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ABSTRACT
The object is to prove generalisations of strong and absolute almost convergence with an Index > 1.
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1. INTRODUCTION AND NOTATIONS

Let [,, be the set of all bounded real sequences x = (x,) with norm |[x|| = supl|x,| . Given an infinite series Y. a,,,
denoted by ‘a’.Let x, = ay + a; + - + a,,.

Lorentz [9] defined a sequence x € [, to be almost convergent to a number s if all its Banach limits coincide at s and
also proved that “a sequence x is almost convergent to s if and only if
1
tin = tin (%) = me:o Xnti S (1.1)
as k — oo uniformly in n”

Maddox [11] has defined x € [, to be strongly almost convergent to a number s if

1
tin (|x — s) = P
f denotes the set of all almost convergent sequences and [f] denotes the set of all strongly almost convergent

sequences.

K o|Xnii — S| = 0as k —» wuniformly inn (1.2)

A sequence x is said to be absolutely almost convergent if
Yi-o|tin — ti—1.| converges uniformly in n (1.3)
[ denotes the set of all absolutely almost convergent sequences .

We write
Ay = iy () = == Tty (%) (14)

Also g,,, has been defined [10] as
1 m
mn = Gmn (X) = ﬁZkzo dien (%) (1.5)
where g-1n = d—l,n = t—l,n = Xn—1

The following sequence spaces have been introduced [10] and their relative strengths have been studied in details.

Let
u= {x:ﬁﬂ{”:o din (x —s) > 0as m = o uniformly inn, for some s } (1.6)
[u] = {x:ﬁzz‘zold,{n (x —s)| » 0as m - o uniformly inn, for some s} 1.7
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[u] = {x:mLHZZ;O dj, (Jx — s|) = 0 as m - o uniformly inn, for some s} (1.8)
v = {x:ﬁz’,{;o Gin(x — ) = 0as m - o uniformly inn, for some s } (1.9)
[v] = {x:ﬁzzlzolgkn (x —s)| » 0asm - ouniformly inn, for some s } (1.10)
[ ] = {x:ml—HZZ;O Jin(|x — s]) » 0 as m - wuniformly inn, for some s} (1.11)
i= {x: Zf=0|gkn - gk_1,n| convergent uniformly in n} (1.12)
ﬁ:{xzsip Z?:Olgkn - gk—l,n| < OO} (113)
1
D, = {x:m_-l—l Yo dpo(x) > sasm - s} (1.14)
1
[D,] = {x:m—Jr1 Yrold(x) — s| »0asm - oo} (1.15)

Hence it may be remarked that the spaces D, and [D,] can be called Cesaro Summable sequences of order 2 and
strongly Cesaro Summable sequence of order 2 respectively.

It has been proved [10] that i < 4.
2. SEQUENCE SPACES WITH INDEX

The main object of this chapter is to provide a suitable extension of sequence spaces i and 7 to the respective spaces
with index k > 1.

These spaces can be generalized by giving an index to some of them as follows.

Let
P,= {x ) Yy mk_1|gmn - gm_1,n|k converges uniformly in n} (2.1)
and
_ k
Qk= {Xl Sl:]p Z;"‘;‘I.:l mk 1|gmn _gm—l,n| < w} where k =1 (22)
The following spaces have been defined and their relative strengths have also been studied there.
A= {x ) Yy mk_1|dmn - dm_l,n|k converges uniformly in n} (2.3)
and
_ [, . sup yoo k-1 k
Bk_ {x ‘' n Zm:lm |dmn - dm—l,n' < w} (24)
RESULTS

Now we proceed to examine the relative strengths of these spaces.
Theorem1: G, S A, S P, SO

Proof: The inclusion G, < A, has been proved. So we proceed to prove
(i) A, € P,and
(i) P SQ

Let x € Ay, then by definition

- k . ,
©_ mk 1|dmn - dm_1,n| converges uniformly inn

We consider
k
k-1
%:1 m |gmn - gm—l,n|
Since
1
Imn — Im-1n = m@m+1) 1070:1 v(dn - d—l,n)
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We have by Holders inequality

|gmn Im-— 1n| kZV 1V |dvn _dv—l,n|k
)

m(m+1
So
_ k _ k
;:1 mk 1|gmn - gm—l,nl < Z;:l mk ! (m(m+1) Vm 1 vk |dvn - dv—l,n| )
= 37:1]71{ |dvn - v 1n| Zm =v

< Z?:l vk_l |dvn - dv—l,n|k

m(m +1)

k . . . . k
But then Y7, v*"|d,, —d,_1,| converges uniformly in n, implies that X5, m*™ |g,n, — gm-1.| coOnverges
uniformly in n.

Hence
A, €SP (2.5)
(i) P, S Qg

Letx € P,. Then by definition
K ) )
2 M Gy — Gm-1a| cOnverges uniformly in n

So there exits M > 0 such that
k
Em_M m |gmn gm—l,n| <1lforalln (26)

Toprove P, < Q, itisenough to show that
S G = Gmoral = 0(1) foralln

From (2.6) it follows that form > M
|9mn Im-— 1n|< — <1foralln

This implies that for fixed m
|gmn - gm—1_n| <1lforalln (27)

From the definition of d,,, we can see that
dmn (x) = (m + 1)gmn (x) —MGm-1n (x)

Therefore,

dmn (x) - dm—l,n(x) = {(m + 1)gmn (x) - mgm—l,n(x)} - {m gm—l,n(x) - (m - 1)gm—2,n (x) }
= MYGmn (x) + Imn (x) - 2m gm—l,n (x) + (m - 1) gm—Z,n (x)
= MGmn (x) - mgm—l,n(x) + Imn (x) ~—Y9m-1n (x) - (m - 1) Im—-1n (x) + (m - 1) Im-2n (x)
= m{gmn (x) - gm—l,n(x)} + {gmn (x) — Im-1n (X)} - (m - 1){ gm—l,n(x) - gm—Z,n(x)}

From (2.7) we have for fixed m > M that
|dmn (x) — dm_l_n(x)| <1foralln

But since

|dmn (X) dm 1n(x)| Ok(ttn—tk 1n)

m(m+1)

We have
(m + 1)(dmn—dm—1,n) - (m - 1)(dm—1,n - dm—Z,n) = tmn—tm—l,n

From which it follows that
|tmn —tm_1.| <1foralln,m =M

Again since
1
tmn—tm—l,n = m(m+1) Z:;n=1 UV Qyin
and

(m + 1)(tmn—tm—1,n) - (m - 1)(tm—1,n - tm—Z,n) = Qpim
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So for fixed m = M, |a, ., = 0(1) forall nand (a;) is bounded.

Thus
|tmn— m— 1n| |¢mn| m(m+1)zv|av+n|
=0(1) m(m+1) Xv
=0(1) foralln,m =M
Hence
|dmn—dm—1,n| - m(m+1) |Z lv(tvn - tv—l,n)|
1
= m@m+1) 17:1 v |Q)1m|

=0(1) foralln,m =M

Finally we have
|gmn—gm—1,n| = m(m+1) |Z 1v(dvn - dv—l,n)|

= O( ) m(m+1)zv
=0(@)foralln,m > M

This implies that

k
sup ] k-1
n m=1M |gmn—gm—1,n| <o

Hence
C Qy (2.8)

Combining both results (2.5) and (2.8) we have
A, € P SO

This completes the proof.

Let us consider the following spaces defined earlier for our discussion
k
—_ . Su k—1
H,= {x : np w =1m |tmn - tm—l,n| < oo}

k
— . Sup yo k-1
Bk—{x- Py M dyy — da| < oo}

Qk={x' Py M G —gm_l_n|k < oo}fork >1

n
Theorem2: H, € B, SQ,
Proof: The inclusion H,, € B, has been proved. Now it is the turn to establish the other inclusion that B, < Q,.

Let x € B,. Then by definition

_ k
Sl;lp Z%=1 mk ! |dmn —dm—l,n|

< o0
Now we consider the case of

_ k
Sl;lp Z%=1 mk 1|gmn —gm—l,n| <o

Since it is known that

Imn -Im-1n = vm=1 v(dvn - dv—l,n)

_r
m(m+1)

So by Holder’s inequality we have

|gmn Im- 1n| ka 1V | _dv—l,nlk
)

m(m+1
Thus
_ k k
Z?:l mk ! |gvn _gv—l,n| < Zv lm (WZV 1V |d1m - dv—l,nl )
1
< ZV 1V | vn T v—l,n| Zm:vm

< Zv— 1.7 - | wm dv—l,n|k
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From which it follows that

k k
Sup oo k-1 Sup o k-1
n m=1M |gmn—gm—1,n| < n m=1M |dmn—dm—1,n|

Thus B, < @, follows and hence

3. TOPOLOGICAL PROPERTIES
Let us now norm the spaces P, and Q, as follows

We define for x € P, orx € Q, that
" _ 1/k
12l =2 (Zrmt M [gun () = g1 GO )

Earlier the spaces A, and B, have been proved as Banach Space using the norm.

1/k
1], =" (Bims [ (M) = iy 1))

Now an attempt has been made to prove that P, and Q, are Banach spaces by using the norm defined by ||x||#in the
following result.

Theorem 3: The spaces P, and Q, are Banach spaces and ||x||# < ||x||¢

Proof: Let (x*) be a Cauchy sequence in P, .
Then by definition of Cauchy sequence we have

[Ix* = x*]| > 0Oass,t > oo
Form=1 yImn — Gm—-1n = 1gln —Yon
— 1
= EZk:O dkn - dOn
1 1
= E(dOn + dln) - dOn = E (dln - dOn)
1/1
= _(E (ton + 1) — fOn)
1 1
EtOn + Etln - tOn)
1 1
tin — EtOn) = Z [tln - tOn]

1
(xn + xn+1) - xn] = 3 [xn+1 - xn]

BIRN RN =N
N | =

N | =

From which it follows that
1
[(g1n — Gon)(x° — x| = 3 [Cen 1 = X 41) — (2 — x540)]
1
< §{|xrsl+1 —xbyq|+lxy — x|}

S|xz+1_xrtl+1|S ||xs_xt||
-0 as s,t >

Hence it follows that (x3) is a Cauchy sequence in C and there exists x,, € C suchthatx; - xass — «©
Now let us consider the series x = Y, x,, and let us write
Gmn (° = x") = G100 (x® = x7)
as (Gmn = Gm-10) (x° —x")

We know that

s _ )] = sup (g k=1 _ s _ oy )*
||X X || n ( m=1M |(gmn gm—l,n)(x x )| )

Therefore, for given € > 0 there exists s, > 0 such that
k
2 M (G = Gme10) (¢ — x| < eforall s, t > s,
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Hence for mixed M > 0, we have
k
Mo (Gmn = Gme12) (= x| < efors,t > s, foralln

By taking t — oo we have
k
MM (Gmn = Gmo10) (xS —xD)|” < efors > s, foralln

Since M > 0 is arbitrary it follows that
k
2 M (G = Gmo1)(x° — xH)|” < efors >s, and forall n

Now by taking supremum with respect to n we have

0 Bt (G = g1 ) @ = x| < € fors > s,

That is same and saying
||x5 —x|| < € fors > s,

Hence x* - x as s — o on P, norm and which implies x € P,
From this it follows that P, is complete. The proof of the fact that Q, is complete can be done similarly.

Further, they are normed linear spaces, which can be shown traditionally. Hence they both are Banach spaces. Finally
from the discussions made so far we have

ﬁ=1 mk_l |gmn - gm—l,n|k < Z;:l mk_l |dmn - dm—l,nlkﬁk =21

From which it is evident that

Y
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