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ABSTRACT

In this paper, we give Hadamard product over skew field and relevant property by extending the property of

Hadamard product of two matrices on complex domain to skew field. Especially, this paper using the method of
block matrices gets a few Hadamard products’ preference ordering Inequalities about Positive Semi-definite
matrices M — P inverse.
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1. INTRODUCTION

Hadamard product and its property over skew field have been studied in some literatures. But we have not detailed
reported for property of the Hadamard product of matrices over skew field so far. In this paper, we further study
the related property and inequalities of the Hadamard product over skew field by extending the Hadamard
product of two matrices on general complex domain to skew field. And based on the method of block matrices, we can
obtain several Hadamard product inequalities about positive semi-definite matrices. And there are the similar
conclusions on the skew field.

2. PREPARATION KNOWLEDGE

In this paper, K denotes a skew field, K™" represents the set of mxn order matrix, M n(K) represents the set
of nxn order matrix over K, GL,(K) means the all of the inverse matrix of N order , A" means the conjugate
transpose matrix of A.H (n,*) denotes the set of self-conjugate matrix of order n. Z(K) is the centre of K let

F:Z(K), so Mn(F) denotes the set of communicate matrix of order N over K. Moreover, If

a; A, ... A, a, o - 0

a a ... a a ... 0
A=| T 7% " | then diagA = z .

anl a'n2 e a‘nn O 0 o a'nn
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Definition 1 Let A= (aij)e K™ B= (bij)e K™", definite the Hadamard productof A and B as

follows:
anb,  aph, o aby,
AoB =[a,b,] = ayb, a,b, - a,hb,
ab, ab., - ab_

Definition 2™ Let R is a non-commutative principal ideal domian with involutorial anti-automorphism o,

Ae R™", ifthere exits X € R™" such that:

AXA= A,
XAX =X,
(AX) = AX,
(XA)" = XA

Then, wesay X isa Moore — Penrose inverse of A, denoted A".

Definition3™: Let Ae H(n,), H(n*) denotes the set of self-conjugate matrix of order N.If a*Aa >0

holds for any N dimension and non-zero column vector, then we say A is a positive semi-definite self-conjugate
matrix of order N .we rewrite it: A >0

Definition 4™: Let Ac M _(R), if there isa B e M, (R), such that AB =BA=1_then we call Ais a inverse

matrix of N order. The inverse of Alis denoted A™.

The following lemmas are the basis of the conclusions we talking:

A B

Lemmal®l: M =| "
B> C

}eMn(K) and M ZO,whereA,B,CeMn(K),then C-B'A'B=0

Lemma2: For any A/ BeK™", we have AocB=MT(A®B)M , where M is the n’>xn selection

matrix, N is the m?xm selection matrix. (M and N are the matrices which elements only are 1 and 0 ,and

M™ =1 ,N"N=1_), A®B isthe Kronecker product of A and B .This lemma is the connection of

the Kronecker and Hadamard product.
Lemma3:Let ABeM (K), and A>0,B>=0then M, >0(i=1234),
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BB* B A" AA”
where M, = , | M, = :
B B A'A A

B2 B A AA"
M, = , M, = .
B BB* AA* A"

Similarly, M;>0, M, >0.

A B
Lemma4: Let A, B e M (K), moreover A>0,B2>0, if (B A]ZO,then A>B.

Proof: 2(A—B)=(A—B,B A){I" }(l |){A BH'” }o
SRR T A - BN | P T

So A-B>0, B1A>B.

3. PROPERTY AND THEOREM
Hadamard meet the following basic properties:

(1) A=(a;) € K™, null matrix 0 M, (K) ] Ac0 =00 A=0.
2 (AoB) =AToB'.
3)c(AoB)=(cA)oB,cC isareal number
(4) The Hadamard product of A:(aij)e K™™ and 1 isa mxm diagonal matrix namely:
Aol =1_oA=diag(A)=diag(a,,a,a,,)
(5)Ao(BoC)=(AoB)oC=A0BoC
(A+B)oC=AoC+BoC
(A+B)o(C+D)=AoC+AocD+BoC+BoD.
(6) If A:(aij)e K'“*’",C:(cij)e K™
B=(b,)e K™, D=(d,)e K™

Then (A@®B)o(C®D)=(A-C)®(B-D).
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C O
nxm D

AoC 0}

A Om><n
Proof: A@ B = Ce®D=
0 B 0

nxm

0 BoD

nxm

(Ao B)o(C@D):[

(AOC)(@(BOD):[AOC 0}

0 BoD

nxm

This proposition is proved.

(7) If A, B, D are the square matrix of M | (K) , D is a diagonal matrix, so (DA)o (BD) = D(Ao B)D :

@ tr(AoB)=tr(Ar(B).

(9) Because the skew field (decision ring) is non-commutative, Ac B = Bo A.

(1 i] (J kj

For example: A=| . , B=]| .

j ok i1

Then Ao B = J Ik (17 ,BoA= J K _(1 ) :
jiok -k k ij k k k

SoAoB # Bo A.
(10) A,Be K™ If A, Bare positive semi-definite, then its Hadamard product Ao B is also positive

semi-definite.

Theorem 1: If A,B,C e K™, then tr|AT(BoC)|=tr|(A" =BT )C|.

Proof: Noted the diagonal elements of AT(BoC) and (AToBTﬁ are common , that is :

[AT (B ° C)li = iakibkicki = [(AT o B’ klu :
k=1
Theorem 2: If A,B e K™, then rank(A o B) < (rankA)rankB).

Proof: Any matrix with rank r can be written as combination of r matrices with rank 1 . Every matrix with rank 1 is the

f 2
outer product of two vectors. If rankA=r,rankB =r,, then A= in y. ,B= Zujv} » where X;,U; and
i1 -1

Yi,V,are the linear independent column vector over

K,i=12,---r,, J=12,---1,.Therefore, Ac B :ii(xi ouj)(yi oV, )T. Then

i=1 j=1
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rank(Ao B)= rank ii(xi ou Ny, oV, )T} < iirank[(xi ou, )y, ovj)T]

i-1 j-1 i=1 j-1
31— Lr,
i1 j-1

IA

(rankA)rankB).

This suggests that Ao B could be written as combination of at most I,I, matrices with 1 rank.

so, rank (A~ B) <(rankA)(rankB).

Another method: Because Ao B=MT(A® B)N , according to the property of matrix of rank:
rank(Ao B)=rank[M" (A® B)N] < rank(A® B).

Next we should show rank (A® B)=(rankA)(rankB)
I, O
Let r(A)=s,thenthereexists P e GL, (K),Q € GL,(K) suchthat PAQ = [OS 0]. For Be K™", let

r(B)=t thereexists S eGL,(K),T €eGL,(K) suchthat

SBT:(IOI gj.bemse(P®S)(A®B)(P@S)(A@B):(PAQ)@(SBT){'Os g]®(g gj:

I, O o _ I, O
0 0 .Because P®S |, Q®T are invertible matrix, r(A®B):r 0 0 =st=r(A) I‘(B).

so, rank (A~ B) <(rankA)(rankB).

Theorem 3: Let A,B € H(n,*)and A>0,B > 0 then A" o B* >[(A*A) o (B*B)](A° B)*[(AA") o (BB™)].

Proof: By lemma3 and theorem 1:

A-B (AA")o(BB™)| [ A AA" B BB" S
(A*A) - (B*B) A" oB* ATA A B'B B* )
According to the definition of Moore — Penrose inverse:

[(AA") = (BB")]" = (AA") = (BB")" = (A"A) > (B"B)

Remark: AcB=C, (AA")o(BB")=D, A"oB" =G

Ten ( AoB (AA*)o(BB*)j:(C* DJzo
(A'A)o(B'B)  A'oB* D* G

According to lemma2, G-D'C'D >0,

s0,A" o B" —[(A"A) o (B'B)](Ac B*)[(AA") o (BB*)]> 0.

© 2013, RJPA. All Rights Reserved 160



Fan Xin, Wang Jungqing*/ Property of Hadamard Product of Matrices over Skew Field/RJPA- 3(4), April-2013.

Corollary 1: Assume that A,B e H (n,*)and A>0,B>0, then
A" 0B > (diagA*A)(Ao B)'(diagAA®)

Proof: According to theorem 1, let B* =B™, then B"B =BB™ = |, on the basis of property (4), We can come to
this conclusion easily.
Corollary 2: Assume that A,B e H (n,*) andA>0,B>0,thenA o B™ >(AoB)".

Proof: Let A* = A~,B" = B, the result can be obtained.
Theorem 4: Assume that A,B e H (n,*) and A>0,B>0then Ao B?> (Ao B)[(AA)o (BB+)]+(A0 B)

Proof: Combing the lemma 3 and theorem 1
(AA")o(BB") AoB ) (AA" A BB® B 0
A-B A% o B? A A B B
By lemma2, A”oB?—(AoB)[(AA")o(BB")]'(A°B)>0.
Corollary 3: Assume that A,B e H (n,*) and, then A% o B2 > (Ao B)Z.
Theorem 5: A is a self-conjugate matrixon M (F),and A>0, then

(AA")o A% > Ao A,

Proof: According to lemma 3 and theorem 1:

A?o(AA")  AoA ) [(AA")o A’ AcA | (AA" A) (A* A -0
AoA  A2o(AAT) AocA  Ao(AAT)) A A LA AA )T

By lemma4, (AA")o A?> AoA.

Corollary 4: Alis a self-conjugate matrix on Mn(F),then diagA® > Ao A

Corollary 5: By corollary 4, if all the diagonal elements of A%are 1, then Ao A< I

Theorem 6: A s a self-conjugate matrixon M (F),and A>0,then Ao A" > (A+A)o (AA*)
Proof: Combing the lemma 3 and theorem 1:

Ao A" (AAY o (A'A)) [ AoA' (AR (AN (A AT (AT AR
(A*A) o (AAY) AocA™ | | (A*A)o(ATA) AoA ) AA A (AA AT

by lemma4, (AA")o A®> Ao A
Theorem 7: Assume that A,B,M € K™" A>0,B>0,M >0 for any real number a,b ,we have:

(@° +b?)(A"Ac B'B) + 2ab(A'B o B'A) > (a+b)*(A'M o B'M)(M*M o MM *)* (M *Ao M *B)
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Proof: Remark:L=(L, L,),where L =M ®M ,L,=aA®B+bB®A.

I (A N (T
S‘LL‘[L’;J(“ LZ)‘(L’;Li L’;LJZO

Though calculation:

LL=(MM®MM)

LI L=aM"A® M'B+bM'B®M"A
L, =aA'M ® B'M +bB'M ® A'M

L, =a?(A’A®B*B) +b?*(B'B® A’A) +ab[(A'B® B*A) + (B°'A® A'B)]
Combing the lemma 3 and theorem 1, the result can be held up.

Corollary 6: 1f A ,BeK™", andk €[-11]then AA"oBB* +KAB' o BA" > (1+k)(Ac B)(Ac B)
Proof: By theorems, leta” +b? =1, 2ab =k, M = | , we can see the results easily.
Corollary 7: If A, Be K™" then A"AcB'B> (A" o B")(A- B)

Proof: By theorem8, leta =1,b =0,M = | , the results can be held.
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