International Research Journal of Pure Algebra-5(3), 2014, 31-36
@ Available online through www.rjpa.info 1ssNn 2248-9037

FIXED POINT THEOREMS IN 2-METRIC SPACES
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ABSTRACT

Our object in this paper is to prove some fixed point and common fixed point theorem for expansion mapping in
2-metric space.
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2. INTRODUCTION AND PRELIMINARIES
To start the main result first we give some known definition which are helpful to prove of our main result.

Definition 2.1: A 2-metric space is a space X in which for each triple of points x,y,z there exists a real function
d(x,y,z) such that
[M4] to each pair of distinct points x,y,z in X
d(x,y,z) # 0
[M;] d(x,y,z) = 0 when at least two of x,y,z are equal
[M3] d(x,y,2) = d(y,z,x) = d(x,2,y)
[My] d(x,y,2) = d(x,y,v) + d(x,v,z) + d(v,y,z) forallx,y,z,v € X

Function d is called a 2-metric for the space X and (X, d) is called a 2-metric space.
Definition 2.2: A sequence {x,} in 2-metric space (X,d) is said to be convergent at x if d(x,,x,z) = 0 for all z in X.

Definition 2.3: A sequence {x,} in 2-metric space (X, d) is said to be Cauchy sequence if d(x,,x,z) = 0 for all z in X.
Definition 2.4: A 2-metric space ( X, d ) is said to be complete if every Cauchy sequence is convergent.

Definition 2.5: Let (X,d) be a metric space and T: X — X be a mapping then T is said to be expansive mapping if for
every x,y € X there exit a number r > 1 such that
d(Tx, Ty) = rd(x,y)
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3. MAIN RESULT

Theorem 3.1: Let (X, d) be a complete 2-metric space and let T: X — X be a mapping satisfying the following
condition

p+1 p+2 d(x, 1P 1x,a)[1+d (y,TP *2y,a)] d(x, 1P 1x,a)[1+d (v, TP T1x,a)]
d(T xT Y a) za 1+d (x,TP*2y,a) + 14+d (x,TP*t1x,a)
d(x,Tp+1x,a)+d(y,Tp"'lx,a)] +6 [d(x,Tp+2y,a)+d(y,Tp+2y,a)

2 2

+y [ (3.1.1)
Forallx,y e X, a,B,v,6 20,a++y>1, y+ § > 2 and for any non-negative integer p.
Then T has a unique fixed point.

Proof: we prove this theorem forp = 0

Now putting p = 0 in (3.1.1) then we have
d(Tx, sz‘ Q) >a d(xTx,a)[1+d(y,T%y,a)] B d(x,Tx,a)[14+d (y,Tx,a)] +y [d(x,Tx,a)+d(y,Tx,a)] iy [d(x,TZy_a)+d(y_T2y,a)] (3.L.2)

14+d(x,T2y,a) 1+d (x,Tx,a) 2 2
We define a sequence {x,} € X as follow:
Xo €EX,x9g =Txy, %1 =Txp, %3 =TX3, 00 vv e, X = TXpyq

Now consider

d(xy, x1,a) = d(x;,x9,a) = d(Tx,, T?x,,a)

d(x2,sz,a)[1+d(xz,T2xz,a)] +ﬁd(xz,sz,a)[1+d(x2,Tx2,a)]
1+d(x2,T?x3,a) 1+d (x2,Tx2,a)

+y [d(xz,sz,a)+d(x2,sz,a)] +6 d(xz,szz,a)+d(xz,szz,a)]

2
d(x2,x1,a)[14d (x2,x0,a)] d(x2,x1,a)[1+d (x2,x1,a)]

1+d(x2,%0,a) + ﬁ 1+d(x2,x1,a)
+y [d(xz,xLa)JZrd(xZ.xl.a)] Iy d(xz,xo,a)+d(x2,xo.a)]

>«

v

> (@ + B + Y)d G x, @) + 8[d (e x1,) — %0, @)

= d(xZlela) S ( (1+9)

gy o) 4o X1, @)

- d(xl,xz,a) < @ (1+6)

gy o) 4o X1, @)

Similarly we have
(1+6)
< 77
d(xZPx?)P a) — (a+ﬁ+y+6)
(1+46)
(a+B+y+5)

d(x1,%2,Q)

d(xZI‘x?)la) S d(xlella)

In general we can write

d(xn:xn+1ﬁ a) < C10)

(a+B+y+6)
d(xy, X 41,a) < K™d(x,x1,a) where K =

n
d(xg,x1,a)
(146)
(a+B+y+5)

Since 0 < K < 1sofor n — oo, K™ - 0 we have d(x, 41, x,,a) = 0.
Hence {x,,} is a Cauchy sequence in the complete 2-metric space X. So there is a point ¢ € X such that {x,} — ¢.

Now
d(f! Tf, a) d(Tf, szn +2 a)
d(€TEa)[1+d (xp 12,20 12.0)] +B dTEa)1+d (xp 42,T¢,)]
1+d (£,T%xp 42,0) 1+d (§,T¢,a)

d(¢T§,0)+d (n 42,78, a>] 15 d(§T2xn 42, a)+d(xn+zT Xn+2, a)]

I\

+y [
d(,T¢,a)[1+d (xp +2,X0,0)] +B d(&,TE,a)[1+d (xy 42, TE a)]
1+d(§xp,a) 1+d(§,T¢,a)
d(g’,Tf,a)+d(xn+2,T§,a)] + (S I:d('f Xn a)+d(xn+2rxnra)
2 2

=>a

+]’|:
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Letting n — oo then we have
d¢,T¢,a) =2 (@ + B +y)d(§, TS, a)
=[(a+B+y)—11d¢,TéE,a) <0

Which gives
d(,T¢,a) =0=>T¢ =¢.

Hence ¢ is a fixed point of T.

Let n be another point fixed of T then
d(§,n,a) = d(T¢,T*n,a)
=a

by condition (3.1.2) we have

1+d(¢,T%n,a)

d(,1€,0)[1+d(n,T%n,a)] +B d(&,T¢,a)[1+d (,T¢,a)] [d(f,Tf,a)+d(q,T§,a)
2

1+d (¢,T€,a)
§4a)[1+d(@.8,a)]

] iy [d(f.Tznra)

d¢$,a)[1+d(n,n.a)] a(
a 1+d(&,n,a) B

d¢n,@) =2 52d(E,m,0)
[(52) - 1]dEna <o
i.e.d(&,n,a)=0

=¢&=7

Hence fixed point of T is unique.

1+d(§.¢,a) Ty

[d(frf,a);rd(n.fla)] +65 [d(f,rl,a)iz-d(nrﬂ,a)]

Theorem 3.2: Let (X,d) be a complete 2-metric space and let T:X — X be a mapping satisfying the following

condition

d(T7*1%,T7*2y,0) = amin{d(x, T2y, ), d(y, T"*1x, @)} + B {

d(x,Tp+1x,a)+d (y,Tp"'zy,a)

Forall x,y,a € X, a« > 1, § > 2 and for any non-negative integer p.

Then T has a unique fixed point.
Proof: we prove this theorem for p =

Now putting p = 0 in (3.2.1) then we

d(Tx,T?y,a) = amin{d(x,T?y,a),

We define a sequence {x,} € X as fol
X, =Txp41,m=0,12,.. and x, €

Now consider

0

have

d(x,Tx,a)+d (y,sz,a)

d(y,Tx,a)} + [)’{ >

low:
X.

d(xn, X1, a) = d(Txn 41, szn+1' a)

> amin{d (41, T* %y 41, @), d(Xn 41, TXn 41, O} + B {
=2a min{d(xn+1' Xn—1 a) d(xn+1' xn' a)} + .B {

(a+ 2) A1, X1, @) + 5 d (1,0, @),

= min
> d(xn+1' Xn—

(C{ + ) {d(xn+1ﬁxnﬁ a) - d(xn'xn 1 a)} + - d(xn+1'xnﬁ a)
= min
{d(xn+1'xn' a) d(xnﬁxn 1’ a)} + ((X + ) d(xn+1ﬁxnﬁ a)

d(xp4+1,Txp41,0)+d (xn +1.szn+1,0-)

d(xn+1Xn,a)+d(xXn+1,Xn-1,2)

La)+ (a + )d(xn+1,xn,a)

(@ + B)dCtn i1, %, @) = (@ +5) d ey 21, @),

(C( + ﬁ)d(xn+1' Xn» a) - Ed(xnﬁxn—li a)

(a+ﬁ) (a+ﬁ)
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(a+8)

- 1+(a +§)

2(a+B)
= 2+a+p d(xn+1rxn' a)

d(xn+1' Xn» a)

Q+a+p)
= d(xp11,%,,a) < md(xnvxn—lla)

Q+a+p)
= d(Xp41, Xn, @) < Kd(x,, X,_1, Q) where K = ﬁ <1

Similarly we can show that
d(xn' Xn—-1» a) < Kd(xn—l' Xn-2» a)

And d(x, 41, %,, @) < K?d(x,_q, Xy_2, @)

Thus d(x, 41, X, @) < K"d (x4, X9, @)

Since 0 < K < 1sofor n - oo, K™ = 0 we have d(x, 41, x,,a) = 0.

Hence {x,,} is a Cauchy sequence in the complete 2-metric space X. So there is a point z € X such that {x,} - z.

Now
d(z,Tz,a) = d(Tz,T?x, 5, a)

> amin{d(z, T*x,42,a),d(y, Tz, )} + B

> amin{d(z,%,,@),d(y, Tz, @)} + f {{ET20 4 bniz0n 0}

{d (z,Tz,a)+d (xn+2,T2xn+2,a)}

Letting n — oo then we have
d(z,Tz,a) = %d(z, Tz, a)
(%— 1) d(z,Tz,a) < 0

Which gives
d(z,Tz,a) = 0= Tz = z.Since > 2.

Hence z is a fixed point of T.

Let w be another point of T then by condition (3.2.2) we have
d(z,w,a) = d(Tz,T?*w,a)
2
> amin{d(z,T*w,a),d(w,Tz,a)} + B {d(z'TZ'a)+:(W'T W'a)}
= amin{d(z,w,a),dw, z,a)} + B {W}
> amin{d(z,w,a),d(z,w,a)}

= (a —1)d(z,w,a) <0

= d(z,w,a) =0 sincea > 1

=z=w

Hence fixed point of T is unique.

Thedqr_em3.3: Let (X, d) be a complete 2-metric space and let S,T: X — X are two mappings satisfying the following
condition

d(SP*'x, TP*2y,a) =2 amin{d(x,T"**y,a),d(y, SP*'x,a)}

d(x,SP 1x,a)+d(y, TP 2y,a d(x,TP*2y,a)+d(y,5P1x,a
+:3{ ( )'; (6 y )}+)/{ ( y )‘2*' (6 )} (3.3.1)

Forall x,y € X, a, B,y > 1land for any non-negative integer p.
Then S, T has a unique fixed point.m

Proof: we prove this theorem for p = 0
© 2015, IRJPA. All Rights Reserved 34
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Now putting p = 0 in (3.3.1) then we have

2 2
d(Sx,T?y,a) = amin{d(x,T?y,a),d(y,Sx,a)} + {d(x'sx'a)+2d(y'T y'a)} +vy {d(x'T y'a);d(y'sx’a)} (3.3.2)

Let x, € X. We define a sequence {x, } € X as follow:
Xg = Txl,xl = sz, v Xopp = Tx2n+1,x2n_1 = S.X'Zn,

Consider
_ _ _ 2
d(X2n+1, X2n, @) = d(Xon, X241, 3) _Zd(Tx2n+1'Sx2n+2 ,a) = d(Sx2n42 , T X2p42 ,2)
= amin{d (X242, T*X2n42 @), d(X2n12 , SX2n42,a)}
d(xan12.5%m+22)+d (X202 T?x2n 42 2) d(xan+2.T%%2n+2 a)+d (xan12,5%2n +2.2)
+B +y .

2
= amin{d (X512, X2, @), d(X2n 12 , X2n11, D)}
d(x X ,a)+d (x Xon,a) d(x JXop,a)+d(x X ,a)
+ﬁ 2n+2X2n+1 2n+2X2n +,y 2n+2:X2n 2n+2X2n+1

2 2
B v Bty
o (a 3t 5) d(x2n 42, X2m, @) + (T) d(x2n12) X2n+1,2),
min
- B,y Bty
(a ot 5) d(X2n+2 » X2n+1,2) + ( 2 )d(x2n+2'x2n'a)
B v Bty
o (a 5t 5) {d(x2n 42, X2n41,3) — d(Xon 41, X2n, @)} + ( 2 ) d(Xzn+2, X2n+1,2),
min
- B v Bty
(a 5t 5) d(X2n42 » X2n41,2) + ( 2 ){d(x2n+2:x2n+1: a) — d(x2n41, X2n, @)}
B v
o (a@+ B +7v)d(xni2, X2n41,2) — (a 5t E) d(X2n+1) X2, @),
min
= +
(@ + B +7)d(Xzn42 , X2n11,2) = (—'Bzy) d(X2n+1,X20,2)
; (a+B+y)  (a+B+y)
> min , d(X2pn 42, Xon 41,2
{1+(a+§+}2i) 1+(5%) ( 2n+242n+1 )
(a+p+y)
= d(x2n41,X20) 2 T+(as2:D) d(X2n 42, X2n+1,2)
Q2+2a+B+y)
= d(Xon+2, X2n+1) S T d(X2n+1,X20,2)
@+2a+B+y)
= d(Xzn+2 X2n+1,2) < Kd(X2n41,%2n,@) Where K = g <1

Similarly,
d(Xzn 41, X2n, @) < Kd (X2, X2n—1,)

And
d(Xgn12, X2n41,3) < K2d(Xpp, X2p-1,2)

Continue in this way we get
d(Xzn42, X2n11,3) < K"d(x1, %0, )

Since 0 < K < 1sofor n — o0, K™ - 0 we have d (X3, 42, X2n4+1) = 0.
Hence {x,,} is a Cauchy sequence in the complete 2-metric space X. So there is a point z € X such that {x,} - z.

Now we will show that z is a common fixed point of S and T.
d(z,5z,a) = d(x,,S5z,a) = d(5z,T*x,,,a)
> amin{d(z, T?x,,2,a),d (x4, 52,a)}
d(z,Sz,a)+d(xn+2,T2xn+z,a) d(z,sz"+2,a)+d(xn+2,Sz,a)
+6{ ; J+ 2 J
> amin{d(z, x,,a), d(x, 12,5z, a)}
d(z,5z,a)+d (xy 42,%0,a) d(z,xn,a)+d(xn42,52,a)
2 S R e —

= d(z,5z,a) = ﬁ%d(z,Sz, a)

= (ﬁ%— 1) d(z,5z,a) <0
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Which gives d(z,5z,a) = 0 = Sz = z.

Hence z is a fixed point of S.

Similarly we can show that z is a fixed point of T.

Hence z is a common fixed point of S & T.

Let u, v be a common fixed point of S and T then
d(u,v,a) = d(Su,Tv,a) = d(Su,T?v,q)

2 2
> amin{d (u,TZU, a)’ d(U, Su, a)} + ,3 {d(u,Su,a )+d(V,T V,a)} + ¥ d(u,T v,a)+d(v,5u,a)}

> amin{d(u, v, a)’ d(v, u, a)} + ,B {d(u,u,a);—d(v,v,a)} +y {d(u,v,a)-;—d(v,u,a)}

=dw,v,a) = (a+y)du,v,a)

= (a+y—-1du,v,a)<0

= d(u,v,a) =0

=u=v

Hence common fixed point of S and T is unique.
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