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ABSTRACT

Different properties of Super filters of B — Almost Distributive Lattices are derived. Basic facts of super filters of
B — Almost Distributive Lattices are obtained. Different necessary and sufficient conditions of super filters of B —
Almost Distributive Lattices are derived.
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1. INTRODUCTION

The concept of an Almost Distributive Lattice (ADL) was introduced by U.M. Swamy and G.C. Rao [6] as a common
abstraction of most of the existing ring theoretic and lattice theoretic generalizations of a Boolean algebra. The concept
of a Birkhoff center B of an ADL A was introduced in [7] and it was observed that B is a relatively complemented
ADL. In [4], G. Epstein and A. Horn introduced theconcept of a B — algebra as a bounded distributive lattice with
center B inwhich, forany X,y € A, the largest element X = Y in B exists with the property X A (X = y) < Y.
The connective X = Y of a B — algebra has several applications in logic and computer science [2,3]. For this reason,
in [5], we introduced the concept a B — Almost Distributive Lattice (B — ADL) as an ADL in which the lattice of all
principal ideals of A is a B — Algebra. In this paper, we introduce the concept of super filters of aB — ADLs and
derive some basic properties of super filters of B — ADLs. Also, we obtain different characterizations of super filers of
B — ADLs.

2. PRELIMINARIES

In this section, we give the necessary definitions and important properties of an ADL taken from [6] for ready
reference.

Definition: 2.1[6] An algebra (A, v, A,Q) of type (2, 2, 0) is called an Almost Distributive Lattice (ADL) if it satisfies
the following axioms:

i. Xxv0=x

i. 0Ax=0

iii. (Xvy)az=(Xaz)v(ynaz)

iv. XA(YvZ)=(XAY)V(XAZ)

v. Xv(yaz)=(Xvy)a(xvz)

vii (Xvy)ay=yforal X,y,ze A
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Theorem: 2.2 [6] Let M be a maximal element in an ADL A and X € A. Then the following are equivalent:
i. X isamaximal element of (A, <).

ii. XAm=m.

iii. XAa=a, forallae A

iv. Xva=X, forall aeA

v. av Xismaximal, forall a € A

Definition: 2.3 [6]A non-empty subset | of an ADL A is called an ideal of A IfXvyel and X Aa e | forany
X,y el and @ € A The principal ideal of A generated by X is denoted by (X]. The set Pl (A) of all principal
ideals of A forms a distributive lattice under the operations v,A defined by (x]v(y]=(xv y]and
(X]A(y]=(xAy] in which (O] is the least element. If A has a maximal element m, then (m] is the greatest
element of P1(A).

Definition: 2.4 [6] A non-empty subset F of an ADL A is called a filter if and only if it satisfies the following:
i. X,yeF=xayeF.

ii. XxeF,aeA=avxeF.

For other properties of an ADL, we refer to [6].

The concept of Birkhoff Center of an Almost Distributive Lattice is introduced by U.M. Swamy and S. Ramesh in [7].
The following definition is taken from [7].

Definition: 2.5 [7] Let A be an ADL with a maximal element m and B(A) ={xe A|[xAy=0andxvy is
maximal for some y € A}. Then (B(A), Vv, A) is a relatively complemented ADL and it is called the Birkhoff center
of A. We use the symbol B instead of B(A)when there is no ambiguity.

For other properties of Birkhoff center of an ADL, we refer [7].

In our paper [5], we introduced the concept of a B — Almost Distributive Lattice (or, simply a B — ADL) and studied
its properties. The following definition is taken from [5].

Definition: 2.6[5] An ADL (A, Vv, A,0) with a maximal element M and Birkhoff center B is called a B — ADL if
forany X,y € A, there exists b € B such that

i. YAaxab=xabh.

ii. IfceB suchthat y AXAC=XAC, then b AC=Candin this case, b A M is denoted by X = .

The following theorems, B — ADLs are taken from [5] which are required to characterize super filters of B-ADLSs.

Theorem: 2.7 [5] Let A be a B — ADL with a maximal element M and Birkhoff center B. Then, forany X,y € A,
we have the following:

i. YAXA(X=Y)=XA(X=Y) and consequently, X A (X = y) <y Am.

i. IfceB,xAacAam<yam,thencAMSX=Y.

ii. XAms<yaAamifandonlyif X=Yy=m.

Theorem: 2.8 [5] Let A be a B —ADL with a maximal element m and Birkhoff center B. Then, for any
X,Y,z € A and a € B, we have the following:

i. Xxa(x=a)=xaAaam.

i. XA(X=>(y=12)=xaA(y=12).

iii. an(x=>a)=aAm.

iv. (X=a)ra=a.

v. Ifxam<yam, then (z=x)<(z=y)ad (x=12)>(y=12).
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For other properties of a B — ADLs, we refer to [5].

3. SUPER FILTERS OF B-ADLs

Definition 3.1 Let A be a B — ADL with a maximal element M and Birkhoff center B. Suppose S is a non-empty
subset of A. Then S is said to be a super filter of a B — ADL A, if it satisfies the following conditions: for all
X,y €A

Si1fX,yeS, then XAy eS.

S,: If XeS and XAM<yAm,then yeS.

Example: 3.2 Let A be a discrete ADL with O and with at least two elements and Birkhoff center B. Fix
m(= 0) € A and define for any X,y € A,

(x=y)=0ifx=0,y=0
= m otherwise.

Then (A, v, A,=,0,m) isaB — ADL and {m} is a super filter in A.

Theorem: 3.3 Let A be a B — ADL with a maximal element M and Birkhoff center B. Then every filter of a A
containing M is a super filter of A.

Proof: Let S be afilter of B— ADL A containing M. Then, forany X,y € S, weget XAy eS. Let X€ S and
XAM<YyAM. Then XAMe S (sinceMeS). Now YyAXAM=XAMAYAM=XAM.
Then yAXAMeS. Now Y=Yy v (YyAXAm)eS. Therefore S is a super filter of A.

Theorem: 3.4 Let A be a B — ADL with a maximal element M and Birkhoff center B. Suppose S is a non-empty
subset of A. Then S is a super filter of A if and only if it satisfies the following conditions:

i. meS.

i. IfxeS,(x=y)eS, thenyeS forall X,y eB.

Proof: Suppose S is a super filter of A and X,y € B. Then, clearly me S. Let X€ S and (X = y) €S. Then
XA(X=Yy)eS. But XA(X=Y)=XAYyAmM=yAaxAameS. Since S is a filter and yAXAMES,

y e A, wegetthat yv (Y AXAm)=YyeS. Conversely, suppose conditions (i) and (ii) hold. Let X,y € S. Since
y € B, we have

yAm<(x=y)impliessy Am< (X = (XAY)) (since (X=Yy)=(X=(XAY))
implies (y = y) < (y = (X=4x Y)))
impliesm=(y = (x = (XA Y))) €S.

Since yeS,(y=(X=(xAYy))eS and yeB,(Xx=(XxAYy))eB by our assumption, we get
(X=(XAY))eS. Again, since XeS,(X=(XAYy))eS and xe B, XAYyeB by our assumption, we get
XAYyeS. Let XeS and XAm<yam. Then (x=y)=meS. Since xeS,(x=Yy)eS and
XxeB, yeB weget yeS. Therefore S is a super filter of A.

Theorem: 3.5 Let A be a B — ADL with a maximal element M and Birkhoff center B. Suppose S is a non-empty
subset of A and X, Y,z € B. Then S is a super filter of Aif and only if X Am < (y = z) implies Z€ S for all

X,yeSand Z€ A

Proof: Suppose S is a super filter of A.LetxAm<(y=12z) for all X,yeS and ze€A Then
X=xX)<(Xx=>(y=12)) and hence m=(Xx=(y=12))eS.Since xe$S,(x=(y=12))eS, by
Theorem 3.4, we get (Y = z) € S. Again, since y € S,(y = z) € S, by Theorem 3.4, we get that Z € S.
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Conversely, suppose X AM < (y => z) implies Z€ S forallXx,y € Sand Z€ A. Let X,y € S.Since y € B, we
have Yy AmM < (X = y)and hencey Am < (X = (XA Y)).By our assumption, we get XAy eS. Let X€S
and XAM<yAm. Then (X=X)<(X=Yy) and hence m<(X=Yy). Thus, by our assumption, we get
y €S. Hence S is a super filter of A.

The following corollary is direct consequence of the above theorem.

Corollary: 3.6 Let A bea B — ADL with a maximal element M and Birkhoff center B. Suppose S is a non-empty
subset of A and X,Y,Z € B. Then S is a super filter of Aif and only if (X = (Y = z)) =mimplies Z€ S for

all x,yeS,ze A

Theorem: 3.7 Let A be a B — ADL with a maximal element M and Birkhoff center B. Suppose S is a non-empty
subsetof A andy € S. Then (X=Yy) = z) e S implies (x=(y=12))eS for all xeA and y,zeB.

Proof: Let S be a super filter of A. Suppose ((X = Yy) = z) € S.Since Y € B,we havey Am < (X = y)and
hence (Y = 2)>((X = y) = z). Thus((x = y) = z) = (y = z) = m. By Corollary 3.6, we get (y = z) € S.
Since (y=2)<(x=>(y=12)), we have (y=>2)=>(X=>(y=12))=meS.Since (y=12)eS,
(y=2)= (X=(y=12))eS, by Theorem 3.4, we get (X = (y = 2)) € S.

Finally, we conclude this paper with the following.

Theorem: 3.8 Let A be a B — ADL with a maximal element M and Birkhoff center B. Suppose S is a non-empty
subsetof A andy,z€ S. Then (X = 2z) = Yy) €S implies x= Yy e S forall Xxe A and Y,z € B.

Proof: Suppose ((X=2)=Yy)eS forall Xe A and Y,z e B. Since Z€ B, we have zAm < (X = z)and
hence (z = (X = z)) =meS. Since zZ € S, by Theorem 3.4, we get (X = z) € S. Again, since (X = 2z) €S,
by Theorem 3.4, we get y € S.Since Yye B and y Am < (X = y)and hence (y = (X = Yy)) =m e S. Since
y € S, by Theorem 3.4, we get (X = y) € S.
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