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ABSTRACT

In the present paper few finite integrals involving products of multivariable Jacobi polynomial and H function of
several variables of generalized arguments have been evaluated. These integrals have been utilized to established the
expansion formula for H[Z3, Z,...,Z,] function in series involving product of multivariable Jacobi polynomials since H
function of multivariable quite general function in nature. On specializing the parameters of the function involved in
results many new as well as known relations may be obtained as particular case.

Key words: Multivariable Jacobi Polynomials.

1. INTRODUCTION

The classical Jacobi polynomial for one variable may be defined as [1; equation (1), p. 254]

PR (x)= (dL+a), clx)” 2F, (— nl+o+pB+n;l+ a;l—Tx] (1.11)
n!

Two variable, three variable and multivariable Jacobi polynomial defined by Shrivastava [2, equ. (1.3) (1.5) (1.7) pg
159-161] in the following manner

-n;l+o, +B, +Ml+a, +B, +n;

Pn(alvﬁl;az’ﬁz) (X11X2)2(1+ Otl)n(lz-l' (Xz)n 3|:2 1-x. 1—-X
(nY) 1+o,1+0,; 2 = ™1
2 2
(1.12)
Pn(%xﬁhuzﬁz?asvﬁs) (X1’X2!X2): (1+a’1)n (1+O(‘§)n(1+a3)n
(n!)
-, === 1+a,+B,+n; 1+a, +B, +nl+o, +B, +n;
F(3) _ _ _
—==l+a, 1+a,; 1+a,; 1% J1=X, ) 1=,
2 2 2
(1.13)
. P (1+a
P(alvﬁll"'!aprﬁp) X, X )= p/n
n ( 1 p) 1:!: (n!)P
—n;1+ocp+Bp+n;...;1+al+Bl+n; (1.14)
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Function F in R.H.S. of equation (1.12) (1.13) (1.14) represents Apples function for two variable, Hypergeometric
function for three variables and Kample de fernet for multivariable.

(2, 1[S;T]

H[Z,,Z,,..Z,] = H Yo

A,B{A,; B}

' Z, ] _(aj;a('i)."';a('r) )l,A (C?)’ E?))lA

i j A,

— H ONAMLNGM, Ny M, N )
A.B{A;.B:A, By A,

Zr ( (I) B(r) )1B (dgi)’S?))ls

Br

j je(s S)H{ (S,)Z5 ds, } (1.21)

(2
where (0:\/—_1
S= (a a;’. Oﬁgr))m (1.22)
T= (CE” , EE” )l.A, (1.24)
s=(b J’B?)'“Bgr))l.B (1.25)
T=(d?, 5(')) (1.26)
N r
Hr(l—aﬁz(xjsij
0(S,..S,)=— = !
];[l (0{ Za(')S ]HF(l b, +Zﬂ S, j
J=N+ i=
M; ) ) N; ) )
rdt -o"Ss. ri—-c” +gts.
[[r@P-s0s [[ra-c +EPs,)
4, (Si): :3?1 = A (1.27)
[ rl-¢p-50s)[Trlcy -£P's)
i=M;+1 j=N+1

i denotes the no of dashes for example b’ = b', b® =b" .. etc.

For the expansion of multivariable H function and restriction of parameters see the research paper of Saxena,
Shrivastava and Panda [ 3, pg. 271, equ.(4.1)]. In this research paper we will use the following result [4, pg 58]

1

H ..... TTTIO6GY™ @)% (@t ) JPestoeetd (¢, x Yok, X X,
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1| (D™2 Ty (e, +n+1)r(o, - B, +1r (o, +1)
_(n!)rH To, -8, -n+1llo, +a, +n+2)

p=1

r

[1¢-4) (0, -5, +1);]L_[(ap +1)

H(Jp - B, —n+1)1L[(ap +a, +n+2) 2"

p=1

(1.28)
1

H ..... TTTI06) @=x, ) @ x, )7 [P (x, . x, Y dx, dx,

-1-1 -1 p=1

Third Integral

ﬁ ..... j{]‘[ [, )@= %) 1+ x,)" ]}
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p=1 p=1
(1.29)
2. In this section we evaluate multivariable H function consisting four product of Jacobi function

We will use this integral in the expansion of H [Z;...... Z]

ﬁ ..... j{]‘[ [x,) (1-x)" @+ x,)” ]}

p=1
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p=1 p=1 p=1 (2.1)

r r r
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Integral (2.1) is valid under the restriction of
Re (L)>-1,

Re((li)>-1,
Qmn.
Z|>—1
|arg ,|> )

Re (citp; §5)> 0,

Re (Ai-y; &)>0

r r

i d; -
where &= 0 | Rel —- || Vi, j=1..r
=t 8j

where all p; p,  w are positive and are not equal to zero.

Second integral
11 1

[ j{r'[[(xp)%(1—xp)%(1+xp)“p]}

11 -1 p=l

1 3 M 1

3 1
() |ea

p=1 p=1

Z, 251 (Bp+n—0p—kp;8p),

p=1 p=1

Integral (2.2) is valid under the restriction of
Re (O(,i) >1,

Q.
larg Z,| >T',

Re (Ai-y; &) >0,

Re (oity )> 0,

r

roo d’
where (:j:zmm Re 6—: Vi, j=1.r
i1

1<m,
i

where all 3, 5, .8, are positive and are not equal to zero.
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1 - np p,ﬁ-ﬂ,ﬁ-% N 2kp O,N;my,n +3;m, Ny +3;..m, 0, +3;
— NSy, +3imy 0y 435 o +3;
- H (_1) 2 1—1(ﬂp +n+1 Z H AB;A+3,B+3;...;A +3,B,+3

()" |5 & (k,)!
zZ, 2% H(‘ﬂ’p + kp;/“p)'l_!(ﬂp 0 _kp;ap)’n(_pp _kp;ap)
p= p= p=
Z 251 . - . - .
r 2 H(_’lp’lup)'H(_pp ta, +n_kp'5p)'H(_pp _ﬂp _n_kp _1’pp)
p=1 p=1 p=1 -
(2.3
Integral (2.3) is valid under the following restrictions of:
Re (A)>-1,
Re (B;) >-1,
Q.
argZ.|>—+
| g '| 2
Re (pitd;, §)> 0,
Re (Ai-w;, &)>0
where QzZE{L Rel = || Vi j=1.r
= 6]
where all w; w,, . prand 85, 6, . O, are positive and are not equal to zero.
Fourth Integral
11 1y N 5
[ I{H[(xp) C(L-x,)" A+x,)" ]}
-1-1 -1 p=l
1-x, )" 1-x "
plevhi-iecb)(y x YH| Z,x! (—1J ....... erff( ’ J dx,.dx,...dx,
Xl r
_ 1 lL[ (_1)np 2pp+ﬂp+% F(,B +n+1 i “ O,N;my,my+3;m, Ny +3;..5m, 0, +3;
(n!)r p:1 p kp=0 (kp)! A,B;A1+3,Bl+3:...:AT+3,Br+3
Z, 2™ H(}“p _kp;ﬂp)’n(ﬂp P _kp;/"p)’l_!(_pp _kp;lup)
p= p= p=
Z 24 . : . : .
2 H(_’lp —1,,Up)1H(—,0p th+a, _kp’lup)’H(_pp =By _n_kp _1’/up)
p=1 p=1 p=! .
(2.9)
Integral (2.4) is valid under the following restrictions of:
Re (L)>1,
Re (B;) >-1,
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Qmn.
argZ.|>——
| g || 2
Re(pity; & )>0,
Re (Ai-p; §)>0

where &, => " | Re 8—: Vi, j=1.r

-1 i

—

where all p; p,, . prare positive and are not equal to zero.

Proof: To establish (2.1), expressing the multivariable H function on L.H.S. as Mellin Barnes Contour Integral (1.21)
and then change the order of integration. This change will be valid under the given restriction and this change will be
absolutely convergent. We get the following result

(27c03) Gray i) I (nl) {H[d)(S)Z]ds}

L, L, i=1
{J‘—ll-"—llfll:l[ [(Xp)kpfupsp . (1_ Xp)ap .(1_'_ Xp)cp+up8p ]Pnailﬁi o0y By (lexr) dxl.dXZ...er}

Evaluate the inner integral with the help of (1.28) we get the following result

(27z'a)) ” I {H[¢(S)Z ds, ]}

1
f ()" 2" (o, +n+ D) D(o, + 1., — B, +DI (o, + 1,8, +1)
Lo, +u,S, =B, —n+)l'(c, + u,S, +a, +n+2)

p=1

H( Ay +14,S8,); H(a + 4, p—ﬂp+1);f[(ap+ypsp+1);

R, "t

372 r
[, +u,S,-5, —n+1);1_[(ap + 41,8, +a, +n+2);2"
p=1 p=1

Now we represent the hypergeometric function into series and addition and integration [4, p 176 (75)] which is valid
under the given restriction (2.1). At last using the definition of multivariable H which is defined in (1.21) we get the
result (2.1).

EXPANSION

The objective of this section is to apply the result of (2.1) to (2.4) then to express it in form H [Z;... Zr;] and
established four expansion formulas

First expansion

1+x )" 1+x )"
H[(x) A-x,)% } H zl[ j z[ - j

p=1 r

-l (22

n1+3 my, Ny +3;...;m,,n, +3;
+3,B,+3;...;A, +3,B, +3

X
ﬂ S Wra, + B, +) A+ a, + f, +21) ()"

P(alﬂl e ﬂr)(x1 X
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2
Z, 2% ha p-1 p=1

Zr 2&} r - r ] r )
H(]”L/ip"up)’n(_l_o-p _kp'ﬂp)’H(l_Gp _kp"up)

p=1 p=1 p=1
Expansion (3.1) which is valid under the given restriction of (2.1) is also satisfied.

Second expansion

ﬁ[(xp)ip.(lJr xp)""} H [lef‘l (L+%)™ 0 Z %" (14X, )5}

={H{2 (i%](l)'“} S (Ura,+ 8, +)A+a, + 4, +2|)}

p=1 kp=0

(g, fBrsesoe fBr) O,N;my,n +3;my, Ny +3;...;m, N +3;
PI ' (X:LXr) HA,B;Al+3,lBl+3;.2..;,§,+3,B,+3

r

ﬁ(_ﬂp;ﬂp)’ﬁ(_o_p_kp;ép)’ (_kp_ap_'gp;§p)

o
Zl 2 ! p=1 p=1 p=1

(1+/1p_kp;ﬂp)’H(_kp_ap;'up)’H(o-p“Lﬂp_kp;'up)

Zr 25, r r r
[T(k =252, ). T T(1-0, = kpi8,) [ [(1-1-2-p,:5,)

p=1 p=1 p=l |

Expansion (3.2) which is valid under the given restriction of (2.2) is also satisfied.

Third expansion

ﬁ[(xp)ip.(l— xp)p”] H [lel”l (1-%)".Zx (1%, )5}

{ﬁ{zpp (i%}(—l)'“} g(1+ap + B, )+ a,+ B, +2|)}

p=1 kp=0
(o, By5iee  By) O,N;my,ny +3;my Ny +3;..m, N, +3;
peshi-ia ) (x x ) H .

r

zZ, 2% p=1 p=1 p=1

Zr 25, r r r
(kp_/lp;lup)’ (I_pp_kp;é‘p)’ (1_ap_ﬁp_|_kp_pp;5p)

p=1 p=1 p=1

Expansion (3.3) which is valid under the given restriction of (2.3) is also satisfied.
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Fourth expansion

r

[Tl @) ] H Zl(l_Tlez(l;xj

p=1 r
r © Kp 0
=117l 2" 22— (-1)" > Ata,+p,+1)1+a,+ B, +21)
b1 o0 (kp)! =0
REA (XX ) HRgR e i s
5 H(1+’1p_kp;ﬂp)'H(le_kp;ﬂp)’H(perap_kp;'up)
Zl 2% p= p=1 p=1 (3.4)
Zr 25r r r r
(1+ﬂp;lup)’ (1_kp_pp;lup)’ (1_pp_kp_ﬂp_l;lup)
p=1 p=1 p=1 _

Proof: To establish (3.1) let

r , 1 H 1 i Hr s ; .
[Ty a-x)>] H ZL%j Z[ ;Xj = 3 m, RO x )
p=1 r 1=0

(3.5)
r
where m, is a constant. For finding this we muItipIyH[(l— Xp)a".(l+ Xp)ﬂ"} on both sides of the equation (3.5)
p=1

and then integrate in the limit —I to +I. Lastly in the left side result (2.1) is recalculated and on right side orthogonal
property of Jacobi polynomial is applied to get the desired result [5, pg 285(5) and (9)]
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