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ABSTRACT

In the present paper some new results in topological spaces for non —symmetric rational expression conserning
2-Banach spaces are established.

Above results are motivated by Kirk, Singh and Chartarjee , Sharma and Rajputh, Yadava etal.
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1. INTRODUCTION:

The study of Non Contraction mapping concerning the existence of fixed point draws attention of various authors in
non linear analysis dealing with the study of Non —expansive mapping and the existence of fixed points. It is well
known that the differential and integral equations that arise in the physical problems are generally non- linear, therefore
the fixed point methods specially “Banach contraction Principle provides a powerful tool for obtaining the solution of
these equations which were very difficult to solve by any other methods.

Let X be a Banach space and C a closed subset of X. The well known Banach contraction principle states that “a
contraction mapping of c into itself has a unique fixed point. Ghalar (9) introduced the concept of 2 Banach space.
Recently Badshah, Gupta (10) also proved the some results in 2-Banach spaces. Yadava et.al [19, 20] also worked for
Banach & 2banach spaces for non —contraction mappings.

It also true that some qualitative properties of the solution of related equations are proved by functional analysis
approach. Many authors have presented valuable results with non contraction mapping in Banach space. our object in
this paper is to prove some fixed point and common fixed point theorem using 2-Banach space.

2 -PRELIMINARY:
Before starting main result we write some definitions.

Definition:-2.1 (2-normed space) Gahlar, has defined a linear 2- normed space as the pair (L, ||.,.]|) , where L is a
linear space and ||.,. ]| is non negative real valued function defined on L such that for a, b, c € L

Mla, b|| = 0iff a & b are linearly dependent.
@ii) la, b|l = |b, all

(iii) lla, Bbll = |BIlIb, all , B is real.

(i) lla,b + cll < lla, bll + lla, cll

Hence ||.,. || is called a 2- norm. and a pair (L, ||, . ||) is called 2-Normed space.
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Definition:-2.2 (convergent sequence) A sequence {X,}in a linear 2- normed space L is called a convergent sequence if
there is x € L such that
im0 llx, — x,y|| = 0 forall y eL.

Definition: 2.3 (Cauchy sequence in2-normed linear space) A sequence {Xx, }in a linear 2- normed space L is called a
Cauchy sequence if there is y, z € L such that y & z are linearly independent and the

limm,n—»oo“xm — Xn, }’|| = 0.
Definition: 2.4 A linear 2-normed space in which every Cauchy sequence is convergent is called 2-Banach space.
3 MAIN RESULTS:

Theorem: 3.1 Let F be a mapping of 2- Banach space x into itself, If F satisfies the following condition:

F 2o , Where [ is identity mapping

|x = Fx).allly = Fv). alllx = Fy).al + |x - y.allly - Fx).alllx - F(x).a]
[l = Fex) |+ |y = Fey),al|+]x - v al[]*

+ Bllx - Fex).al+ |y - Fy).d]]

+9llx = Fy).a] + |y - Fx).al]

+0[lx=y.al]

|Fx) - F(y).a|< a

for every x, ye X, where 0 < ¢fy0 <1 and 6a+4f +3y+ 6 < 2then F has a fixed point, Further
if 2y + 0) < 1then, F has a unique fixed point.

Proof: Suppose x is point in 2- Banach space X, Taking
1
Y=E(F+I)X, z=F(y) and u=2y-z

We obtain by hypostasis that

||Z—x,a||=“F(y)—F2(x),aH
=|F(y)-FF(x),a

|y = F () al|F (x) = FF (x), al|ly = FF (x), a

< ol FIy=F@a[F ) = F(y).ally - F (). 4|
[ls-F (allF - FF ol y=F (o.a]P

+ ﬁmy - F(y),a||+ ||F(x) — FF (x),a”]
+7lly = FF (x), a|+ |F (x) = F(y), al]
+ 5H|y - F(x),a”]

ly—F(y).a

||F(x) —-Xx,a

[y =xd|+]y - Fx).a

lly-F ().a+|F (x)-x.a]+

|F(x)=F(y).al|ly - F(y).4|
y=F(x.alP

<d|
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+ Blly = F(y).al|+ |F(x) - x.a]]
+7lly - xoal|+ |F ) - Py all
+ 5H|y — F(x),a”]

i 1
[y = F . all|F o = xa| [[F o = .l +

1 1
SIF GO = xal| S ) = x.aflly = F (). a]

lly-F (aft]x=y.a P

+ Blly = F(yyal|+ |F (x) - x.a]]
+7fly - xoa|+||F(x) =y + y = F(y), al]
+ §H|y — F(x),a”]

1 1 1
|y = F ), a[|F () = x, a| |[F () = x, al + Z|F () = x,a]| Z||F () = x,al|ly = F (3), o
<a 2 2 2

17 (»)=x.al
+ ,Bmy - F(y),a||+ ||F(x) - x,a”]
+7lly - xal+ |F )= yoa]+ [y - F (v, al]

1
+ ?me - F (x), a||]
Iy = F o). allF 0 = x.a] LF ) - x.a
# P = xal [P (= xeally = F (5.

L or-x.alf

+ Blly = Fyal|+[[F () - x,al]

1 1
+ y[5||1:(x> - a4 SF @) - xal+ [y - F. all}

+ %5[”x - F(x), a||]

= a2y~ F(y)a|+]y-F(y).all
+Blly=F.a]+]F - x.d]]
+7[[F ) = x.al+ [y = F (3]

+ 5%H|x - F(x), a”]
1
=Ba+p+yly-Fy).a|+ {/)’+ 7+§5}||F(x) —x,d|
Therefore
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2= x.a|<PBa+ B+ y]|y_p<y>,a||+[ﬁ+ 7/+%5}||F(x)—x,a”
Also,

|« ~x.of =[2y -z~ x.0]

y—F(x).d

]2

< ||x—F(x),a |y—F(y),a |x—F(y),a +||x—y,a
[”x—F(x),a +||y—F(y),a

+ Bl = F o al+ |y - F(y).all
vyl = Feyyal+ |y - F(x),all
+ 0

[l - v all]

|x—F(x),a

+||x—y,a

1
[ = F o). allly = F () al 5 [l = F(x). a]

1 1
+ E”x - F(x), a||§||x - F(x), a||||x - F(x), a”

[IF (x) = F (. al|]?

+ Bllx = F o all+ Iy = F(y) all

1 1 ]
. ybux - F o all+ - F oo, a

+ ;—é'mx - F (x), a”]

i 1
e = F o) allly = F () al S v = F (2. af

n 15||x - F(x), a||;—||x — F(x). al|x - F(x). a|

E”x - F ()c)”,a]Z

+ Bllx - Fxra|+ |y - F () all

+ 7”|x - F (x), a||]+ ;—é‘mx - F (x), a||]

= [2a+ﬁ]|y—F(y),a||+[a+ﬂ+ 7+%5}||X—F(x),a||

Now
|z = u.al| <[z —x.a]|+]x—u.al

1
[+ i+ y]|y_F(y>,a||+[/3+ y+55}||F<x) ]

1
+pa+ ﬁ]|y_F<y>,a||+[a+ n y+55}||x_m),a||

=[5a+2B+7]y-F(y).a|+[a+28+2y+5]x—F(x).d|
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Also,
|z =u.a|=[F(y) =2y +z.a|=2|F(y) - y.4]
2|F(y)-y.a|s[5a+28+ 7]y F(y).a|+[a+28+2y+8|x—F(x).d|

5 1 1 1
. ||F<y>_y,a||s[Em/nay}ny_F(y),a||+[§a+ﬁ+2y+55}||x_F(x),a"

== roals| 25— k- Fod

1-“a-p-~
2%7F 5

=[y=f (.| < glx=F0.d|

a
—+fB+y+—
where q= 2 5 27/<1
I-—a-p—-=
2 b 2
Since
6a+4p+3y+5<2
On taking

G :%(F+I)f0r every x € X

Hquo—GumA}ﬂcoo—%aW+%¢F+ny—%a

I
} =y =F(.a| < glx=Fx.4|

By definition of q we claim that {G" (x)} is a cauchy sequence in X. Therefore by the property of
compactnes s.{ G" (x)} converges to some element x in X

lim,,_,, G"(X) = Xo
= G(x0)=x0

= F(x,)=Xx,
i.e. x()is a fixed point of F

For uniqueness ,if possible let Y, (# x ) be another fixed point of F then

Jx0=0-a|=[F (o)~ F(vp)-a]

xo—F(x0),a

[-rerally, 7oy

<u “xo—F(xo),aHHyo—F(yO),a

+\

xO—F(yO),a

Xo~ Yyt

x()_yo’a yO_F(xO)’a’

1)

+ ,B[”xo— F(xo),a” +||yo— F(yo),a"]
+ ;/mxo —F(yo), a" + ||yo — F(xo), a||]+ 5H|xo = Y0.a

]
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= Blyo—F(yo).d]

+ 7ﬂ|xo—F(yo),a +||yo—F(xa),a ]+5H|xo— Y0,a ]

= }/mxo - F(yo),a” + ||yo - F(xo),a||]+ 5H|xo — yo.a ]

= }/mxo— Yo.a +||yo—xo,a ]+ 5H|xo— Yo.a ]

= 2y +8)[Jxo= yo.d]
since (2y + 0) <1, there fore ||xo - yo|| =0

= X0 = Y0
This completes the proof of theorem: 3.1
Now we prove the following theorem which generalize the theorem: 3.1

Theorem: 3.2
let K be closed and convex subset of a 2 - Banach space X. Let F:K — K, G : K — K satisfy
the conditions

F and G commutes 3.2.1)
F2=1Iand G2 =1, Where Iisdenotes the identity mapping 3.2.2)

G (x) = F (x), all|G () = F (y) al[G (x) = F (), a
+[|G (x)=.G (y). al||G (y) = F (x), al||G (x) = F (x), a|

|F (x) = F(y), a||< @
lllo o= # o alf lo - £ o al|+ flo -6 o al|F

+ BlIG (x) = F (x), a||+ |6 (») = F (), a]
+7lle ()= F(y). a||+ |G (y) = F(x), a]
+ 5”|G(x) -G (y), a”] (32.3)

For everyx, ye X, 0<«,f,0, y with 6a +4f +3y+ J < 2then there exit atleast one fixed point xp& X
suchthat F( xg )= G( xg )= x( -Further if (27 + 8)<1then x(is the unique fixed point of Fand G.

Proof: From (3.2.1) and (3.2.2) it follows that (FG)2 = [ and (3.2.2) and (3.2.3) implies

IFGG (x)~ FGG (y),a| = |FG* (x) - FG* (), 4]
i ||GG 2(x)- FG 2(x),a||||GG 2(y)= FG*(y), a"”GG 2(x)- FG 2(y),a||
+[6G* (-GG (1).4||GG (y) - FG* (x),a||GG > (x) - FG? (x). 4|

U\GG *(x) = FG*(x).d|+ |GG () - FG*(y).a|+ |GG (x) - GG 2(y),a|”2

+Bll66 (0 - FG* (0.d| + |66 () - FG* (3.4
+ 7“|GG2(X)— FG*(y).a|+|GG*(y)- FGz(x),a"]
+5|GG’ () -GG (y).4]
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| |G(x) - FG.G(x),d||G(y) - FG.G(y),d||G(x) - FG.G(y).d| |
+|G(x)-G(y),d||G(y) - FG.G(x),a||G(x) - FG.G(x).d

(G(x) = FG.G(x),a|+[G(y) = FGG(y).a| +G(x) = G(y), a|”2

+AlI6(x) - FG.G(x),d|+|G(y) ~ FG.G(y),d]
+f|G(x) - FG.G(y).d| +G(y) - FG.G(x).d]]
+0|G(x)-G().d|

Now we put
G(x) =z and G(y) = w then we get

" |z FG (2).a||w - FG (w), al||z = FG (w),a| |
+ ||z - w,a||||w - FG(2), a||||z - FG (2), a||
Iz - FG (2), a||+ |w = FG (w), a||+ ||z = w, a|P

|FG (2) = FG (w), a| <

+ Bl = FG (2), d||+ |w — FG (w), a]
+ }/Mz - FG(w), a||+ ||w - FG(2), a”]
R

Wehave( F G) 2 =landsoby theorem3.1, FGhasatleastonefixedpointsay »in K
(3.2.4)

i.e F(xp)=x(
andso F.(FGkg=F(xq)
G(xp) =F(xQ) Now. (3.25)
[F ) =00 = |[FGe) = F2(x0).4]
= |F(x) = FF(xo). 4]
|G(x0) = F(x).d||GF (x0) — FF (x). ]| G(x0) = FF(x(). ]
+|G(x0) —~ GF (x(). || GF (x) - F (x(). a]|G(xp) — F (x0). 4]

(660 - FCgd| +|[GF(xo)— FF(xg). | + [ Gxp)~ GF x|

]
]

+ﬂﬂ\G<xo)—F<x0>,c4 +|GRxp)~ FRx.d
+ ]G~ FRx).d|+|GRxp) - Fx).d
+8G(x)) ~GFx().d
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- G(x0)=F(x0)-alx0= x0.alllG( x0) = x0.4]
+|6(x0)-x0a|lxo= F(x0)al|G(x0)- F(xo )]

[lIG(x0)- F(x0)al|+ ||xo = xo.||+ |G x0)- xo,a||]2

+5 f”G(xO) - F(x()),a||+ Hx() - x(),am
+7[16 xo) = x0 4]+ [lx0 = F (x0), ]
+sl601- o]

IF(x0)=F(xq)allxo=xo-al[[F(x0 )= xo.4l
+||F(x0)-x0-al|llxo— F(xo ).a||F(x0)= F(xq).al

(17 x0 )= F(xo)all+ |lvo - xoall+ ||F( x0 )= xo.al|]’

+B[|F (x0) = F (x0)-al|+ |x0 - x0-a]]
+7 [IF (x0) = xo.a|+ lvo = F (x0). a]
+6 |F (x0) = x0-all

=27+ ) |F (x0) - x0.4|

since (2y+38)<1 it follows that F(x,)= x,
i,e. xo1s fixed point of F, but F(x,) = G(x,) there fore we have G(x,) = xo

i.e. xo is common fixed point of Fand G
Now we shall prove that x, is unique common fixed point of Fand G.If possible ,let y be

another fixed point of Fand G
Now from (3.2.1), (3.2.2), (3.2.3), (3.2.4)and (3.2.5) we have
Now from (3.2.1), (3.2.2), (3.2.3), (3.2.4)and (3.2.5) we have

lxo— y4-4] = HFz( x0)-F2( g ),aH

~Fr - PR
[GF o) = FF o). al| GF (3 ) = FF (y).d|GF (x0) = FF (3.
+|GF (x) =~ GF (y).d|GF (y ) = FF (). a|[|GF (x0) = FF (x0).4]

[IGF (x0)~ FF (xp). | +|GF (3 )~ FF (.| +]|GF (x0) - FF(yO),a||]2

+_,B|”GF(x0) ~ FF(x0).al +|GF (y )~ FF (yg).d]
+l6F (o)~ FFOg).d +[6F ()~ FF(xg).d]
+3|GF (x0)~GF (y).q

© 2011, RIPA. All Rights Reserved 122



'Ramakant Bhardwaj, B .R. Wadkar* and *Rajesh Shrivastava/ Some New Results in Topological space for Non-Symmetric
Rational Expression Concerning 2-Banach Space/RIPA- 1(5), August-2011, Page: 115-131

<al H-xO_xO’amyo_yo’aH-xo_yo’aH-'_‘xO_yo’amyo_xO’aHHXO_-XO’a‘
[].XO_XO’a]"'HyO_yo’a“"_‘XO_yo’a‘]z
+IBMXO_)C0’C"+H)’O_)’O’“”
+7/MXO_y0’a‘+Hyo_x0’aH]
+5nx0—yo,a”
=(27+5)"x0—)’0’a|
Therefore
"xo—yo,a S(2y+§)”x0—y0,a|

Since (27 +0) <1,it follows that x,=y,,proving the uniqueness of x,.

The proof of the theorem 3.2 is comleted.

Nowwe shall generalize theorem 3.2 by takin three non —contraction typemapping F, G &H in 2- Banach space.

Theorem - 3.3
Let F, G and H be three mappings of 2-Banach space X into itself such that

FG =GF,GH =HG and FH - HF

(3.3.1)
F2=1,G2=1,H2=1
Where I is identity mapping
(3.3.2)
|GH (x)— F(x),d||GH (y) - F(y),d|||GH (x) - F(y),a
[P -F < +|GH (x)~GH(y),d||GH(y)— F (x),a||GH (x) - F (x),a .
[||GH (x)— F (x),d||+||GH ()~ F(y).d||+||GH (x) - GH(y).d][]
= llGH) - F(x),a|+|GH(») - F(y).a]]
+lGH@) - F(y).a]+[GH () - F(x),a]]
+68]|GH (x) - GH(y),d]] .

for everyx, ye Xand 0< a,f,y,0,<1suchthat 6 +4f5 +3y+ 3 <2then F, G and H have atleast
one fixed point.Furt her if (2 + ) <1,then there exist unique fixed point of F, G and H.

Proof:
From (3.3.1) and (3.3.2) it follows that (FGH)2 = [, where [ is identity mapping.
From (3.3.2) and (3.3.3) ,we have
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|FGH.G(x)— FGH.G(y),d|| <

H(GH)ZG(x) - FGHG(x),d||(GH)2G(y) - FGHG(»),d||(GH)2G(x) - FGHG(y),a

+H(GH)2G(x)—(GH)2G(y),a (GH)2G(y) - FGHG(x),d||(GH)? G(x) - FGHG(x),a

+ +

}
}

}2

(GH)2 G(x)—FGHG(x),a

| —

‘(GH)ZG( y) = FGHG(y),a

\(GH)ZGm—(GH)zG(y),a

+ +

N

:H(GH)ZG(x) - FGHG(x),a

‘(GH)ZG( y)— FGHG(y),a

+ +

<

H(GH)ZG(x) —FGHG(y),a

‘(GH)ZG( y)— FGHG(x),a

}

|G (x) = FGHG (x), a||G (y) — FGHG (y),a|||G(x) — FGHG (y), 4|
+]G(x) - G(y).d||G(y) - FGHG (x), a||G (x) - FGHG (x),

QO I

+

H(GH)ZG(x>—<GH>ZG<y>,a

|FGH .G(x) - FGH .G(y).a|< &

IG(x) - FGHG (x). d||+ |G (y) - FGHG (y).a|+ |G (x) - G(y).a*

+|G(») ~ FGHG(y).d]]
+|G(y) - FGHG(x). d|

+ B|G(x) - FGHG(x),a

+1]G0-FGHG(y),a
+3]|G(x)~G(y),d]
If we put G(x) =z and G(y) = w, we get

|z FGH(2),d||w- FGH(w),d||z— FGH(w),d
+||z —-w, a||||w— FGH(z), a||||z —-FGH(2), a||

|FGH.(z)— FGH.(w),d| < 5
Iz - FGH(2)), d| +|w—- FGH(w), d| +]z—w, d]]

+ Bllz - FGH(2)), d| +|w— FGH(w), d|
+9]le- FGH(w), d +|w-FGH(z2),d]
+5ﬂ|z—w, a||]
If we FGH = N, we get
|z = N(2),al|w—N(w), ||z - N(w),a
+|z—w,d||w—N(2),a]||z - N(2),a
==~ @.al+ =N 6o + e~ wa]P

IN(2)=N(w).a| <«

+ ﬂmz - N(2), a" + ||w - N(w), a”]
+ Az = Now, af+ |w = N(2), 4]
+ 5[”2 —w, a||]
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Leth%(N+I)z, & Nw)y=s&t=2w—s
(3.34)
Now by (3.3.4), we have
Is =z a| =[N (w) - 2.4
=|Nw) = N?(2).
=|N(w)— NN (2).4|

Pw N (e af|N ()~ NN (2) - MwwawnwzwmawwwNwwwszMaq
[l = ¥ ow. ]+ [N 2 = NN @), al| + [l = N (2, ]
+ Bllw = Nw), a|| + [N (2) - NN (2), d]
+ ¥[|w = NN (2), |+ [N (2) = N(w), a]
+ mw - N(2), a||]
Sanw—waqu»wﬂwwwxw+w—N@LﬂW@»dWwwww—Nwmﬂ]
[Ibw = Now.al| + [N (2) - z.a] + [} = N 2. a]
+ Bllw = Nowy.a] + [N @) - z.d]]
+ 7/H|w -z, a" + ”N(Z) -w, a|| + +||w - N(w), a||]
+ 5|]|w - N(2), a"]

1
||w — N(w), a||||N(z) - z,a" E(N + I)z —-2),a

N(z)- N(% (N+1)2),a

+ %(NH)z—N(z),a [w—=N(w).d|

[l — N (w. | + [} - z.a]|]*

+,3Hw N(w), a||+||N(Z)—Z a"]

N(z)——(N+I z a

|

(N+I 7— 2,4 ||W N(W)a"}

+7/‘

|
A

N+I z—N(z) a

[l|vow) - z,a||]2
+ Blw = Nw).a| +|N(z)~ z.d]

" yBuN(n - al+ LN G- 2] |- N(w),a"}

+ 5[%||N(z) - z),aﬂ
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i 1
o~ N el N~ 2.al L[V 2.0

1 1
+-IN@ = 24| ING) = 2.l - N, d]

f

|HN(;(N+I)z—z,a

+ ﬁ[”w —N(w),a|+||N(2) -z, a||]
+7IN@ - 2).a] +|w- Nw).d]

v 5B||N<z) - z),aﬂ

1 1 1
=N, dl|N () = z.d] [N = 2).d]+ 2 [N(2) = 2).a] S [N @) = 2).alw = N )]

- o

o1

+ Blhw—Now.d] + [N () - z.d]
+7IVG) ~2).d] +w = Nw.d]
. (sB"N(z) -2, aﬂ
Sa{Zﬂw—N(w),a,H +Hw—N(w),aﬂ]
+ Aw—Nowyd +|N ()~ 2]
+AIN@) —z.d| +|w—Nw).d|

1
+55HN(Z) ~2.4

5
< @Ba+ f+p)|w—Nw).d|+(B+ }/+E)||N(z) ~z.d|
Therefore

Is— 2.l < Ga+ B+ Plw—Nowy.a| +(B+ y+§>||zv<z> 2
3.3.5)
Now,
|t-z.4] <[2w—s5—2z.4]

:HZ(%(N+I)z—s—z,a

=|N(@) +z-s-z4]
=IN@~s.d
=||N(z) - N(w).4|
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< Hz—N(z),a{ w—N(w),d z—N(w),a{ +Hz—w,a{ ‘w—N(z),d z—N(Z),d
(e~ Ny +w—Nowyd| + |z -]
+ A= N@).d| +|w—Now.d]

]

+“w—N(z),c4

+flz-Now).d
+dz-wd

=N allw=N(w.q

Z—N(%(N+I)Z),a

+

1
z——(N+1)z,a
2( )

%(N+I)z—N(z),a

=N (2).q]

[I¥ ()~ Nw.a]]]

+ﬂmz —N(Z),a" +||w—N(w),a||]
el
.

+

|

z—N(%(NH)Z,a %(N+I)z—N(z),a

z—%(NJrI)z,a

1 1 1
|z = N(z2),af|jw—N(w), a||5||z —N(2),d|+ 5”1 - N(z),a"E"z ~N(2),d||z— N(2).4]

<7

+ Bllz— N2y d|+|w-Now)|]
1 1
+ V[EHZ - N(z2),a|+ EHZ - N(z),aﬂ

+93ke= N

= al2w - N(w).d|+ |z = N(2).4]]
+ Bllw = Now.d]+ |z = N (2).d]]
+7e - N(2).4]

" 5%"1 ~ N ().
1
=Qa+ p)w-Nw),a|+ @+ B+ 7+55)||z ~N(2).4|

Now
|s—2.a]<|ls—z.q +]z~1.4|

Therefore from (3.3.5) &(3.3.6), we have,
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Is—t.al< Gart B+ Plhv=No.dl+ 8+ 7+ N -2

+Qa+ f)|w-N(w).d

+(a+ B+ 7/+%§)"Z—N(Z),a

<Ga+2f+p|w-Nw),d|+@+28+2y+8)|z—N(z).4|

(3.3.7)
=[Nw)—Q2w—s).4]

=[N(w)-2w +N(w),a
= 2||N(w) —-w,a

||s -t,a

Putting all these in inequality (3.3.7), we get,

Nw) -w,a

+(@+2f+2y+0)|z—N(2).a

<Sa+2f+y)|w-N(w).a

< (§a+ ,B+g)||w—N(w),a

:>||N(w)—w,a +(%0!+,B+ 7/+%§)||z—N(Z),a

<g|z—N(2).a

= ||N(w) -w,a

1a+ﬁ+y+;§

where q = 2 5 ¥ <1
I-—a-p-=
2 p 2
since5a+4L+3y+5<2

. 1
ontaking G = E(N + I) then for any z €X

= ||G(w) -w,da

l62()-G(2).a

1
:HE(N+I)w—w,a

:%"N(w)—w,a

< %”z —N(2),a

By definition of q we claim that {G"(x)} is a Cauchy sequence in X. By compactness, {G"(x)} converges to some
element X, in X.

ie. lim,,_,., G™(x) = X,
=> G(xg) = X

Hence N(xg) = x,

Or FGH (x,) = x, because N=FGH (3.3.8)
And so GH(FGH)(xo) = GH (x,)

or F(x,) = GH(x,) (3.3.9)
Also H(FGH)(xo) = (%)

FG(xo) = H(xo) (3.3.10)
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Now using (1),(2),(3),and (3.3.8),( 3.3.9) &(3.3.10), we have

|H (x0) = x0-

=[G~ F2 (.

=|FG(xp)— F(F(xo)).a
|GHG (x0) = FG(x0).a|||GHF (xo) = FF (x0).a|||GHG(x0) = FG(xo).4]
+|GHG (xy) = GHF (xo).d|||GHF (x) = FG(x). a||GHG (x) = FG (x,). d

[IGHG (x0) — FG(x0). ||+ |GHF (xo) - FF (xo),d|| +|| GHG (xo) - GHF (xo),a]*

+ BlIGHG (x0) = FG (xo). a|| + |GHF (x0) = FF (xo).d]]
+ Y|GHG (xo) = FF (x0). || +|GHF (x,) = FG (xo). d]]
+ 0|[|GHG (x0) - GHF (x). 4]

=Qy+0)|H(xp) - x0.a

Hence  |[H (x0) = x0.a|< (27 + &)||H (x0) - x0. 4|
since (2y +0) < 1,it follows that H (x0) = xo ie xqis the fixed point of H.
Thus we have from (3.3.9) ,G(xg) = F(xq)

Again

- |Fx0)- F2xo).a

=|F(x0) - FF(x0).q]

|F(x0)-x0.a

IGH (x0) - F(x).a|||GHF (x0) = FF (x¢).a|||GH (x¢) = FF (x).a]
+|GH (x ) -~ GHF (x0).a|||GHF (x) - F (x0). a|||GH (x0) = F (x). a

lll6H (x0) - F(x0).al|+ ||6H (x0) - FF (x).al|+||GH (x0) - GHF (x ). al|]

fa

+B[|IGH (x0) ~ F (xo). al|+ ||GHF (xo) - FF (x0).al[]
+7[||GH (x0) = FF (x0).a||+ ||[GHF (x¢) - F (x0)-a]|]
+3[||GH (x0) - GHF (x().4a||]

|F(x0) = F(xo)alllxo = x0-4[|F (x0) = x0-4]
+|F(x0)—x0-4||x0— F(x0)-af||F (x0) = F(x ). 4

1 (x0 - Fx -l + [k o = x0-a| + [F(x0) = x0-a[

+ BlIF ) - Fxo). | +|xo ~ x0-4]]
+/IF o) = x0. 4|+ |xo - F(x). a]
+8[|F (x0) = x0-al]

=2y +0|F(x0) - x0.4|

|IF (x0)—x0.4| < @y+8)|F(x0)—x0.4|
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which is contradiction ,since (2 + d) < 1. Hence it follows that :
F(xo) = xg

But F( xo) = G( xo)

Therefore F(xy) = G(x5) = x,

i.e. X is the common fixed point of F ,G and H . Now to conform the uniqueness of x, let y, be another common
fixed point of F ,G & H using (1),(2),(3) and (A),(B),(C) we get,

[x0=yo-4]= ”F2 (x0) = F* (), a”
=[|FF (x0) ~ FF(y,).d|
=|F(F(x0)) = F(F(y,)).d|

|GHF (x0) = FF (xo),d||GHF (y,) = FF (y,),al|GHF (x0)= FF (y,).4]
+|GHF (xo) — GHF (y,),d|||GHF (y,) — FF (xo).a||GHF (x,) = FF (xo).a

mGHF(xO) — FF (xo).a||+||GHF (y,) - FF (y,).d||+||GHF (xo) - GHF ( yo),a||]z

+ BlGHF (x0) - FF (xo), |+ |GHF (y,) - FF (y,). 4]
+ Y| GHF (x0) — FF (y,).d|+|GHF (y,) - FF (xy), 4]
+ 8|GHF (x)) — GHF (y,). 4|

||x° ~ Xo» a||||y0 - yO’a"")CO - yo,a”

+lxo = yo-aflyo =20l = x0. 4]

T T T

+ﬂH|XO_X0’a||+||y0_yO’a"]
+ o= yo-al 4y~ x0-]
+§u|x0— Vo @ ]
=27+ 6)|xo— yo.]

Therefore
o= yo ] < 27+ S0 = yo.4]

Which is contradiction, since (27 +6) <1

Hence it follow that x, = Y, , proving the uniqueness of x; -

This completes the proof of the theorem 3.3
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