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ABSTRACT 
The aim of this paper is to obtain coincidence point and common fixed point for three mappings satisfying generalized 
contractive conditions in a cone metric spaces.  Our results generalize some well-known recent results in the literature.  
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1. INTRODUCTION 
 
Huang and Zhang [1] generalized the notion of metric space by replacing the set of real numbers by ordered Banach 
space and defined cone metric space and extended Banach type fixed point theorems for contractive type mappings.  
Subsequently, some other authors [4, 5, 6] studied properties of cone metric spaces and fixed point results of mappings 
satisfying contractive type condition in cone metric spaces. Recently, Stojan Redenovic [3] has obtained coincidence 
point results for two mappings in cone metric spaces which satisfies new contractive conditions. The same concept was 
further extended by M. Rangamma and K. Prudhvi [6] and proved coincidence point results and common fixed point 
results for three maps. 

 
The purpose of this paper to extend and generalize the results of [3] and [6]. 
 
First, we recall basic definitions and known results of cone metric spaces that are needed in the sequel. 

 
Definition: 1.1[1] Let 𝐸𝐸 be a real Banach space and 𝑃𝑃 be a subset of 𝐸𝐸. The set 𝑃𝑃 is called a cone if and only if 
i) 𝑃𝑃 is closed, non-empty and 𝑃𝑃 ≠ {0}; 
ii) 𝑎𝑎, 𝑏𝑏 ∈ R, 𝑎𝑎, 𝑏𝑏 ≥ 0,  𝑥𝑥,𝑦𝑦 ∈ 𝑃𝑃 ⇒ 𝑎𝑎𝑥𝑥 + 𝑏𝑏𝑦𝑦 ∈ 𝑃𝑃;  
iii) 𝑥𝑥 ∈ 𝑃𝑃 and  −𝑥𝑥 ∈ 𝑃𝑃 ⇒ 𝑥𝑥 = 0. 
 
For a given cone 𝑃𝑃 ⊂ 𝐸𝐸, we can define a partial ordering ≤ on 𝐸𝐸  with respect to 𝑃𝑃 by  𝑥𝑥 ≤ 𝑦𝑦 if and only if  𝑦𝑦 − 𝑥𝑥 ∈ 𝑃𝑃.  
We will write  𝑥𝑥 < 𝑦𝑦 if 𝑥𝑥 ≤ 𝑦𝑦 and 𝑥𝑥 ≠ 𝑦𝑦, while 𝑥𝑥 ≪ 𝑦𝑦  will stand for 𝑦𝑦 − 𝑥𝑥 ∈ 𝑖𝑖𝑖𝑖𝑖𝑖 𝑃𝑃, where 𝑖𝑖𝑖𝑖𝑖𝑖 𝑃𝑃  denotes the interior 
of  𝑃𝑃. 
 
The cone 𝑃𝑃 is called normal if there is a number 𝐾𝐾 ≥ 1 such that for all 𝑥𝑥,𝑦𝑦 ∈ 𝐸𝐸: 
 
 0 ≤ 𝑥𝑥 ≤ 𝑦𝑦 ⇒ ‖𝑥𝑥‖ ≤ 𝐾𝐾‖𝑦𝑦‖                                                                                                                                        (1.1.1) 
 
The least number 𝐾𝐾 ≥ 1 satisfying (1.1.1) is called the normal constant of 𝑃𝑃. 
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In the following we always suppose that 𝐸𝐸 is a real Banach space and 𝑃𝑃 is an order cone in 𝐸𝐸 with 𝑖𝑖𝑖𝑖𝑖𝑖 𝑃𝑃 ≠ ∅ and ≤ is 
the partial ordering with respect to 𝑃𝑃. 
 
Definition: 1.2 Let X be a non-empty set. Suppose that the mapping  𝑑𝑑:𝑋𝑋 × 𝑋𝑋 → 𝐸𝐸 satisfies   
(i) 0 ≤ 𝑑𝑑(𝑥𝑥,𝑦𝑦) for all 𝑥𝑥,𝑦𝑦 ∈ 𝑋𝑋, and 𝑑𝑑(𝑥𝑥,𝑦𝑦) = 0 if and only if  𝑥𝑥 = 𝑦𝑦; 
(ii) 𝑑𝑑(𝑥𝑥,𝑦𝑦) = 𝑑𝑑(𝑦𝑦, 𝑥𝑥)  for all 𝑥𝑥,𝑦𝑦 ∈ 𝑋𝑋; 
(iii) 𝑑𝑑(𝑥𝑥,𝑦𝑦) ≤ 𝑑𝑑(𝑥𝑥, 𝑧𝑧) + 𝑑𝑑(𝑧𝑧,𝑦𝑦) for all 𝑥𝑥,𝑦𝑦, 𝑧𝑧 ∈ 𝑋𝑋. 
 
Then 𝑑𝑑 is called a cone metric on 𝑋𝑋, and (𝑋𝑋,𝑑𝑑) is called a cone metric space. 
 
Example: 1.3 Let 𝐸𝐸 = 𝑅𝑅2,𝑃𝑃 = {(𝑥𝑥,𝑦𝑦) ∈ 𝐸𝐸: 𝑥𝑥,𝑦𝑦 ≥ 0} ⊂ 𝑅𝑅2,𝑋𝑋 = 𝑅𝑅 and 𝑑𝑑:𝑋𝑋 × 𝑋𝑋 → 𝐸𝐸 such that  
𝑑𝑑(𝑥𝑥,𝑦𝑦) = (|𝑥𝑥 − 𝑦𝑦|,∝|𝑥𝑥 − 𝑦𝑦|), where ∝≥ 0 is a constant.  Then (𝑋𝑋,𝑑𝑑) is a cone metric space. 
 
Definition: 1.4 Let (𝑋𝑋,𝑑𝑑) be a cone metric space.  We say that  {𝑥𝑥𝑖𝑖 } is  
i) a convergent sequence if for any 0 ≪ 𝑐𝑐, there is an N such that for all 𝑖𝑖 > 𝑁𝑁,𝑑𝑑(𝑥𝑥𝑖𝑖 , 𝑥𝑥) ≪ 𝑐𝑐, for some fixed 𝑥𝑥 in 𝑋𝑋. 

we denote this 𝑥𝑥𝑖𝑖 → 𝑥𝑥(𝑖𝑖 → ∞); 
ii) a Cauchy sequence if for every 𝑐𝑐 ∈ 𝐸𝐸 with 0≪ 𝑐𝑐, there is N such that for all 𝑖𝑖,𝑚𝑚 > 𝑁𝑁,𝑑𝑑(𝑥𝑥𝑖𝑖 , 𝑥𝑥𝑚𝑚 ) ≪ 𝑐𝑐. 
 
A cone metric space 𝑋𝑋 is said to be complete if every Cauchy sequence in 𝑋𝑋 is convergent in 𝑋𝑋.  It is known that {𝑥𝑥𝑖𝑖 } is 
converges to 𝑥𝑥 if and only if ‖𝑑𝑑(𝑥𝑥𝑖𝑖 , 𝑥𝑥)‖ → 0 as 𝑖𝑖 → ∞. 
 
Definition: 1.5 Let 𝑓𝑓,𝑔𝑔:𝑋𝑋 → 𝑋𝑋. Then the pair (𝑓𝑓,𝑔𝑔) is said to be (IT)-commuting at 𝑧𝑧 ∈ 𝑋𝑋 if 𝑓𝑓�𝑔𝑔(𝑧𝑧)� = 𝑔𝑔(𝑓𝑓(𝑧𝑧)) with 
𝑓𝑓(𝑧𝑧) = 𝑔𝑔(𝑧𝑧). 
 
Definition: 1.6 For the mapping  𝑓𝑓,𝑔𝑔:𝑋𝑋 → 𝑋𝑋, let 𝑐𝑐(𝑓𝑓,𝑔𝑔) denotes set of coincidence points of 𝑓𝑓,𝑔𝑔 that is 
𝑐𝑐(𝑓𝑓,𝑔𝑔) = {𝑧𝑧 ∈ 𝑋𝑋: 𝑓𝑓𝑧𝑧 = 𝑔𝑔𝑧𝑧}. 
 
Lemma: 1.7[1] Let (𝑋𝑋,𝑑𝑑) be a cone metric space, and let 𝑃𝑃 be a normal cone with normal constant 𝐾𝐾. Let {𝑥𝑥𝑖𝑖} be a 
sequence in 𝑋𝑋.   Then 
i) {𝑥𝑥𝑖𝑖 } converges to 𝑥𝑥 if and only if  𝑑𝑑(𝑥𝑥𝑖𝑖 , 𝑥𝑥) → 0 as  (𝑖𝑖 → ∞). 
ii) {𝑥𝑥𝑖𝑖 } is a Cauchy sequence if and only if  𝑑𝑑(𝑥𝑥𝑖𝑖 , 𝑥𝑥𝑚𝑚 ) → 0 as  (𝑖𝑖,𝑚𝑚 → ∞). 
  
2. MAIN RESULT 
 
In this section we obtain coincidence points and common fixed point theorems for three maps in cone metric spaces. 
 
The following theorem extends and improves Theorem 2.1 of [6]. 
 
Theorem: 2.1 Let (𝑋𝑋,𝑑𝑑) be a cone metric space and 𝑃𝑃 a normal cone with normal constant L. Suppose that the self 
maps 𝐸𝐸,𝐹𝐹,𝑇𝑇 on 𝑋𝑋 satisfy the condition        
                            
𝑑𝑑(𝐸𝐸𝑥𝑥,𝐹𝐹𝑦𝑦) ≤ 𝑐𝑐1𝑑𝑑(𝑇𝑇𝑥𝑥,𝑇𝑇𝑦𝑦) + 𝑐𝑐2𝑑𝑑(𝑇𝑇𝑥𝑥,𝐸𝐸𝑥𝑥) + 𝑐𝑐3𝑑𝑑(𝑇𝑇𝑥𝑥,𝐹𝐹𝑦𝑦) + 𝑐𝑐4𝑑𝑑(𝑇𝑇𝑦𝑦,𝐹𝐹𝑦𝑦)+𝑐𝑐5𝑑𝑑(𝑇𝑇𝑦𝑦,𝐸𝐸𝑥𝑥)                                         (2.1.1) 
 
where 𝑐𝑐1, 𝑐𝑐2, 𝑐𝑐3, 𝑐𝑐4 𝑎𝑎𝑖𝑖𝑑𝑑 𝑐𝑐5 are non-negative reals with 𝑐𝑐1 + 𝑐𝑐2 + 𝑐𝑐3 + 𝑐𝑐4 + 𝑐𝑐5 < 1. If 𝐸𝐸(𝑋𝑋) ∪ 𝐹𝐹(𝑋𝑋) ⊆ 𝑇𝑇(𝑋𝑋) and 𝑇𝑇(𝑋𝑋) is 
a complete subspace of 𝑋𝑋. Then the maps E,F and 𝑇𝑇 have a coincidence point 𝑝𝑝 in 𝑋𝑋.  Moreover, if (E,T) and (F,T) are 
(IT)-commuting at p, then E,F and T have a unique common fixed point. 
 
Proof: Suppose 𝑥𝑥𝑜𝑜  is an arbitrary point of 𝑋𝑋  and define the sequence {𝑦𝑦𝑖𝑖 } in 𝑋𝑋 such that  
 
𝑦𝑦2𝑖𝑖 = 𝐸𝐸𝑥𝑥2𝑖𝑖 = 𝑇𝑇𝑥𝑥2𝑖𝑖+1 𝑎𝑎𝑖𝑖𝑑𝑑 
 
𝑦𝑦2𝑖𝑖+1 = 𝐹𝐹𝑥𝑥2𝑖𝑖+1 = 𝑇𝑇𝑥𝑥2𝑖𝑖+2 
 
 for all 𝑖𝑖 = 0,1,2, ….  By (2.1.1), we have 
 
𝑑𝑑(𝑦𝑦2𝑖𝑖 ,𝑦𝑦2𝑖𝑖+1) = 𝑑𝑑(𝐸𝐸𝑥𝑥2𝑖𝑖 ,𝐹𝐹𝑥𝑥2𝑖𝑖+1) 
 
                       ≤ 𝑐𝑐1𝑑𝑑(𝑇𝑇𝑥𝑥2𝑖𝑖 ,𝑇𝑇𝑥𝑥2𝑖𝑖+1) + 𝑐𝑐2𝑑𝑑(𝑇𝑇𝑥𝑥2𝑖𝑖 ,𝐸𝐸𝑥𝑥2𝑖𝑖) + 𝑐𝑐3𝑑𝑑(𝑇𝑇𝑥𝑥2𝑖𝑖 ,𝐹𝐹𝑥𝑥2𝑖𝑖+1) + 𝑐𝑐4𝑑𝑑(𝑇𝑇𝑥𝑥2𝑖𝑖+1,𝐹𝐹𝑥𝑥2𝑖𝑖+1) 
                            +𝑐𝑐5𝑑𝑑(𝑇𝑇𝑥𝑥2𝑖𝑖+1,𝐸𝐸𝑥𝑥2𝑖𝑖) 
 

≤ 𝑐𝑐1𝑑𝑑(𝐹𝐹𝑥𝑥2𝑖𝑖−1,𝐸𝐸𝑥𝑥2𝑖𝑖) + 𝑐𝑐2𝑑𝑑(𝐹𝐹𝑥𝑥2𝑖𝑖−1,𝐸𝐸𝑥𝑥2𝑖𝑖) + 𝑐𝑐3𝑑𝑑(𝐹𝐹𝑥𝑥2𝑖𝑖−1,𝐹𝐹𝑥𝑥2𝑖𝑖+1) + 𝑐𝑐4𝑑𝑑(𝐸𝐸𝑥𝑥2𝑖𝑖 ,𝐹𝐹𝑥𝑥2𝑖𝑖+1) 
                           +𝑐𝑐5𝑑𝑑(𝐸𝐸𝑥𝑥2𝑖𝑖 ,𝐸𝐸𝑥𝑥2𝑖𝑖) 
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                       ≤ 𝑐𝑐1𝑑𝑑(𝐹𝐹𝑥𝑥2𝑖𝑖−1,𝐸𝐸𝑥𝑥2𝑖𝑖) + 𝑐𝑐2𝑑𝑑(𝐹𝐹𝑥𝑥2𝑖𝑖−1,𝐸𝐸𝑥𝑥2𝑖𝑖) + 𝑐𝑐3[𝑑𝑑(𝐹𝐹𝑥𝑥2𝑖𝑖−1,𝐸𝐸𝑥𝑥2𝑖𝑖) + 𝑑𝑑(𝐸𝐸𝑥𝑥2𝑖𝑖 ,𝐹𝐹𝑥𝑥2𝑖𝑖+1)] 
                          +𝑐𝑐4𝑑𝑑(𝐸𝐸𝑥𝑥2𝑖𝑖 ,𝐹𝐹𝑥𝑥2𝑖𝑖+1) 
 
𝑑𝑑(𝑦𝑦2𝑖𝑖 ,𝑦𝑦2𝑖𝑖+1) ≤ (𝑐𝑐1 + 𝑐𝑐2 + 𝑐𝑐3)𝑑𝑑(𝐹𝐹𝑥𝑥2𝑖𝑖−1,𝐸𝐸𝑥𝑥2𝑖𝑖) + (𝑐𝑐3 + 𝑐𝑐4)𝑑𝑑(𝑦𝑦2𝑖𝑖 ,𝑦𝑦2𝑖𝑖+1) 
  

𝑑𝑑(𝑦𝑦2𝑖𝑖 ,𝑦𝑦2𝑖𝑖+1) ≤
(𝑐𝑐1 + 𝑐𝑐2 + 𝑐𝑐3)
(1 − 𝑐𝑐3 − 𝑐𝑐4) 𝑑𝑑(𝐸𝐸𝑥𝑥2𝑖𝑖 ,𝐹𝐹𝑥𝑥2𝑖𝑖−1) 

 

𝑑𝑑(𝑦𝑦2𝑖𝑖 ,𝑦𝑦2𝑖𝑖+1) ≤
(𝑐𝑐1 + 𝑐𝑐2 + 𝑐𝑐3)
(1 − 𝑐𝑐3 − 𝑐𝑐4) 𝑑𝑑(𝑦𝑦2𝑖𝑖 ,𝑦𝑦2𝑖𝑖−1) 

 
𝑑𝑑(𝑦𝑦2𝑖𝑖 ,𝑦𝑦2𝑖𝑖+1) ≤ λ𝑑𝑑(𝑦𝑦2𝑖𝑖 ,𝑦𝑦2𝑖𝑖−1). 
 
Similarly, it can be shown that 
 
𝑑𝑑(𝑦𝑦2𝑖𝑖+1,𝑦𝑦2𝑖𝑖+2) ≤ λ𝑑𝑑(𝑦𝑦2𝑖𝑖 ,𝑦𝑦2𝑖𝑖+1) 
 
Therefore, for all n, 
 
𝑑𝑑(𝑦𝑦𝑖𝑖+1,𝑦𝑦𝑖𝑖+2) ≤ λ𝑑𝑑(𝑦𝑦𝑖𝑖 ,𝑦𝑦𝑖𝑖+1) ≤ ⋯ ≤ λ𝑖𝑖+1𝑑𝑑(𝑦𝑦0,𝑦𝑦1) 
 
Now, for any m>n, 
 
𝑑𝑑(𝑦𝑦𝑖𝑖 ,𝑦𝑦𝑚𝑚 ) ≤ 𝑑𝑑(𝑦𝑦𝑖𝑖 ,𝑦𝑦𝑖𝑖+1) + 𝑑𝑑(𝑦𝑦𝑖𝑖+1,𝑦𝑦𝑖𝑖+2) + ⋯+ 𝑑𝑑(𝑦𝑦𝑚𝑚−1,𝑦𝑦𝑚𝑚 ) 
 
                 ≤ [λ𝑖𝑖 + λ𝑖𝑖+1 + ⋯+ λ𝑚𝑚−1]𝑑𝑑(𝑦𝑦1,𝑦𝑦0) 
 
                 ≤ λ𝑖𝑖

1−λ
𝑑𝑑(𝑦𝑦1,𝑦𝑦0) 

 
From (1.1.1), we have 
 
𝑑𝑑(𝑦𝑦𝑖𝑖 ,𝑦𝑦𝑚𝑚 ) ≤ λ𝑖𝑖

1−λ
𝐾𝐾 𝑑𝑑(𝑦𝑦1,𝑦𝑦0). 

 
This is 𝑑𝑑(𝑦𝑦𝑖𝑖 ,𝑦𝑦𝑚𝑚 ) → 0 as 𝑖𝑖,𝑚𝑚 → ∞, (since 0 < λ < 1). 
 
Hence {𝑦𝑦𝑖𝑖 } is a Cauchy sequence, where 𝑦𝑦𝑖𝑖 = {𝑇𝑇𝑥𝑥𝑖𝑖 }. Therefore, {𝑇𝑇𝑥𝑥𝑖𝑖} is a Cauchy sequence. Since 𝑇𝑇(𝑋𝑋) is complete, 
there exists 𝑞𝑞 in 𝑇𝑇(𝑋𝑋) such that {𝑇𝑇𝑥𝑥𝑖𝑖 } → 𝑞𝑞  as 𝑖𝑖 → ∞.  Consequently, we can find 𝑝𝑝 in 𝑋𝑋 such that 𝑇𝑇(𝑝𝑝) = 𝑞𝑞. We shall 
show that 𝑇𝑇𝑝𝑝 = 𝐸𝐸𝑝𝑝 = 𝐹𝐹𝑝𝑝. 
 
Note that 𝑑𝑑(𝑇𝑇𝑝𝑝,𝐸𝐸𝑝𝑝) = 𝑑𝑑(𝑞𝑞,𝐸𝐸𝑝𝑝). 
 
Let us estimate 𝑑𝑑(𝑇𝑇𝑝𝑝,𝐸𝐸𝑝𝑝). We have, by the triangle inequality, 
 
𝑑𝑑(𝑇𝑇𝑝𝑝,𝐸𝐸𝑝𝑝) ≤ 𝑑𝑑(𝑇𝑇𝑝𝑝,𝑇𝑇𝑥𝑥2𝑖𝑖+2) + 𝑑𝑑(𝑇𝑇𝑥𝑥2𝑖𝑖+2,𝐸𝐸𝑝𝑝) 
 
                  = 𝑑𝑑(𝑞𝑞,𝑇𝑇𝑥𝑥2𝑖𝑖+2) + 𝑑𝑑(𝐸𝐸𝑝𝑝,𝐹𝐹𝑥𝑥2𝑖𝑖+1)                                                                                                             (2.1.2) 
 
By the contractive condition, we get 
 
𝑑𝑑(𝐸𝐸𝑝𝑝,𝐹𝐹𝑥𝑥2𝑖𝑖+1) ≤ 𝑐𝑐1𝑑𝑑(𝑇𝑇𝑝𝑝,𝑇𝑇𝑥𝑥2𝑖𝑖+1) + 𝑐𝑐2𝑑𝑑(𝑇𝑇𝑝𝑝,𝐸𝐸𝑝𝑝) + 𝑐𝑐3𝑑𝑑(𝑇𝑇𝑝𝑝,𝐹𝐹𝑥𝑥2𝑖𝑖+1) + 𝑐𝑐4𝑑𝑑(𝑇𝑇𝑥𝑥2𝑖𝑖+1,𝐹𝐹𝑥𝑥2𝑖𝑖+1) 
                             +𝑐𝑐5𝑑𝑑(𝑇𝑇𝑥𝑥2𝑖𝑖+1,𝐸𝐸𝑝𝑝) 
 
                        ≤ 𝑐𝑐1𝑑𝑑(𝑇𝑇𝑝𝑝,𝑦𝑦2𝑖𝑖) + 𝑐𝑐2𝑑𝑑(𝑇𝑇𝑝𝑝 ,𝐸𝐸𝑝𝑝) + 𝑐𝑐3𝑑𝑑(𝑇𝑇𝑝𝑝,𝑦𝑦2𝑖𝑖+1) + 𝑐𝑐4𝑑𝑑(𝑦𝑦2𝑖𝑖 ,𝑦𝑦2𝑖𝑖+1) + 𝑐𝑐5𝑑𝑑(𝑦𝑦2𝑖𝑖 ,𝐸𝐸𝑝𝑝 ) 
 
                        = 𝑐𝑐1𝑑𝑑(𝑞𝑞,𝑇𝑇𝑥𝑥2𝑖𝑖+1) + 𝑐𝑐2𝑑𝑑(𝑞𝑞,𝐸𝐸𝑝𝑝) +  𝑐𝑐3𝑑𝑑(𝑞𝑞,𝑇𝑇𝑥𝑥2𝑖𝑖+2)+𝑐𝑐4𝑑𝑑(𝑇𝑇𝑥𝑥2𝑖𝑖+1,𝑇𝑇𝑥𝑥2𝑖𝑖+2)+𝑐𝑐5𝑑𝑑(𝑇𝑇𝑥𝑥2𝑖𝑖+1,𝐸𝐸𝑝𝑝) 
 
                        ≤ 𝑐𝑐1𝑑𝑑(𝑞𝑞,𝑇𝑇𝑥𝑥2𝑖𝑖+1) + 𝑐𝑐2[𝑑𝑑(𝑞𝑞,𝑇𝑇𝑥𝑥2𝑖𝑖+1) + 𝑑𝑑(𝑇𝑇𝑥𝑥2𝑖𝑖+1,𝐸𝐸𝑝𝑝)] + 𝑐𝑐3[𝑑𝑑(𝑞𝑞,𝑇𝑇𝑥𝑥2𝑖𝑖+1) + 𝑑𝑑(𝑇𝑇𝑥𝑥2𝑖𝑖+1,𝑇𝑇𝑥𝑥2𝑖𝑖+2)] 
                          +𝑐𝑐4𝑑𝑑(𝑇𝑇𝑥𝑥2𝑖𝑖+1,𝑇𝑇𝑥𝑥2𝑖𝑖+2) 
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𝑑𝑑(𝐸𝐸𝑝𝑝,𝐹𝐹𝑥𝑥2𝑖𝑖+1) ≤
(𝑐𝑐1 + 𝑐𝑐2 + 𝑐𝑐3)
(1 − 𝑐𝑐3 − 𝑐𝑐4) 𝑑𝑑(𝑞𝑞,𝑇𝑇𝑥𝑥2𝑖𝑖+1) 

 
𝑑𝑑(𝐸𝐸𝑝𝑝,𝐹𝐹𝑥𝑥2𝑖𝑖+1) = λ𝑑𝑑(𝑞𝑞,𝑇𝑇𝑥𝑥2𝑖𝑖+1) → 0 as 𝑖𝑖 → ∞. 
 
Therefore, for large n, and from (2.1.2), we get   
 
𝑑𝑑(𝑇𝑇𝑝𝑝,𝐸𝐸𝑝𝑝) ≤ 𝑑𝑑(𝑞𝑞,𝑇𝑇𝑥𝑥2𝑖𝑖+2) ≤ 𝑑𝑑(𝑞𝑞, 𝑞𝑞) = 0, 
 
which leads to 𝑑𝑑(𝑇𝑇𝑝𝑝,𝐸𝐸𝑝𝑝) = 0 and hence 𝑇𝑇𝑝𝑝 = 𝑞𝑞 = 𝐸𝐸𝑝𝑝                                                                                            (2.1.3) 
 
Similarly, we can show 
                         𝑇𝑇𝑝𝑝 = 𝑞𝑞 = 𝐹𝐹𝑝𝑝                                                                                                                                      (2.1.4) 
 
From (2.1.3) and (2.1.4), it follows that 
                     𝑞𝑞 = 𝐸𝐸𝑝𝑝 = 𝐹𝐹𝑝𝑝 = 𝑇𝑇𝑝𝑝                                                                                                                                (2.1.5) 
 
𝑝𝑝 is a coincidence point of 𝐸𝐸,𝐹𝐹,𝑇𝑇. 
 
Since, (E, T), (F, T) are (IT)-commuting at𝑝𝑝, 
 
We get by (2.1.5) and contraction condition, 
 
𝑑𝑑(𝐸𝐸𝐸𝐸𝑝𝑝,𝐸𝐸𝑝𝑝) = 𝑑𝑑(𝐸𝐸𝐸𝐸𝑝𝑝,𝐹𝐹𝑝𝑝) = 𝑑𝑑(𝐸𝐸𝑞𝑞,𝐹𝐹𝑝𝑝) 
 
                    ≤  𝑐𝑐1𝑑𝑑(𝑇𝑇𝑞𝑞,𝑇𝑇𝑝𝑝) + 𝑐𝑐2𝑑𝑑(𝑇𝑇𝑞𝑞,𝐸𝐸𝑞𝑞) + 𝑐𝑐3𝑑𝑑(𝑇𝑇𝑞𝑞,𝐹𝐹𝑝𝑝) +𝑐𝑐4𝑑𝑑(𝑇𝑇𝑝𝑝,𝐹𝐹𝑝𝑝) + 𝑐𝑐5𝑑𝑑(𝑇𝑇𝑝𝑝,𝐸𝐸𝑞𝑞)      
               
                    = 𝑐𝑐1𝑑𝑑(𝑇𝑇𝑞𝑞, 𝑞𝑞) + 𝑐𝑐2𝑑𝑑(𝑇𝑇𝑞𝑞,𝐸𝐸𝑞𝑞) + 𝑐𝑐3𝑑𝑑(𝑇𝑇𝑞𝑞, 𝑞𝑞) +𝑐𝑐4𝑑𝑑(𝑞𝑞, 𝑞𝑞) + 𝑐𝑐5𝑑𝑑(𝑞𝑞,𝐸𝐸𝑞𝑞) 
 
                    ≤ (𝑐𝑐1 + 𝑐𝑐2 + 𝑐𝑐3)𝑑𝑑(𝑇𝑇𝑞𝑞, 𝑞𝑞) + (𝑐𝑐2 + 𝑐𝑐5)𝑑𝑑(𝑞𝑞,𝐸𝐸𝑞𝑞) 
 

𝑑𝑑(𝐸𝐸𝐸𝐸𝑝𝑝,𝐸𝐸𝑝𝑝) ≤
(𝑐𝑐1 + 𝑐𝑐2 + 𝑐𝑐3)
(1 − 𝑐𝑐2 − 𝑐𝑐5) 𝑑𝑑(𝑇𝑇𝑞𝑞, 𝑞𝑞) 

 
                    ≤ λ 𝑑𝑑(𝐸𝐸𝐸𝐸𝑝𝑝,𝐸𝐸𝑝𝑝) 
 
a contradiction, (since λ < 1) and 𝐸𝐸𝑝𝑝 = 𝑇𝑇𝑝𝑝. 
 
Therefore, 𝐸𝐸𝐸𝐸𝑝𝑝 = 𝐸𝐸𝑝𝑝 
 
     𝐸𝐸𝐸𝐸𝑝𝑝 = 𝐸𝐸𝑇𝑇𝑝𝑝 = 𝑇𝑇𝐸𝐸𝑝𝑝 
 
⇒ 𝐸𝐸𝐸𝐸𝑝𝑝 = 𝑇𝑇𝐸𝐸𝑝𝑝 = 𝐸𝐸𝑝𝑝 = 𝑞𝑞 
 
Therefore, 𝐸𝐸𝑝𝑝(= 𝑞𝑞) is a common fixed point of E and T.                                                                                          (2.1.6) 
 
Similarly, we get 
        𝐹𝐹𝑝𝑝 = 𝐹𝐹𝐹𝐹𝑝𝑝 = 𝐹𝐹𝑇𝑇𝑝𝑝 = 𝑇𝑇𝐹𝐹𝑝𝑝 
 
⇒    𝐹𝐹𝐹𝐹𝑝𝑝 = 𝑇𝑇𝐹𝐹𝑝𝑝 = 𝐹𝐹𝑝𝑝 = 𝑞𝑞. 
 
Therefore, 𝐹𝐹𝑝𝑝 = 𝐸𝐸𝑝𝑝(= 𝑞𝑞) is a common fixed point of F and T.                                                                                (2.1.7) 
 
From (2.1.6) and (2.1.7) it follows that E, F and T have a common fixed point q. The uniqueness of the common fixed 
point of q follows equation (2.1.1). Indeed, let 𝑞𝑞1 be another fixed point of E, F and T. Consider,  
 
𝑑𝑑(𝑞𝑞, 𝑞𝑞1) = 𝑑𝑑(𝐸𝐸𝑝𝑝,𝐹𝐹𝑝𝑝1) 
 
              ≤ 𝑐𝑐1𝑑𝑑(𝑇𝑇𝑝𝑝,𝑇𝑇𝑝𝑝1) + 𝑐𝑐2𝑑𝑑(𝑇𝑇𝑝𝑝,𝐸𝐸𝑝𝑝) + 𝑐𝑐3𝑑𝑑(𝑇𝑇𝑝𝑝,𝐹𝐹𝑝𝑝1) + 𝑐𝑐4𝑑𝑑(𝑇𝑇𝑝𝑝1,𝐹𝐹𝑝𝑝1) + 𝑐𝑐5𝑑𝑑(𝑇𝑇𝑝𝑝1,𝐸𝐸𝑝𝑝) 
 
              ≤ (𝑐𝑐1 + 𝑐𝑐2 + 𝑐𝑐3)𝑑𝑑(𝑇𝑇𝑝𝑝,𝑇𝑇𝑝𝑝1) + (𝑐𝑐2 + 𝑐𝑐5)𝑑𝑑(𝑇𝑇𝑝𝑝1,𝐸𝐸𝑝𝑝) 
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𝑑𝑑(𝐸𝐸𝑝𝑝,𝐹𝐹𝑝𝑝1) ≤
(𝑐𝑐1 + 𝑐𝑐2 + 𝑐𝑐3)
(1 − 𝑐𝑐2 − 𝑐𝑐5) 𝑑𝑑(𝑇𝑇𝑝𝑝,𝑇𝑇𝑝𝑝1) 

 
                   ≤ λ𝑑𝑑(𝐸𝐸𝑝𝑝,𝐹𝐹𝑝𝑝1) = λ𝑑𝑑(𝑞𝑞, 𝑞𝑞1) 
 
As 0< λ < 1, it follows that 𝑑𝑑(𝑞𝑞, 𝑞𝑞1) = 0 that is 𝑞𝑞 = 𝑞𝑞1. 
 
Therefore, E, F and T have a unique common fixed point. 
 
Remark: 2.2 
(i) Taking 𝐸𝐸 = 𝐹𝐹,𝑇𝑇 = 𝐼𝐼 (identity map) and 𝑐𝑐2 = 𝑐𝑐3 = 𝑐𝑐4 = 𝑐𝑐5 = 0 in Theorem 2.1, we obtain the result of Banach 

[7]. 
(ii) If 𝑐𝑐1 = 𝑐𝑐3 = 𝑐𝑐5 = 0, Theorem 2.1 generalize Theorem 3 of [1], Theorem 2.3 of [4] and Theorem 2.6 of [2]. 
(iii) If 𝑐𝑐1 = 𝑐𝑐2 = 𝑐𝑐4 = 0, Theorem 2.1 generalize Theorem 5 of [1], Theorem 2.5 of [4] and Theorem 2.7 of [2]. 
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