx C5,,,

Ly * Pg, = 00Cfy — 90 Cgy»

Ly x Pg, =0, where Ly(0,) = 0o.

Hence we state that

Theorem 4.3: An infinitesimal C-conformal motion preserves * P-Finsler hypersurface.
Definition [4.2]: If the tensor = P;j, = Pyji — (Pchy; + Pl + Pihy)

Transvecting on both side of the above equation by Bf* Bél;

* Py BEBLY = Py BEBJY — (Pehyj + Pihjy + Pihug) BBy,
* Papy = Papy — (Bhap + Pyhgy, + Pghyo). (4.8)
Vanishes, then the Finsler space F™ is called a P-reducible Finlser hypersurface.

Taking Lie derivative on both side of the above equation, we have

Ly * Papy = LxPeapy — Lx(Pyhap + Pahg, + Pghyg),

using LyPyp, = 0Py, LyP, = —aP,,

LX * Pa/?y = LXPaﬁy - (LXP‘yhaﬂ + P‘yLXhaﬁ + LXPahﬁy + PaLXhﬂy + LXPﬁhya + PBLtha), LX * Paﬁ‘y = O'Paﬁy -
[(=0Bhap) + (—0Pghye) + (—aPrhg,) + 20(Prhgy, + Pghyg + B hop)l,

LX * Paﬁ]/ = O-Paﬂ‘y - [_O-(P‘yhaﬁ + Pah'ﬁy + Pﬁhya) + ZO'(Pyhaﬁ + Pah'ﬁy + Pﬁh‘ya)]’
LX * Pa/?y = O'Paﬁy - [_O-Paﬂy + ZO-Paﬁy]’

LX * P(lﬁ]/ = 0.
Thus we state

Theorem 4.4: An infinitesimal C-conformal motion preserves P-reducible Finsler hypersurface.
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Definition [4.3]: If the tensor
* jikl = (Cjik:l - aleik)’

Transvecting above equation by B{* Bél}fﬁ we get

i ikl i i ikl
* lelequéyF = (lek:l - alelk)Bleéyr’

* Cayr = (Cgyyr — orCay)

(4.9)

vanishes, then the space F" is called C"-recurrent Finsler hypersurface here or = oy (x, ¥) is a covariant vector field.

Transvecting (4.5) by ¢” and using (2.1) we get
(LxCG 0" = —0Crp,0" — 05CE 0" — 0,Cka" — o0(0rCh, )0’
(LxChy)o" = —0%Cy, — 05Cf — 0, Cf — 0o (Cf).
(LxCEyr)a" = 0.

Taking Lie-derivative on (4.9), we obtain

Ly * Cgyr = (Lx Gy — LxorCy ),

Ly * C[‘;"yr = LXCé"y”F — JFLXCI‘}V - LX(O'F)ng,

Ly x Cgr = Ly Cyir — Lx (o7)Cg,

Transvecting (4.11) by o"and using (4.10), we have
Ly * C[‘,f‘yr(rr = LXC[‘,,"y”r(rr — LX(O'I-)CE},O'F,

Ly * C§, = LyC§y 100" — Lx(or)Cf, 0",

Ly * C§, = —a*Cg,.

Thus we obtain in view of Deicke’s theorem

(4.10)

(4.11)

(4.12)

Theorem 4.5: An infinitesimal C-conformal motion preserves C"-recurrent Finsler hypersurface if and only if it is

Riemannian.

Definition [4.4]: If the tensor

1
* Cijie = Cijie — — 7 (hyjCi + hj G + hyi Cp),

(n+1)

Contracting on both side of the above equation by B&Bél; we get

i pik i pik 1 i pik
* CijkBeBy, = CiBiBg, — — (hijCi + hjxCi + hiC)BEBg,

1

* Capy = Capy =7 (hapCy + hpy Co + hya Cp)

vanishes, then the Finsler space is called a C-reducible Finsler hypersurface.

Taking Lie derivative of (4.13) and using

LxCqpy = 20C,p,, Lyh;j = 2ah;j, LyCq =0, we get
1

LX * aBy = LXCaﬁy - ;(Lxha,;Cy + LXhm,Ca + LthaCB)’
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1
LX * aBy = ZO'Caﬂy - ;(LxhaBCy + LXhByCa + LthaCB)’
1
LX * afy = ZO'Caﬂy - ;(Zahaﬁc}, + 20hﬂyCa + ZJhWCﬁ),
1
LX * afy = ZO'Caﬂy - ;Za(haﬁc}, + hﬁyCa + hyaClg),
LX * Lagy = ZO'Caﬂy - ZO-C(Z,B}/’
LX * aBy =0.
Thus, we have
Theorem 4.6: An infinitesimal C-conformal motion preserves C-reducible Finsler hyperSurface.
CONCLUSION:
In this paper, we have applied the Lie derivatives on Finsler hypresurface to obtain the condition for the transformation
(3.1) to be infinitesimal Conformal motion and ensures (3.5) as Lie derivative is commutative with @,, .. Further we
proved that an infinitesimal C-conformal motion preserves *P-Finsler hypersuface, P-reducible Finsler hypersurface
and C-reducible Finsler hypersurfae. Also by the view of Deicks’s theorem, on the condition of Riemannian we proved
that infinitesimal C-conformal motion preserves C"-recurrent Finsler hypersurface.
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