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ABSTRACT

Let X be a Compact subspace of a Banach space and let f be a self mapping of X. We introduce condition for self
mapping f such that f has a unique fixed point in X. In the other words, we established fixed point theorem with help of
self mapping which satisfying contractive type of condition.
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1. INTRODUCTION

In recent years, nonlinear analysis have attracted much attention .The study of non contraction mapping concerning the
existence of fixed points draw attention of various authors in non linear analysis. Fixed point theorem is very important
in the solution of differential equations. The most famous of fixed point theorem is Brouwer's fixed point theorem.
Also, a large variety of the problems of analysis and applied mathematics reduce to finding solutions of non-linear
functional equations which can be formulated in terms of finding the fixed points of a non-linear mapping.(see
[1,6,7,8])

Definition1.1: Let X be a metric space equipped with a distance d. A map f: X — X is said to be Lipschitz continuous
if there is 1 = 0 such that d(f(x1), f(x3)) < A d(xq, x3), V x1, x,€X.

The smallest A for which the above inequality holds is the Lipschitz constant of f. If A < 1 fis said to be non-expansive,
if 1 <1fissaid to be a contraction. (See [3, 5]).

Notice: First we are giving some fundamental results:
Theorem [Banach] 1.2: Let f be a contraction on a Banach space X, then f has a unique fixed point. In the other words,

let (X, d) be a complete metric space and f: X — X a contraction, i. e,

sup %,fy()y)) < 1, then f has a unique fixed point.([2,11])

Theorem1.3: Kannan in [9] proved that “If f is self mapping of a complete metric space X into itself satisfying:
d(f(x), f(y)) < al d(f(x),x) + d(f(y),y)],forall x,y € Xand « € [0,%] , then f has a unique fixed point in X”.

Theorem1.4: Fisher in [4] proved the result with d(f(x), f(y)) < a[ d(f(x),x) + d(f(y),y)] + Bd(x, y) for all x, yeX
and «, B € [O,%], then f has a unique fixed point in X.

Theorem1.5: A similar conclusion was also obtained by Chaterjee [10]:
d(f(x), f(y)) < a[ d(f(x),y) + d(f(x),y)],for allx,y € Xand « € [0,%], then f has a unique fixed point in X.

2. AFIXED POINT THEOREM FOR SELF MAPPING IN COMPLETE METRIC SPACE
Theorem?2.1: Let X be a complete metric space and let f be a self mapping of X into itself which satisfies the following
condition:
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d(f(x), f(y)) < a[ d(f(x), %) + d(E(¥),y) - d(x,y)] forall x,yeX and a€ [5,7], then f has a unique fixed point in X,
where g is self mapping in X such that g(x)= f(2x)-x .

Proof: d(g(x)-g())= llg(x) =gl
=d (f(2)-x, f(2y)-y)
= If(2x) — f(2y) —x + vl
< If(2x) = f2y) lI+]lx = yli
< a If(2x) = 2x|| + [If(2y) — 2yll - d(2x, 2y)] + [lx =y

=a[ If(2x) = 2x|| + [If(2y) - 2yll]+(1-2a)[lx — y|| (Let1-2a=B—0< B < %)

=al llgtx) — x|l + llg(y) — ylll+Bllx = ylI.

= llge) =gl < alllgx) —xIl + llgly) — ylll+Bllx = yll.
With using by theorem1.4.g has a unique fixed point ¢ in X. This means g(c) =c. Therefore, f(2c)-c=c. Hence, f(2c)=2c.
Let k=2c, then f(k)=k . Therefore, f has a unique fixed point in X. The proof of theorem in this case is complete.

Theorem?2.2: Let X be a complete metric space and let f be a self mapping of X into itself which satisfies the following
condition:

d(f(x), 7)) < a[ d(f(x),%) + d(f(¥),y) -3 d(x,y)] forall x, yeX and a €[5, ], then f has a unique fixed point in X,
where g is self mapping in X such that g(x)= f(2x)-x .

Proof: d(g(x)-9()= llg(x) =gl
=d (f(29-x, f(2y)-y)
=If(2x) — f(2y) —x +yl|
< [If2x) = f2y) lI+1lx = vl

< a[ IIf(2x) — 2xIl + IIf(2y) — 2yll - d(2x,2y)] + llx = yll
= a[ lIf(2x) = 2xIl + [If2y) — 2yll] + (1-3e)llx =yl (Let1-2a= f—0< B <3)

=afllgx) — xIl + llg(y) — yll1+Bllx = yll.

= llgC) =gl < alllgx) —xIl + llg) — ylll+Bllx — yll.
With using by theorem1.4.g has a unique fixed point ¢ in X. This means g(c) =c. Therefore, f(2c)-c=c. Hence, f(2c)=2c.
Let k = 2c, then f(k) = k. Therefore, f has a unique fixed point in X. The proof of theorem in this case is complete.

Theorem?2.3: Let X be a complete metric space and let f be a self mapping of X into itself which satisfies the following
condition:

d(f(x), f(y)) < a[ d(f@), %) + d(E(¥), y) - 2d(x, )] forall x, yeX and a €[5, ], then f has a unique fixed point in X,
where g is self mapping in X such that g(x)= f(2x)-x .

Proof: d(g(x)-g(y))= llg(x) — gl
= d(f(2x)-x,f(2y)-y)

=If(2x) — f(2y) —x +yl|
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< If(2x) = f2y) I+]1x =yl
< al If(2x) — 2x|| + [If(2y) — 2yl - 2 d(2x, 2y)] + llx =yl

=al If(2x) = 2x|| + [If(2y) - 2yll]+(1-4a)llx — y|l (Let1-2a=B—0<p < %)

=afllgx) — xIl + llg(y) — yll1+Bllx = yll.

= llge) =gl < al llgx) —xIl + llg(y) — ylll+Bllx = ylI.
With using by theorem1.4.g has a unique fixed pointc in X. This means g(c) = c. Therefore, f(2c)-c=c. Hence, f(2c)=2c.
Let k=2c, then f(k)=k . Therefore, f has a unique fixed point in X. The proof of theorem in this case is complete.

Theorem?2.4: Let X be a complete metric space and let f be a self mapping of X into itself which satisfies the following
condition:

d(f(x), f»)) < a[ d(Ex), %) + d(f(¥),y) - 5 d(x,¥)] forall x, yeXand a e [;-,+ ] such that ke {3,4,5,6, ...}, then f has
a unique fixed point in X, where g is self mapping in X such that g(x)= f(2x)-x .

Proof: d(g(x)-g(y)) = llg(x) — gl
= d(f(2x)-x, f(2y)-y)
=|If(2x) — f2y) —x +yl|
< If2x) — £y ll+1lx = i

< af IIf2%) — 2xI + If2y) — 2yl -5 d(2x,2y)] + llx =y
= a[ [If(2%) — 2x]| + [1f(2y) — 2ylll+(1-ka)lx = yll (Let 1-ka= B—0< § <)

=alllg®) —xIl + llg(y) = yllI+Bllx = yll.
= llgC) =gl < alllgC) —xIl + llgy) — ylll +Bllx = ylI.

With using by theorem1.4. g has a unique fixed point ¢ in X. This means g(c) = c. Therefore, f(2c)-c=c. Hence,
f(2c)=2c .

Let k = 2c, then f(k) = k . Therefore, f has a unique fixed point in X. The proof of theorem in this case is complete.
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