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ABSTRACT

Laguerre polynomials have special importance in engineering, science and good model for many systems in various
fields. By means of Weisner's group theoretic method some new generating functions of two variable and one

parameter Laguerre polynomials L; (X,y) are obtained from which several generating functions can be easy derived.
In this paper we change the order of A, A,, A;,i =12,... inthe operator e*"»g*Aeg2fagtihain | %(x, y)z",
we get other type of generating functions involving Laguerre polynomials.

Keywords: Two variable Laguerre polynomials, Recurrence relations, Group theoretic, Method and generating
relation,
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1. INTRODUCTION

Group theoretic method was proposed by Lauis Weisner in 1955 and he employed this method to find generated
relations for a large class of special functions.

Weisher discussed the group-theoretic significance of generating functions for hyper geometric, Hermite and Bessel

functions [4,5 and 6] respectively. Miller, McBride, Srivastava and Monocha [3,7 and 8] respectively reported group
theoretic method for obtaining generating relations in their books.

Two variables and one parameter Laguerre polynomials L (X, Y) have been defined in [9] and specified by the series

« (D" @+a) X Y”’k
b (xy)= kZ;, Ki(n-K)!l+a),

where I'(a) = %

is the pochammer symbol and I'(«) =J.t“‘1e‘tdt, (Re(a) > 0), and the generating

function for L7 (X, Y) is given by

0

a 1
SLA(x, " = . yt)1+“ exp(l_ J yt| <1

where ¢ is a non-negative integer.
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The differential equation satisfied by one parameter and two variables Laguerre polynomials L; (X, Y) is:

d® x\dy | .
|:Xd?+[1+a—;J&j|Ln (X,y) =0

In a recent paper, we have derived the following main generating functions involving Laguerre polynomials:
a22 n
exp —313)/—7{323Y+(X+ a,Y) Z} z

1
L |:E[azsy+ (X+a,y)z](a, +y+a,2),a, +y+ azzz}

i 3)pi(313 Z(azz) z(au) (=D)™P(n—k+1), (n+1),

= I

La k- I+m+p[X’a12 + y+a222]y—k—1+m+pzl—p+n (1.1)

n+l-p

and by the following method of Weisner (Weisner 1955), the result (1.1) is obtained by applying the operator
gifnglhegiafugtihz | “ (x y)7"  The object of this paper is to derive the possible variants of (1.1) by changing the

order of A, A,, A, and A, in e »erhzgiafugiufz by this change we have found the following new generating
relations:

exp {—

n el 1
(a12+y+a222)}z e {E(al2+y+azzz),a12+y+azzz}

00

f} i Z Z(aﬂ) D)™ (n—p+1),(n+m—k+1),

I—ﬁ g]:lp k- 1(X y) ym+p k 1 I-p (1.3)

a n el 1
exp{—{f—(xzjta%y)jtaﬂ+y+azzsz Ly {E(aﬁ+y+a222){(X+a13y)z+a23y},a12+y+a222}

0 m

=i Z(a )'i( z)ki(am) D™ (n+m K1), (n+1),

1-0 I 7% m!

I—ﬁLm pk+1+p(X y) ym p—k 1 I-p (1.4)

n el 1
eXp{—amy—az)jz(Hamy)}z L b(aﬂ+y+azzz){a23y+Z(X+a13y)},a12+y+a122}

-3 5l i (&) Z(a”_) (™ (n- p+1), (n—k+1),

m=0

a k+1 k-1 I
Log (X y) yP (1.5)
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We like to point out the following six operators:
gdz Agz g Az gdz Az g2 A

gdz Agz g Az g A gl Az
e axhys eazz Az e a13A13 ea12 Ay
s A gd= Az gdz Az g2 A
s Az gd= Az g A gl Az
e ay3A13 e ap A eazs Az e a Az

When applied to L7 (X, y)z" will given rise to the result (1.1).

On the other hand the following six operators
gdz Az et A gd= Az S Az

e a Ay e ag Ap eal3 Az eaz3 Ags
e axAn e a3 e a A e a3
g2 A gdz Az gd= Az e Az
e Ay e a Ag eal3 Az eaz3 Ags

e a A e ay3A3 eazz Az eaz3 Az

When applied to L7 (X, y)z" will gives rise to the result (1.3).

Again the following six operators
gdz Agz gdz Az g A e Az

eaz3 Ags ealz A e'313 A eazz Az
853803 A & A9 A0 A B
pinfng 12A12e 2h2 g 13A13
a A3A5; A8 ayA
e 12A12e nhug 13A13e 2A%
e apAp e a3 Aoz e anhx e a3A3

g2 A g Az gdz Az gl A

when applied to L7 (X, y)z" will gives rise to the result (1.4).

Lastly the following six operations:
s Az gdz Az g2 A gdz Az

e a13A13 e a Az eaza Ags eau Ay
pis Az ez A g Az pdx As

gdz Az gd= Az e Az g2 A
e a Ay e a13A13 ealz Ay eazz Az
gdz Az e Az gdz Agz g2 A

when applied to L (X, y)z" will give rise to the result (1.5)

2. DERIVATIVE OF NEW GENERATING FUNCTION

From[11] (El-khazendar, 2013) we notice that:

Ao|Ls i y)2" =L O y)y 2

Atz ]= C-ny Lz -1y

Aza|L% (%, y)2" | = —2(a + LY (x, y)2"
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a n n a n-— a n-
e ) @4
40 0 0
where A, =Xy 1&+5’ A; = y&—y;
0 0
=xylz——z7——xy'z;
Ay, =Xy x oy y
0
Z—l
Ay =Y P

Also the group corresponding to A,, A5, A,, and A,; are given by [11] (El-khazendar, 2013)

UK Y,2) <UE (B + V)3 +02) @5)
e™™u(x,y,z) =e *u(x+asy, Yy, 2) (2.6)
ez (x,y,z) =e =y u(x+a,, ); y+a,,2,1) @2.7)

e®™U(X, Y,2) = U(X, 8y > ,y 7) (2.8)

Now in order to prove (1.3) we can choose without any loss of generality the following operator from the set (B)

e anhy, e ap A eazs Az e ay3A13
In fact we have

A Aoy A1 A A 83 A3 A 813 A a n
%22 o212 0 %3 3 03 3(Ln(xly)z )

= @2 g gPafs Z %(—1)m Lﬁm (X, y) ymzn
m!

- ea22A22ea12A12 Z (a23) Z (a13) { 1)m+p La+m+p(x y)ym+pzn p
p=0

© k o p © m
ety (a) 3 a23 z (2) DML (x, y)y™ P (n+ m =k +1), 2™
k=0 k! p=0 m=0 ml
(3)' <~ (B1)" < (B)* < (Bg)" 3
.Z 22 Z 12 Z 23! n;) ;:’]! ED™P(n—p+1),(n+m—k+1),
Lﬁ+?:|p k— I(X y)ym+p K+l n p+l (2.9)

In other hand we have,
82 A% 812 A2 f823R23 £ 813 A a n
@272 @22 08233 a3t (Ln (X, y)z )
— eaZZAQZealeHeaZSAQS I:e_aliiy L‘r: (X + aisy’ aiz + y + azzz):l Zn

= g n g [eawy L% (X + 8, %+ ayy,a,+y+ azzz)} z"
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=e™™ | e { Y (a, +y) Ly {(312 + y)(_"‘T"‘ ag)a, +y+ azzz}} (8, +Yy)z"

Xz
a2 7—313 (8g2+y+ay,2)

1 n
=€ - Ly {E(an + 3"|F"3‘222){"3‘13y+ Z(X+a13y)}'a12 + y+a222:|(a12 +y+a,72)z

(2.10)
Using (2.9) and (2.10) we get

exp[azz y —a,(a, +y+a,z)]-(a, +y+ay,z)z"
.1
L {E(aiz + y+a222){a13y+ 2(z +a13y)}’a12 + y+a222}

i 22)Ii(a12 i( 23)pi(a13)m (=)™ (n—p+1),(N+m—k+1),

1=0 k=0 p=0 m!

La+m+p k— I(X y)ym+p k-1 I p

n—p+l

which is (1.3).
Now in order to prove (1.4) we can choose without ant loss of generality following operator from the set (C)

gdz A gdz Ay g2 A g Az

Hence the calculation shown in deriving (1.3) is a routine one, we only mention main steps in deriving (1.4) and (1.5).

We have

eaZ3A23ea22A22ea12A12eal3A13 (La (X y)z )
(8

0 0 0 kK oo m

Z z(azz Z( ;) Z(aﬁ) (D)™P(n+m—k+1), (n+1),

0 1=0 o k! 7= m!

L??:lp . I(X’aﬂ + Y"'azzz)ymikilﬂ)znip+I (2.11)

On the other hand we have:

eazsAzseazzA22 ea12A12 ea13A13 (Lﬁ (X, y)Zn )
a n
= eXp{_{f(xz +a,y)+ta(a, +y+ azzz)}} 2'(ay, +y+2)

o1
L {E (a, +y+ azzz){azsy"' Z(X+ a13y)} 18y, Ty + azzz:| (2.12)

Equating (2.11) and (2.12) we get.

i(azs) Z(azz) Z(alz) Z(als) D™P(n+m—k+1), (n+1),

La+m k+l+p (X, y)Zl—pym—k—Hp

n+l-p

which is (1.4).
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Lastly in order to prove (1.5) we can choose without any loss of generality the following operator from the set (D)

s A gdz Ay g2 A gdz Az '
We have
ealaAiseazzAzz ea12A12 eaz3A23 (La (X, y)zn )

_3 (@ )mi(azz)' 3 (aiz)ki( 3)" 1y (nk +1), (n— p+1), (2.13)

~ o & k!

p=0

On the other hand we have

eal3Aﬂ.3eaZZA22 ealelzeaBA23 ( Lﬁ (X, Y)Zn )

z n
= EXp[_amy_azz V(X‘Famy)}(aﬂ +y+ayz)-z

1
{E(an + y+a222){ gyt Z(X+a13y)}!a12 + y+azzz}

:i - i(aZZ) Z(a12 Z 23) { 1)m+p(n k+|) (n_p+|)|

m=0 It
Lﬁ+g+lk+1+p(x y) yp k 1+m 7P (2.14)
which is (1.5).
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