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ABSTRACT

In this paper we prove some extension of the Enestrom-Kakeya theorem says that. Let P(z)= ¥*,a;z‘ be a
polynomial of degree nsuch that 0 < ay < a; < a, <, ..., < a, then all the zeros of P(z) lie in |z|<1. By relaxing the
hypothesis of this result in several ways and obtain zero-free regions for polynomials with restricted coefficients and
there by present some interesting generalizations and extensions of the Enestrom-Kakeya Theorem.
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1. INTRODUCTION

The well known Results Enestrom-Kakeya theorem [1, 2] in theory of the distribution of zeros of polynomials is the
following.

Theorem: (4,) Let P(2)=X"_, a;z'be a polynomial of degree n such that 0 <ay < a; < a, <, ..., < a, then all the
zeros of P(z) lie in |z|]<1.

Applying the above result to the polynomial z”P(ﬁ) we get the following result:

Theorem: (4,) If P(z) =¥, a;z" be a polynomial of degree n such that0 < a, < a,_; < a,_; <, ..., < ag then P(2)
does not vanish in |z|<1

In the literature [3-8], there exist several extensions and generalizations of the Enestrom-Kakeya Theorem.
In this paper we give generalizations of the above mentioned results. In fact, we prove the following results:

Theorem: 1 Let P(z) =X ,a;z' be a polynomial of degree n > m > 2 with real coefficients such that p > 0,k >
landkay 2a;<a, 2a3<5a, 2 2 Q1 <A 2 Ay == 0p_p = a1 =a, —p if both n and
(n-m) are even or odd

(On)
kay 201 <0, 2035044, 2 <Ay 12 0pm Q1 = 20y = a1 = a, —pif niseven and (n-m)
is odd (or) if n is odd and (n-m) is even then
(i) all the zeros of P(z) does not vanish in the disk |z| <

odd

lagl
k(laol+ag)+ lan|—(aol+an)+2p+S1

if both n and (n-m) are even or

where Sl = 2[ (az + a, + .o+ Ay —_m—2 + an_m) - (a1 + as + -+ Ay —_m—3 + an—m—l)]
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laol
k(lagl+ap)+ lan|—(aol+an)+2p+S2

(ii) all the zeros of P(z) does not vanish in the disk |z| <
(or) if niis odd and (n-m) is even

if n is even and (n-m) is odd

where S, = 2[ (aZ tag+-+ apps3t an—m—l) - (al taz+-+ apmygt an—m—Z)]

Corollary: 1 Let P(z) =Y",a;z' be a polynomial of degree n >m > 2 with positive real coefficients such that
p=0k=>1and

kay 201 <0, 203504 2 2 Qo1 S Qe = Qema1 = 00 = Ay = A1 = a, — p if both n and (n-m) are
even or odd

(Or)
kay 201 <0, 203504, 2 <Ay 12 0pm Q1 = 20y = a1 = a, —pif niseven and (n-m)
is odd (or) if n is odd and (n-m) is even then
(i) all the zeros of P(z) does not vanish in the disk |z| <

a0

—————— if both n and (n-m) are even or odd
(2k—1)ag+2p+S1

where Sl = 2[ (az + a, + .o+ Ay _m—2 + an_m) - (a1 + as + -+ Ay —_m—3 + an—m—l)]

a0

(i) all the zeros of P(z) does not vanish in the disk |z| < T Daei215,

if n is even and (n-m) is odd (or) if n is odd and
(n-m) is even

where S; =2[(a; +as+ -+ Gpmztap 1) —(@+az+ -+ Qg+ m2)]
Remark: 1 By taking a; > 0 for i = 0,1,2, ..., n,in theorem 1, then it reduces to Corollary 1.

Theorem: 2 Let P(z) =Y ,a;z' be a polynomial of degree n > m > 2 with real coefficients such that p > 0,0 <
r<1land

Ty S 24 < Q320 <0 @120y 2 Ay_py1 = = Ay_p = A, = a, — pif both n and (n-m) are
even or odd

(Or)
Ta)g S 2 <32 <20 m1<Aum = Ay_ms1 = = Ay_y = Ay_q = a, —pif nis even and (n-m)
is odd (or) if n is odd and (n-m) is even then
(i) all the zeros of P(z) does not vanish in the disk |z] <

odd

laol
lan|+lagl—an—r(ag+lagD+2p+T1

if both n and (n-m) are even or

where I, = 2[ (al taz+-+ a3t an—m—l) - (aZ tas+-+ apm-g + an—m—Z)]

lagl
lan|+lagl—an—r(ag+lagD+2p+T2

(i) all the zeros of P(z) does not vanish in the disk ||z| <

if nis odd and (n-m) is even
where T, = 2[(a; + a3+ -+ ay_pma+an_pm)— (@ +as+ -+ a_pm3+a_m_1) ]

if nis even and (n-m) is odd (or)

Corollary: 2 Let P(z) =Y" ,a;z' be a polynomial of degree n > m > 2 with positive real coefficients such that
p=00<r<land

v
v
v
v

ray a1 20,2324 << A1 = Ay a, — p if both n and (n-m) are

even or odd

An—m+1 2 0p_p 20y

(Or)
Ty S A1 20 S A3 20 S 2 A1 S Aoy S oy = = App = Ay
is odd (or) if n is odd and (n-m) is even then
(i) all the zeros of P(z) does not vanish in the disk |z| <

\%

a, — pif n is even and (n-m)

4%
(1-2r)ag+2p+T
where T1 = 2[ (a1 ‘+az+--+ a,_n3+ an_m_l) - (az +as,+-+ ap_pm_gt+ an_m_z) ]

if both n and (n-m) are even or odd

a0

(ii) all the zeros of P(z) does not vanish in the disk ||z]| < —————
(1-2r)ag+2p+T,

and (n-m) is even

if nis even and (n-m) is odd (or) if n is odd

where T, = 2[ (a1 + a3+ -+ ay o+ an_pm)— (@ +as+ -+ ay_pm3+a_m_1) ]

Remark: 2 By taking a; > 0 for i = 0,1,2, ..., n. in theorem 2, then it reduces to Corollary 4.
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Theorem: 3 Let LetP(z) =Y, a;z' be a polynomial of degree n > m > 2 with real coefficients such that
p=0k=1and

IA

kay 201 <0, 203544 22 A1 <O < Qo1 << 0y_p < ap_1 < a, + p ifbothnand (n-m) are
even or odd

(On)
kay 2a1<a;,2a35a4 2 <A1 = Qe < Qo1 << Ay
is odd (or) if n is odd and (n-m) is even then

(i) all the zeros of P(z) does not vanish in the disk |z + k — 1| <

IA

a,_1 < a, + p if nis even and (n-m)

lagl
kag+ |ap|+an+2p+U;

if both n and (n-m) are even or odd

where Uy =2[(a; +as+ -+ pmatayma) —(@+az+ -+ a3+ aym1)]

laol

(i) all the zeros of P(z) does not vanish in the disk |z + k — 1| <
kaog+ |lan|+an+2p+Usz

n is odd and (n-m) is even

if n is even and (n-m) is odd (or) if

Where Uz = 2[ (az + a4 + -+ an_m_3 + an_m_l) - (a1 + a3 + -+ an_m_4 + an_m)]

Corollary: 3 Let LetP(z) =Y, a;z' be a polynomial of degree n > m > 2 with positive real coefficients such that
p=0,k=1and

IA

kay 2a1<a;2a35a4 221 < Qe S Qo1 << apo
even or odd

a,_1 < a, + p ifboth nand (n-m) are

(O
kag z2a1fa2a35 a2 <Ay 1 20y S 0pp1 < <Ay
is odd (or) if nis odd and (n-m) is even then
(i) all the zeros of P(z) does not vanish in the disk |z + k — 1] <

IA

a,_1 < a, +pif nis even and (n-m)

@
kag+2a,+2p+U;
where Uy =2[(a; +as+ -+ pmatapma) —(@+az+ -+ a3z t+aym1)]

if both n and (n-m) are even or odd

a0

(i) all the zeros of P(z) does not vanish in the disk |z + k — 1| < ————
kao+2a,+2p+U;

is odd and (n-m) is even

if nis even and (n-m) is odd (or) if n

Where Uz = 2[ (az + a4 + -+ an_m_3 + an_m_l) - (a1 + a3 + -+ an_m_4 + an_m) ]
Remark: 3 By taking a; > 0 for i = 0,1,2, ...,n in theorem 3, then it reduces to Corollary 3.

Theorem: 4 Let P(z) =Y* , a;z' be a polynomial of degree n > m > 2 with real coefficients such that
p=200<r<landray <120 <320 <""<0G_ q 130 m<0p_py1 < <a,,<a,1<a,+
p if both nand (n-m) are even or odd
(O

T S 2 <32 <20 m1<A-m <AQ_ms1 < <a,_, <a,_1 <a,+p ifniseven and (n-m)
is odd (or) if nis odd and (n-m) is even then
(i) all the zeros of P(z) does not vanish in the disk |z]| < \gg| if both n and (n-m) are even or odd

lagl+lan |+an—r(lag|+ao)+V1

Where Vl = 2[ (a1 + a3 + -+ an_m_3 + an_m_l) - (az + a4 + -+ an_m_z + an_m)]

lagl
lagl+lan|+an—r(lag|+ag)+V2

(ii) all the zeros of P(z) does not vanish in the disk ||z| < if nis even and (n-m) is odd (or) if

n is odd and (n-m) is even
Where VZ = 2[ (a1 + a3 + -+ an_m_4 + an_m_z) - (az + a4 + -+ an_m_3 + an—m—l) ]

Corollary: 4 Let P(z) =¥, a;z" be a polynomial of degree n > m > 2 with positive real coefficients such that
p=00<r<land

ray S 2 <32 < <0_pm1Zm <A_ms1 < < an_y < a,_1 < a, +p ifboth nand (n-m) are
even or odd

(O
Ty S U 2B < B2 20 1< <AQ_pm1 << a,_,<a,_1<a,+p ifnisevenand (n-m)

is odd (or) if n is odd and (n-m) is even then
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ao

(i) all the zeros of P(z) does not vanish in the disk |z| < > if both n and (n-m) are even or odd

an+(1-2r)apg+Vy
Where Vl = 2[ (a1 + a3 + -+ an_m_3 + an_m_l) - (az + a4 + -+ an_m_z + an_m) ]

a0

(ii)) all the zeros of P(z) does not vanish in the disk ||z| < > if n is even and (n-m) is odd (or) if n is odd

Zap+(1-200ag+V2
and (n-m) is even
where V, =2[(ay +az+ -+ ap s+ o) — (@ +as+ 4+ a3+ a,_m_1) ]
i?emark: 4 By taking a; > 0 for i = 0,1,2, ..., n, in theorem 4, then it reduces to Corollary 4.
2. PROOFS OF THE THEOREMS

Proof of the Theorem 1: Let P(2)= a,z" + a,_1z" 1 + .- + a; z + a, be a polynomial of degree n.
Let us consider the polynomial J(z) = z"P G) and R(z) = (z —1)J(2) so that
R(2)=(z-1(ayz"+a;z2" 1+ +a, 12" ™" +a,z2" "+ a,41z2" "+ ta,_z+a,)

= az" —{(ap — a)z" + (a1 — a)2" 7 + -+ (Ag — )2
+(am - am+1)Zn_m + et (an—l - an)Z + an}

1

|Z|n—i

Also if |z| > 1 then <fori=012,..,n—1.

Now

IR(2)| = lagllz|™** = { |ag — allz]" + |a; — ax||z|" ™" + - + |@m-1 = @ ||2]" ™ + |@m — Gy l|2]" ™
+ - +|an—1 - anllzl + |an| }

1 lai—az| | laz—asz| laz—aq|
= |agl|lz|*|z|"[ |z] — —={|ag — a;| + +
aalle "L~ Cleo —anl + 224 g + 25
Am—-1—"Am Am —Am+1 An—-3—An—-2 An—2—an-1 an—1—0an an
o |zm—1 + |z|™ ot |z|n—3 |z =2 |z 1 |z|™ 1]

1
= |ao||z|"[|zl —@ﬂ kay—a, —kag + aglt|ay — az| + |a; — azl+]as — a4l

+et+ |am—1 - am|+|am - am+1| T+t |an—3 - an—Zl + |an—2 - an—1|+|an—1 +tp—a, _pl + | anl }]

1
2 |agllz"|2|"[1z] — -~ {(kao — ar) + (k= Dlao| + (az — ar) + (a2 — as)
+oe (an—m - an—m—l) + (an—m - an—m+1) + et (an—3 - an—Z) + (an—Z - an—l)
+(a,_1+p—a,)+p+|a,|}] ifboth nand (n-m) are even or odd
1
= lagllzI*[|z] — = {k(laol + ao) + lan| = (laol + an) +2p + 5,}]
where Sl = 2[ (az + a, + .o+ Ay _m—2 + an_m) - (a1 + as + -+ Ay —m—3 + an—m—l)]

1
= R(z) > 0if |z| >|a—0|{k(laol +ap) + |a,| = (lao] + @) + 2p + 51}

This shows that all the zeros of R(z) whose modulus is greater than 1 lie in the closed disk

1
|z S@{k(laol +ao) + |a,| = (lao] + @) + 2p + 51}

But those zeros of R(z) whose modulus is less than or equal to 1 already lie in the above disk. Therefore, it follows that
all the zeros of R(z) and hence J(z) lie in

1
|z <T@l I{k(lﬂtol +ag) + |ay| — (laol + a,) +2p + 5}
0

Since P(z) = z"J(i) it followed by replacing z by i , all the zeros of P(z) lie in
laol

|z| = )
k(laol + ap) + la,| — (lagl + @) + 2p + S;
if both n and (n-m) are even or odd.
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Hence all the zeros P(z) does not vanish in the disk
laol
k(lagl + ap) + lan| — (lagl + ay) +2p + $;

|lz| <

if both n and (n-m) are even or odd
where Sl = 2[ (az + a, + .o+ Ay _m—2 + an_m) - (a1 + as + -+ Ay —_m—3 + an—m—l)]

Similarly we can also prove for if n is even and (n-m) is odd (or) if n is odd and (n-m) is even degree polynomials. For
this we can rearrange the terms of the given polynomial and compute as above. That is all the zeros P(z) does not
vanish in the disk.
< laol

k(laol + ao) + |an| — (lagl + @) +2p + S,

|z

if nis even and (n-m) is odd (or) if n is odd and (n-m) is even

where S, = 2[(ay +ag + -+ ap_mz +an_m-1) — (@1 + a3+ -+ aQu_pms + ay_m—2) ]

This completes the proof of the Theorem 1.

Proof of the Theorem 2:

Let P(2)= a,z" + a,_1z" ! + - + a;z + a, be a polynomial of degree n

Let us consider the polynomial J(z) = z"P G) and R(z) = (z— 1)J(z) sothat
R(z)=(z—-1(ayz" +a;z" 1+ 4 ay, 12" ™ +a, 2" M+ a, 12"+t a, 1z + ay)

=agz" —{(ap — a)z" + (@ — ax)z" M+ 4 (@no1 — )2+ (A — Agyr)Z" T
+oet (an—l - an)Z + an}

Also if |z| > 1 then — < for i =0,1,2,..,n — 1.

|Z|Tl—l
Now [R(2)| = laollz]"*! = { lag — aillz|" + las — az|lz]" ™" + = + |1 = @m|lz]" ! + |ay — @i llz"™

+"'+|an—1 _an”Zl + |an|}

1 lag—az| | laz—as| laz—aq4| lam—1—am| | lam—am+1l
= |agllz|*|z|*[ 1z| — —{lay — a4| + + + +-
|| | [ | |«|10|{| 0 |1|| |z|| | ||z|2 |z|3 |z =1 |z|™
aAn-3—An-2 aAn—2—"0n-1 An—-1—"0n an
R + + +
lz" 3 2" 2 et e ]

1
2 |a0||z|n[|z|—ﬁ{| ray — a; —ray + aglt+la; —az| + |la; —aglt|az —as| + -+

|am—1 - am|+|am - am+1| + et |an—3 - an—Zl + |an—2 - an—1|+|an—1 tp—a, — pl + | anl }]

1
= |ao|lz|"|zI"[ |z] _ﬁ{(al —rap) + (1 —nlag| + (a; —ay) + (az — a;)

+oet (an—m—l - an—m) + (an—m - an—m+1) + et (an—3 - an—Z) + (an—Z - an—l)
+(an—1 +p_an)+p+ |an|}]
if both n and (n-m) are even or odd
1
= |agl||zI"[ 1z] = = {la,| + lag| — a, —r(ap + lag) + 2p + Ty} ]

laol
Where I = 2[ (al taz+-+ a3t an—m—l) - (aZ tas+-+ apmgt an—m—Z) ]

1
= R(2) > 0 if |z| >m{|anl +lagl —an —7(ag +lagl) +2p + T}

This shows that all the zeros of R(z) whose modulus is greater than 1 lie in the closed disk

1
|z| < mﬂanl + lagl —a, —r(ag + lagl) +2p + Ty}
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But those zeros of R(z) whose modulus is less than or equal to 1 already lie in the above disk. Therefore, it follows that
all the zeros of R(z) and hence J(z) lie in

1
lz| < @{Ianl +lagl —a, —r(ag +lag) +2p + T1}
Since P(z) = z”.](%) it followed by replacing z by % , all the zeros of P(2) lie in
Iz| = laol
" lan| + lagl —ay —7(ag tlagD +2p+ Ty’

if both n and (n-m) are even or odd.

Hence all the zeros P(z) does not vanish in the disk
lagl
la.| + lagl —a, —7r(ag + |ag) +2p + T

lz] <

if both n and (n-m) are even or odd
where T = 2[ (al tazt-+ a3t an—m—l) - (aZ tagt+-+ apmygt an—m—Z) ]

Similarly we can also prove for if n is even and (n-m) is odd (or) if n is odd and (n-m) is even degree polynomials. For
this we can rearrange the terms of the given polynomial and compute as above. That is all the zeros P(z) does not
vanish in the disk.

laol
lan| + lagl — an —1(ag + lagl) +2p + T,

lz] <

if nis even and (n-m) is odd (or) if n is odd and (n-m) is even
where T, = 2[(a1 +az+ -+ ap_mota_pm)-(a+ay++ ay_ms3+ an_m_l)].

This completes the proof of the Theorem 2.

Proof of the Theorem 3: Let P(2)= a,,z" + a,,_1z" ' + - + a,z + a, be a polynomial of degree n
Let us consider the polynomial J(z) = z"P G) and R(z) = (z—1)J(z) sothat
R2)=(z-1(ayz" +a,z" '+ +ap_12" ™ +a,z2" ™+ a,12" "+t a, 12+ ay)

=ayz"(z+k—1)—{(kay —a))z" + (a; — ax)z" 1+ -+ (ap_1 — ay)Zz" " + (ay, — Apyg)z™ T
+ ot (an—l - an)Z + an}

1
|Z|n—i

Also if |z| > 1 then <fori=012,..,n—1

Now

IR = |agllz|*|z+k = 1] = { |kag — ar||z|* + |a; — az||z]" ™" + - + |@p_1 — Qp||2]" ™!
Ham = amillz]"™™ + - Ha, o — aqllz] + |a,| }

1 lai—az| | laz—asz| | |az—a4]
> laollz|™z|*[ |z + k— 1| ——{ |kay — a;| + +
ol [ o Ukao —an| + = T E
lam-1—aml lam —am+1l lan—3—an—2| lan—2—an—1l lan—1—an| lan|
+ cee + + + o + —_
|z|m—1 |z|™ |z|n3 |z|n2 |z|n1 |z|" 3

1
= |agllz|"[|z + k — 1] —ﬁﬂkao —ai|+|a; — az| + |ay — az|+]as — a4l

+e |am—1 - am|+|am - am+1| + ot |an—3 - an—2| + |an—2 - an—1|+|an—1 —p—a,+ pl + | anl }]

1
= |agllz|™|z|*[ |z + k — 1] —m{(kao —a)+(a; —ay) + (a; —as)
+oet (an—m - an—m—l) + (an—m+1 - an—m) + ot (an—Z - an—3) + (an—l - an—Z)
+(an +p_an—1)+p+ |an|}]
if both n and (n-m) are even or odd

1
= lagllz|"[ 1z + k— 1] —m{kao + |ay| +a, +2p+ Uy}
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where Uy =2[(ap +as+ -+ aGpmat @Gy ma) — (@ +az++ a3+ ani)]

1
:R(z)>0if|z+k—1|>m{ka0+ la,| +a, +2p+ U}
0

This shows that all the zeros of R(z) whose modulus is greater than 1 lie in the closed disk

1
|z+k—1|3@{kao+ la,| +a, +2p+ U}

But those zeros of R(z) whose modulus is less than or equal to 1 already lie in the above disk. Therefore, it follows that
all the zeros of R(z) and hence J(z) lie in

1
|z+k—1|3@{kao+ la,| +a, +2p+ U}

Since P(z) = z"J(i) it followed by replacing z by i ,

all the zeros of P(z) lie in
laol

z+k—-1| = )
! | kag + |la,|+a, +2p+ U

if both n and (n-m) are even or odd.

Hence all the zeros P(z) does not vanish in the disk
laol
kayg + |la,| +a, +2p+ U

lz+k—-1| <

if both n and (n-m) are even or odd
where Uy =2[(a; +as+ -+ pmatapma) —(@+az+ -+ a3+ aym1)]

Similarly we can also prove for if n is even and (n-m) is odd (or) if n is odd and (n-m) is even degree polynomials. For
this we can rearrange the terms of the given polynomial and compute as above. That is all the zeros P(z) does not
vanish in the disk.

laol
kay + |a,|+a, +2p+ U,

lz+k—1| <

if nis even and (n-m) is odd (or) if n is odd and (n-m) is even

where U, =2[(a, +as + -+ ap_ms+ay_pmo1) — (@ +az+ -+ an_pms +ay_n) |

This completes the proof of the Theorem 3.

Proof of the Theorem 4: Let P(z)= a,z" + a,_1z" " + - + a; 2 + a, be a polynomial of degree n

Let us consider the polynomial J(z) = z”P(%)

and R(z) = (z—1)J(z) sothat

R2)=(z-1(ayz" +a,z" '+ +ap_12" ™ +a,z2" ™+ a, 12" "+t a,_12 + ay)
=qagz" —{(ay — a1)z" + (a; — a)z" P+ -+ (@poq — )2+ (@ — Q)2

+et (an—l - an)Z + an}

Alsoif |z| > 1then —= < fori=0,1,2,..,n — 1.

1
|z|n—i

Now
[R(2)| = lagllz*™ = { lag — aqllz|" + |ay — a||z|" ™" + =+ + |@m_1 = @ ||2]" 7 + @ — @ |]2]" 7
+"'+|an—1 - anllzl + |an|}
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1 — — — = —
> |a0||Z|n|Z|n[|Z|—ﬁ{|a0—a1|+|a1 a2l 4 laa=asl | Jas=aa| ,  lam-17Gml | lam—dm+1l

|z| |z]2 |z|3 |z|m—1 |z|™
4ot lan—3—an—2| lan—2—an—1l| lan—1—an| lan| ]
n-3 n-—2 n-1 n }
] 2| 2] 2]

1
2 |a0||z|”[|z|—m{|ra0 —a; —rag — aglt|ay — az| + |a; — az|+]az — a4l

+e |am—1 - am|+|am - am+1| + ot |an—3 - an—2| + |an—2 - an—1|+|an—1 - anl + | anl }]

1
> |ao||z|"|zI"[ |z] —m{(al —rag) + (1 —1)|ag| + (a; —az) + (a3 — ay)

+oeeet (an—m—l - an—m) + (an—m+1 - an—m) + ot (an—Z - an—3) + (an—l - an—Z)
+( an — an—l) + |an| }]
if both n and (n-m) are even or odd

1
= laollz|"[ Izl —m{laol +lan| +ay —r(lag| + ag) +V1}]
Where Vl = 2[ (a1 + a3 + -+ an_m_3 + an_m_l) - (az + a4 + -+ an_m_z + an_m) ]

1
= R(z) > 0if |z >m{|a0| +lanl + an —r(laol + ag) + Vi}
0

This shows that all the zeros of R(z) whose modulus is greater than 1 lie in the closed disk

1
|z| < @ﬂad +la,| + a, —r(lag| + ap) + V33

But those zeros of R(z) whose modulus is less than or equal to 1 already lie in the above disk. Therefore, it follows that
all the zeros of R(z) and hence J(z) lie in

1
|z| < @ﬂad +la,| + a, —r(lag| + ag) + V33

Since P(z) = z"J(i) it followed by replacing z by i ,
all the zeros of P(z) lie in

Iz| = laol
“laol + lan| + ay —r(lagl + ag) + V1’

if both n and (n-m) are even or odd.

Hence all the zeros P(z) does not vanish in the disk
< lao|
lagl + lan| + a, —r(lagl + ao) + V3

|z

if both n and (n-m) are even or odd
where V1 = 2[ (al +az+--+ a,_pns3+ an_m_l) - (az ‘+a,+--+a_pot an_m) ]

Similarly we can also prove for if n is even and (n-m) is odd (or) if n is odd and (n-m) is even degree polynomials. For
this we can rearrange the terms of the given polynomial and compute as above. That is all the zeros P(z) does not
vanish in the disk.

laol
lao| + |an| + an = r(lag| + ag) + V;

|lz| <

if nis even and (n-m) is odd (or) if n is odd and (n-m) is even
whereV, =2[(ay +az+ -+ s+ ) — (@ +ay + -+ a3+ an_m_1) |-

This completes the proof of the Theorem 4.

© 2015, RJPA. All Rights Reserved 61



P. Ramulu*., G. L. Reddyz and C. Gangadhar3 /
Zero-Free Region For Polynomials with Restricted Real Coefficients / IRIPA- 5(5), May-2015.

REFERENCES

1. G.Enestrom, Remarqueesur un théorémerelatif aux racines de I’equationa,+...+a,= 0 ol tous les coefficient
sont et positifs, Tohoku Math.J 18 (1920), 34-36.

2. S.KAKEYA, On the limits of the roots of an alegebraic equation with positive coefficient, Téhoku Math.J 2
(1912-1913), 140-142.

3. Dewan, K. K., and Bidkham, M., On the Enesrtrom-Kakeya Theorem I., J. Math. Anal. Appl., 180 (1993),
29-36.

4. Joyal, A., Labelle, G. and Rahman, Q. I., On the Location of zeros of polynomials, Canad. Math. Bull., 10
(1967), 53-63.

5. Marden, M., Geometry of Polynomials, IInd. Edition, Surveys 3, Amer. Math. Soc., Providence, (1966) R.I.

6. P.Ramulu, Some Generalization of Enestrom-Kakeya Theorem, International Journal of Mathematics and
Statistics Invention (IJMSI), Volume 3 Issue 2, (February. 2015) PP-52-59.

7. P. Ramulu, G.L. Reddy and Gangadhar, Zeros of Polynomials with Restricted Coefficients, IOSR Journal of
Mathematics .VVolume 11, Issue 2 Ver. V (Mar - Apr. 2015), PP 21-28.

8. P.Ramulu, G.L .Reddy, On the Enestrom-Kakeya theorem. International Journal of Pure and Applied
Mathematics, Vol. 102 No.4, 2015. (Up Coming issue).

Source of Support: Nil, Conflict of interest: None Declared
[Copy right © 2015, RJPA. All Rights Reserved. This is an Open Access article distributed under the terms of

the International Research Journal of Pure Algebra (IRJPA), which permits unrestricted use, distribution,
and reproduction in any medium, provided the original work is properly cited.]

© 2015, RJPA. All Rights Reserved 62



	1. INTRODUCTION

