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ABSTRACT

In this paper, a new class of sets called minimal arm-open sets and maximal aro-closed sets in topological spaces are
introduced which are subclasses of arew-open sets and arwo-closed sets respectively. We prove that the complement of
minimal arm-open set is a maximal aro-closed set and some properties of the new concepts have been studied
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1. INTRODUCTION

In the year 2001 and 2003, F. Nakaoka and N.oda [1] [2] [3] introduced and studied minimal open (resp. minimal
closed) sets which are sub classes of open (resp. closed) sets. The complements of minimal open sets and maximal
open sets are called maximal closed sets and minimal closed sets respectively. In the year 2014 R.S Wali & P.S
Mandalgeri [4] introduced and studied arwo-closed sets and arw-open sets in topological spaces.

Definition 1.1: [1] A proper non-empty open subset U of a topological space X is said to be minimal open set if any
open set which is contained in U is ¢ or U.

Definition 1.2: [2] A proper non-empty open subset U of a topological space X is said to be maximal open set if any
open set which contains U is either X or U.

Definition 1.3: [3] A proper non-empty closed subset F of a topological space X is said to be minimal closed set if any
closed set which is contained in F is ¢ or F.

Definition 1.4: [3] A proper non-empty closed subset F of a topological space X is said to be maximal closed set if any
closed set which contains F is either X or F.

Definition 1.5: [4] A subset A of (X, 1) is called arm-closed set if aCI(A) € U whenever A< U and U is ro-open in X.
Definition 1.6: [4] A subset A in (X, 7) is called arm-open set in X if A®is aro-closed set in X.
2. MINIMAL ar®-OPEN SETS

Definition 2.1: A proper non-empty orm-open subset U of X is said to be minimal orm-open set if any aro-open set
which is contained in U is ¢ or U.

Remark 2.2: Minimal open sets and Minimal are®-open sets are independent of each other as seen from the following
example.

*Corresponding author: R. S. Wali*1, 1Department of Mathematics,
Bhandari Rathi College, Guledagudd-587 203, Karnataka State, India.

International Research Journal of Pure Algebra-Vol.-4(11), Nov.— 2014 631



http://www.rjpa.info/�

R. S. Wali*! and Prabhavati S. Mandalgerf/
MINIMAL arrw-OPEN SETS AND MAXIMAL arw-CLOSED SETS IN TOPOLOGICAL SPACES/ IRJPA- 4(11), Nov.-2014.

Example 2.3: Let X= {a, b, ¢, d} be with the topology t ={X, ¢, {a}, {c, d}, {a, ¢, d}}

Minimal open sets are = {{a}, {c, d}} arw-open sets are = {X, ¢, {a}, {b}, {c}, {c, d}, {a c, d}}
Minimal aro-open sets are = {{a}, {b}, {c}}

Remark 2.4: From the Known results and by the above example we have the following implications.

Minimal arw-open sets

AN

Minimal open sets — > Open sets arm-0pen sets

Theorem 2.5:
(i) Let U be a minimal arm-open set and W be a arw-open set then UNW= ¢ or UCW.
(ii) Let U and V be minimal arw-open sets then UNV= ¢ or U=V.

Proof:

(i) Let U be a minimal arem-open set and W be a aro-open set. If UNW= ¢, then there is nothing to prove but if
UNW# ¢ then we have to prove that UcW. Suppose LNW# ¢ then UNW cU and UNW is arwm-open as the finite
intersection of arm-open sets is a arw-open set. Since U is a minimal arw-open set, we have UNW=U therefore UcW.

(ii) Let U and V be minimal arw-open sets. Suppose UNV# ¢ then we see that UcV and VcU by (i) Therefore U=V.

Theorem 2.6: Let U be a minimal are-open set. If x is an element of U then UcW for any open neighbourhood
W of x.

Proof: Let U be a minimal arm-open set and x be an element of U. Suppose there exits an open neighbourhood W of x
such that U¢W then UNW is a arm-open set such that UNW cU and UNW+# ¢. Since U is a minimal arw-open set, we
have UNW=U that is UcW. This contradicts our assumption that U¢W. Therefore UcW for any open neighbourhood
W of x.

Theorem 2.7: Let U be a minimal arw-open set, if X is an element of U then UcW for any ar®-open set W containing
X.

Proof: Let U be a minimal orm-open set containing an element x. Suppose there exists an aro- open set W containing
x such that U¢ W then UNW is an arw-open set such that UYW cU and UNW+# ¢ Since U is a minimal aro-open set,
we have UYW=U that is U cW. This contradicts our assumption that U¢W. Therefore UcW for any orw-open set
W containing X.

Theorem 2.8: Let U be a minimal arm-open set then U= N {W: W is any arw-open set containing x} for any element
x of U

Proof: By theorem 2.7 and from the fact that U is a arm-open set Containing x, We have UcN {W: W is any are-open
set containing x} cU. Therefore we have the result.

Theorem 2.9: Let U be a non-empty arm-open set then the following three conditions are equivalent.
(i) U is a minimal arw-open set

(il) Uc aro-cl(S) for any non-empty subset S of U.

(iii) aro-cl(U)= are-cl(S) for any non-empty subset S of U.

Proof:

(i) => (ii): Let U be a minimal arw-open set and S be a non-empty subset of U. Let xeU by theorem 2.7 for any aro-
open set W containing X, SCUcW which implies SCW. Now S=SNU cSNW. Since S is non-empty therefore SN W#
¢. Since W is any arm-open set containig x by one of the theorem, we know that, for an xeX, x€arw-cl(A) iff VNA #
¢ for any every arm-open set V Containing x, that is xeU implies xearw-cl(S) which implies Ucarw-cl(S) for any
non-empty subset S of U.
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(if) => (iii): Let S be a non-empty subset of U, that is ScU which implies arw-cl(S)carm-cl(U) --(a)
Again from (ii) Ucarwe-cl(S) for any non-empty subset S of U. Which implies aro-cl(U) caro-cl(aro-cl(S))=are-cl(S)
i.e., aro-cl(U) caro-cl(S) --(b), from (a) and (b), orm-cl(U)= arw-cl(S) for any non empty subset S of U.

(iii) => (i): From (iii) we have arw-cl(U) = arm-cl(S) for any non-empty subset S of U. Suppose U is not a minimal
arm-open set then there exist a non-empty arw-open set V such that VcU and V # U. Now there exists an element aeU
such that agV which implies a€V* that is aro-cl({a})coro-cl{(V%)} = V°, as V° is a arm-closed set in X. It follows
that aro-cl({a})#are-cl(U). This is contradiction to fact that aro-cl({a})= are-cl(U) for any non empty subset {a} of
U. Therefore U is a minimal arm-open set.

Theorem 2.10: Let V be a non-empty finite arw-open set, then there exists at least one (finite) minimal are-open set U
such that UcV.

Proof: Let V be a non-empty finite arm-open set. If V is a minimal arw-open set, we may set U=V. If V is not a
minimal arw-open set, then there exists a (finite) arw-open set V; such that d#V,c V. If Vy is a minimal orw-open set,
we may set U=V,. If V is not a minimal arm-open set then there exists a (finite) arw-open set V, such that ¢p#£V,c V.
Continuing this process we have a sequence of arw-open sets Vi ...cV3c V,cV;c V. Since V is a finite set, this
process repeats only finitely then finally we get a minimal arm-open set U=V, for some positive integer n.

Corollary 2.11: Let X be a locally finite space and V be a non-empty are®-open set then there exists at least one(finite)
minimal are-open set such that UcV.

Proof: Let X be a locally finite space and V be a non empty arm-open set. Let XV since X is a locally finite space we
have a finite open set Vx such that xeV, then VNV, is a finite arw-open set. By theorem 2.10 there exist at least one
(finite) minimal arw-open set U such that U cVNV, that is UcVNV,cV. Hence there exists at least one (finite)
minimal are-open set U such that U cV.

Corollary 2.12: Let V be a finite minimal open set then there exist at least one(finite) minimal are®-open set U such
that UcV.

Proof: Let V be a finite minimal open set then V is a non-empty finite aro-open set, by theorem 2.10 there exist at
least one (finite)minimal orm-open set U such that UcV.

Theorem 2.13: Let U and U, be minimal arw-open sets for any element A of A. If U c U U, then there exists AEA
reA

an element A € A such that U= U,.

Proof: Let U c U U, thenUN UU, =Uthatis U(UNU,) =U, also by Theorem 2.5 (i) UNU, = ¢ for any

reA heA reA
A € A It follows that there exist an element A € A such that U= U,.

Theorem 2.14: Let U and U, be minimal arcw-open sets for any element A€A. If U = U, for any element A of A then
U Ux NU=¢

heA

Proof: Suppose that U U, N U # ¢ thatis U (Ux N U) # ¢. then there exists an element A € A such that
heA reA

U NU, # ¢ by theorem 2.5 (ii) we have U= U,, which contradicts the fact that U# U, for any . €A then U U, NU = ¢.

LeA

Theorem 2.15: Let U, be a minimal oro-open set for any element A € A and U, # U, for any element A and p of A with

M# p assume that |A| =2. Let p be any element of A then |J U,NnU,.= .
LeA{M}
Proof: Put U= U, in theorem 2.14, then we have the result.

Corollary 2.16: Let U, be a minimal arc-open set for any element A € A and U, # U, for any element A and p of A
with A# . If T a proper non-empty subset of A then U U,N UU =¢

LeA-T vel

Theorem 2.17: Let U; and U, be minimal are-open sets for any element A € A and y € I' If there exists an element y of
[ such that U;# U, for any element A of A, then UUy ¢ U U,

yel heA
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Proof: Suppose that an element y* of T satisfies U, = U,, for any element A of A. if U Uyc U U, , then we see
vel heA

U, c U U, by theorem 2.13 there exists an element A of A such that U,: = U, which is a contradiction. It follows that
heA

UUy ¢ UU,

yel LeA

3. MAXIMAL arm-closed SETS

Definition 3.1: A proper non-empty arm-closed subset F of X is said to be Maximal aro-closed set if any aro-closed
set which contains F is either X or F.

Remark 3.2: Maximal closed sets and Maximal areo-closed sets are independent each other as seen from the following
implication.

Example 3.3: Let X={a, b, ¢, d} and 7 ={X, ¢, {a}, {c, d}, {a, c, d}} be a topological space.

Closed sets are ={X, @,{b}{a, b}.{b, c, d}}Maximal closed sets are = {{a, b}.,{b, ¢, d}} aro-closed sets are ={X, ¢,
{b}{a, b}.{b,c,d}{a c, d}.{a b, d}}

Maximal arm-closed sets are = {{b, c, d}, {a, ¢, d}, {a, b, d}}
Remark 3.4: From the known results and by the above example 3.3 we have the following implication.
Maximal arm-closed sets

X\

Maximal closed sets — Closed sets oro-closed sets

Theorem 3.5: A proper non-empty subset F of X is Maximal arw-closed set iff X-F is a minimal aro-open set.

Proof: Let F be a Maximal arw-closed set, suppose X-F is not a minimal arw-open set, then there exists a arm-open set
U#X—F such that ¢ # U < X-F that is FcX-U and X-U is a aro-closed set. This contradicts our assumption that F is a
minimal arw- open set.

Conversely, let X-F be a minimal arm-open set. Suppose F is not a Maximal arw-closed set then there exist a
arw- closed set E# F such that F cE # X that is ¢ # X-E c X-F and X-E is a arw-open set. This contradicts our
assumption that X-F is a minimal arw-open set. Therefore F is a Maximal orm-closed set.

Theorem 3.6:

(i) Let F be a Maximal aro-closed set and W be a aro-closed set Then FUW=X or WcF.

(ii) Let F and S be Maximal arm-closed sets then FUS=X or F=S

Proof:

(i): Let F be a Maximal aro-closed set and W be a are-closed set if FUW=X then there is nothing to prove but if
FUW=# X, then we have to prove that WcF. Suppose FUW# X then F cFUW and FUW is aro-closed as the finite
union of arm-closed set is a orm-closed set we have FUW=X or FUW=F. Therefore FUW=F which implies WcF.

(ii): Let F and S be Maximal oarm-closed sets. Suppose FUS# X then we see that FCS and ScF by (i) therefore F=S.

Theorem 3.7: Let F be a Maximal arw-closed set. If x is an element of F then for any are-closed set S containing x,
FuS=X or ScF

Proof: Proof is similar to 2.7 theorems.
Theorem 3.8: Let F,, Fp, F, be Maximal arw-closed sets such that Fo# Fg if FaNFg c Fy, then either F,= F, or Fg=F, .

Proof: Given that F.nFgcF,, if F,=F, then there is nothing to prove but if F,# F, then We have to prove Fg=F, .
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Now we have Fg N F, = Fg N(FynX)
= Fgn(Fyn(FaU Fp) (by theorem 3.6 (ii))
= Fgn( (FyNF)U(FynFp))
= (FgnFyNF)U(FgNF,NFp)
= (FaNFp)U(F,NFp) (by FgnF,cFg)
= (FoU F))N Fg
=XNFp (since Fq and Fy are Maximal arw-closed sets by thm 3.6 (ii) F«U F, =X)
=Fp

That is FgnF,= Fg implies Fg € F,, since Fg, F, are maximal arw-closed sets , we have Fg=F,.
Theorem 3.9: Let F,, Fg,F, be Maximal arw-closed sets which are different from each other then (F,NFp) (F,N F,) .

Proof: Let (FunFg) Z(FuN Fy) which implies (FuNFg) U (Fyn Fg) © (F «NFy) U (Fyn Fg) which implies
(FoUFy) N Fg c Fy, N (F UFp) since by theorem 3.6 (ii) FoN F, = X and FoNFg = X which implies XN F gc F, N X
which implies Fgc F, . From the definition of Maximal arw-closed set it follows that Fg= F,.

This is contradiction to the fact that Let F,, Fg,Fy are different from each other. Therefore (FaNFg) & (Fan Fy).

Theorem 3.10: Let F be a Maximal arw-closed set and x be an element of F then E4S: Sisa  arw-closed set
containing x such that FUS # X}.

Proof: By theorem 3.7 and from the fact that F is a arm-closed set containing x we have FcU{S: S is a aro-closed set
containing x such that FUS # X}c F therefore we have the result.

Theorem 3.11: Let F be a Proper non-empty co-finite arw-closed subset then there exists (co-finite) Maximal
are-closed set E such that F c E.

Proof: Let F be a non-empty co-finite arw-closed set. If F is a Maximal arw-closed set, we may set E=F. If F is not a
Maximal arw-closed set, then there exists a (co-finite) arm-closed set F; such that FC F; # X. If F; is a Maximal aro-
closed set, we may set E = F,. If Fy is not a Maximal aro-closed set ,then there exists a (co-finite) aro-closed set sets F,
such that Fc F1c F,#X continuing this process we have a sequence of arw-closed sets Fc Fic F,c... c FyC...

since F is a co-finite set, this process repeats only finitely then finally we get a minimal ar®-open set E=F, for some
positive integer n.

Theorem 3.12: Let F be a Maximal arw-closed set. If x is an element of X-F then X-FCE for any aro-closed set
containing set E containing x

Proof: Let F be a Maximal arw-closed set and x€ X-F. E& F for any aro-closed set E containing x then EUF=X by
theorem 3.6(ii). Therefore X-F c E
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