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ABSTRACT

In this paper we have developed some indefinite integrals involving Hypergeometric function and inverse
Trigonometric function. The results represent here are assume to be new.
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1. INTRODUCTION AND PRELIMINARIES
ELLIPTIC INTEGRAL

In integral calculus, elliptic integrals originally arose in connection with the problem of giving the arc length of an
ellipse. They were first studied by Giulio Fagnano and Leonhard Euler. Modern mathematics defines an “elliptic
integral” as any function f which can be expressed in the form

s = [ R(n P ar (L1)

where R is a rational function of its two arguments, P is a polynomial of degree 3 or 4 with no repeated roots, and ¢ is a
constant.

In general, elliptic integrals cannot be expressed in terms of elementary functions. Exceptions to this general rule are
when P has repeated roots, or when R(x, y) contains no odd powers of y. However, with the appropriate reduction
formula, every elliptic integral can be brought into a form that involves integrals over rational functions and the three
Legendre canonical forms (i.e. the elliptic integrals of the first, second and third kind).

Besides the Legendre form , the elliptic integrals may also be expressed in Carlson symmetric form. Additional insight
into the theory of the elliptic integral may be gained through the study of the Schwarz-Christoffel mapping.
Historically, elliptic functions were discovered as inverse functions of elliptic integrals.

Incomplete elliptic integrals are functions of two arguments; complete elliptic integrals are functions of a single
argument.

The incomplete elliptic integral of the first kind F is defined as

F(p, k) =F(¢ | k%) = F(sin: k

- /L de
Jo V1 —k2sin26 (1.2)

This is trigonometric form of the integral; substituting t=sin 6, x= sin y, one obtains Jacobi’s form:

dt

Flas k) = /o VI = k22 (1.3)
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Equivalently, in terms of the amplitude and modular angle, one has:

F(¢\a) = F(¢,sina) /L =
Whae) = U, sIno ) — n - 7
' 0 /1 — (sin@sina)?

(1.4)

In this notation, the use of vertical bar as delimiter indicates that the argument following it is the “ parameter” (as
defined above) , while the backslash indicates that it is the modular angle. The use of semicolon implies that the
argument proceding it is the sine of amplitude:

F(i,sina) = F(¢ | sin?a) = F(¢\a) = F(sinv;sina) (L5)
Incomplete elliptic integral of the second kind E is defined as
E(.k)=E() | k2) = E(sint; k) = V1 — k2sin 0 do (16)

Substituting t=sin 8, x= sin , one obtains Jacobi’s form:

/1= k22

E(xz; k) = — dt
Jo  V1—t2 1.7
Equivalently, in terms of the amplitude and modular angle, one has:
E(Y\a) = E(¢,sina) = / V1 — (sinf@sina)? do
70 (1.8)
Incomplete elliptic integral of the third kind IT is defined as
U 1 de
(n; ¥\a) = fo 1 —nsin®6d 1 — (sinfsina)? (19)
or B
s dt
M(n: 4 | m)= (1.10)
(n: | m) /0 1—nf2 (1-m)(1-8)

The number n is called the characteristic and can take on any value, independently of the other arguments.

Complete elliptic integral of the first kind is defined as

Elliptic Integrals are said to be *complete’ when the amplitude =T
integral of the first kind K may thus be defined as

and therefore x=1. The complete elliptic

(3 de s dt
Km_./o \/1_1;2511129_/0 (1 —2)(1 - k%% (1.11)

Or more compactly in terms of the incomplete integral of the first kind as

K (k) = F(% k) — F(1: k)

(1.12)
It can be expressed as a power series
] T — 2n)! 1% 5, T 2 o0
) =53 [ma] = 5 (o]
=0 =0 (113)

where Pn is the Legendre polynomial, which is equivalent to
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N2, 1.3\, (2n— 1)1 2% ,
L+ (=) B (=) '+ Rt
*(2) +(2.4> " +{ } i

(2n)!

K(k) =

oS

(1.14)
where n!! denotes the double factorial. In terms of Gauss hypergeometric function, the complete elliptic integral of the
first kind can be expressed as

K =2 o (4. 210 82)

(1.15)
The complete elliptic integral of the first kind is sometimes called the quarter period. It can most efficiently be
computed in terms of the arithmetic-geometric mean:
i
K(k) = 2
(k) agm(l —k, 1+ k)

(1.16)
Complete elliptic integral of second kind is defined as

The complete elliptic integral of the second kind E is proportional to the circumference of the circle C:
C = 4aFE(e)

where a is the semi-major axis, and e is the ecentricity. E may be defined as

[CE]

1 /71950

; 1 — E2¢2

E(k) = / V1 —E2sin%6 do = / v dt
Jo Jo

V1 — 2
Or more compactly in terms of the incomplete integral of the second kind as

(1.17)
E(k) = E(:igk) = E(1; %)
2 (1.18)
It can be expressed as power series
T — (2n)! }2 f2n
E(F) EZ {22"(727)2 1—2n
n=0 (1.19)
Which is equivalent to
B =" 1\ /1.3)\%K! @2n—1)1* K>
)= 2 2/ 1 2.4/ 3 7 (2n)!! n—-1 7
(1.20)
In terms of the Gauss hypergeometric function, the complete elliptic integral of the second kind can be expressed as
T 1 1 ,
E(k) = b) oI (§ 5 1; L‘-‘?)
-7 (1.21)
The complete elliptic integral of third kind is defined as
2 do
II(n, k) = / 5 5 2
Jo (1= mnsi — k2 s
(1 —mnsin“f)v1— k?sin=0 1.22)
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Generalized Hypergeometric functions

A generalized hypergeometric function pFq (a;, az,.......8p; b1, bay.....ee. bg; ) is a function which can be defined in the
form of hypergeometric series, i.e. , a series for which successive terms can be written as

e+t _ P(k)  (kta)(ktag)...(k+ap)
e Qk)  (k+b)(K +by)...(k+bg)(k+1) (1.23)

Where k+1 in the denominator is present for historical reasons of notation, and the resulting generalized
hypergeometric function is written

ay, ag, - ,ap i = (a)k(a2)g - - '(ap)kzk
F pr—
pEyq [ bi boe e by N ] ; (B1)r(b2)k - - - (bg)rk!
. bo, by - (1.24)

Where the parameters b;, b,,...,bq are positive integers.

2. MAIN INTEGRALS

]- m ‘z
/tan(a sin!z) dz = =) gl 2y

- 1 1
X{(Q(L—l){(?&—l—l)ewm 13( Lsin~ ZFl(l 2_ 1_|_% B E:asm 2)_

| | 1 0 12 ciri— | 1 1
—F (l - 1__. 2:{15111 z)) _ ’L(EEL-I-S)SIH z F (1 14+ —:9 ) Qtasm 3)}
P T Ty ‘ T Ty
(20 4 1)etlasin s~ (1 -lo L )} L Constant ~ (2.1)

2a 20
/Cot(asin_lz) dz= —— e—?asin— Zy

1 1 1 1
_ (9 1 1(2asin! z4sin~1 2) F (1 1-—.9_ 21,&1'-111 z) B
x{ (2a+1)e = %" 2

1 1
—(2a— 1){ U(2a+3)si 2F1(1 1+—2+— pasin” lz)_l_
2a 25
(2(5_'_1) Lsin™ z(EQg.sin QFl (1 i 1-|—i 9asin— 13)_
' 2a’ 2a’
—Fi(1 _L-l_i. Nasin~! z Constant 99
201\ 4 2[1! Q(Lje + Constan ( . )
1

/sec(a sin™! z) dz = @@= Le T Ay

. 13 1 -
v 1)etasin 1, oF (1 a 2. 2uasin z)
{(“’Jr Je 2P T Y T i

a.-l—l_
2a
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.1 _ 1 r,{a.—l}sin_l z
fcsc(a. sin” © z) dz = (a — >
1 3 1 . _2iasin— 1 =
. .+ 1 3 1
_|_(a _ 1)6255111 1z o FY (11 % 5 + 2_ - g2tasin™ 1 )} + Constant (24)

1 _
/sec(a cos ! 2) dz = o etla—1)cos lzx

x [(a B 1) E’,QLCOS_IZ o Fy (11 G;— 1; % n QL; _2uacos™! z)_
a a
—(a+1) oF (1, 13 L: _eﬁmcos_lz)} + Constant (2.5)
" 2a "2 2a’
-1 — ]' —reos 1z
csc(acos™  z) dz = —q e X
% [((1 + l)em.cos—lz o F (1 CEQ— 112 B Qi; echos_lz)_
a a
t(a+2)cos 1z a+1 3 1 2ia cos -1 :
—(a—1)e o} (1, 5 E 200 € )] + Constant (2.6)
t -1 — 1 —2rcos 1z
an(acos  z) dz = 3(da2 1)1. e X
- - 1 1 —1
% [(2(1—'— 1)65{20.(305 1 z4cos™!? szF]_ (1’ 1— .9 _ — _egm.c(;.s z)+
2’ 2a’

1 1 —1
. LCOS™ . . . 2uacos” "z
+(2a 1){(2a+ 1)e (m(l gil—goi—e )+

1 1 1
rcos™ 1z Qr.aco': z

3 o I (1 —:1 ))—
+e 1 %0 + — 2a

1 1 -
_EL(QG.—i—B]'cos z Fl(l 14+ — o Q_I_Q___ ’Qm.cos lz) }] 1 Constant (2'7)
(1

1 _
/cot(a cos_]z) dz = _m!' e—?:-cos Zy

o t(2a+3)cos™ 1 z i i 2ua.cos™ lz)
«|(2a 1){e 24 (1, 1+ 552+ o n
veos™lz 1 1 p2tacos™ 1z
+(2a+1)e (27 (1.~ il e )+
2ucos™ 1z 1 1 p2Lacos” 1z
te Wi (1,5 1+ e )}~
- - 1 1
—(2a + 1)et(2acos™ z+eos I%Fl(l L= 2= e )] + Constant  (2.8)
1
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