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ABSTRACT 
In this paper, we present the properties of lattice ordered groups derived from the properties of partially ordered 
groups. The notion of  Γ-semi groups was introduced by Sen in 1981. The concept of  Γ-  semigroups is a generalization 
of the concept of semigroups  Many classical notions of semigroups have been extended to  Γ -semigroups, ( S,  Γ  ,  ) 
is called an ordered  Γ -semigroup if S  is a  Γ -semigroup and ( S,  ) is a partially ordered set such that 𝑎𝑎 ≤ 𝑏𝑏 ⇒
𝑎𝑎 𝛾𝛾 𝑐𝑐 ≤ 𝑏𝑏 𝛾𝛾 𝑐𝑐 and c 𝛾𝛾 𝑎𝑎 ≤ 𝑐𝑐 𝛾𝛾 𝑏𝑏 for all 𝑎𝑎,𝑏𝑏, 𝑐𝑐 𝜖𝜖 𝑆𝑆 and 𝛾𝛾 𝜖𝜖 𝛤𝛤 
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1. INTRODUCTION 

A semi group S is said to be partially ordered or a partially ordered semi group if it is associated with a partial ordering 
≤ which is defined by 𝒂𝒂 ≤ 𝒃𝒃 implies that 𝒙𝒙𝒂𝒂𝒙𝒙 ≤ 𝒙𝒙𝒃𝒃𝒙𝒙 for all 𝒙𝒙,𝒙𝒙 in S. The natural partial order which is an obvious 
partial ordering defined by 𝒂𝒂 ≤ 𝒃𝒃 if and only if  𝒂𝒂 = 𝒄𝒄𝒃𝒃 for some 𝒄𝒄 = 𝒄𝒄𝟐𝟐𝝐𝝐𝝐𝝐. This natural partial ordering is compatible 
with multiplication. Some of the basic properties and results were given by Donald B. McAlister and some of the 
foundational results are due to A.H. Clifford. Suppose G is a partially ordered group i.e., G is a group partially ordered 
by ≤. Now 𝒂𝒂 ≤ 𝒃𝒃  if and only if 𝟏𝟏 ≤ 𝒂𝒂−𝟏𝟏𝒃𝒃  or equivalently  𝒂𝒂 ≤ 𝒃𝒃  if and only if 𝟏𝟏 ≤ 𝒃𝒃𝒂𝒂−𝟏𝟏 

2. PROPERTIES OF PARTIALLY ORDERED, LATTICE ORDERED GROUPS 

Here we consider the set 𝐺𝐺+ consisting of elements exceeding the identity 1 and has the following properties: 
(i) 𝐺𝐺+ is a submonoid of G 
(ii) a 𝐺𝐺+ =  𝐺𝐺+𝑎𝑎   for each 𝑎𝑎 𝑖𝑖𝑖𝑖 𝐺𝐺 
(iii) 1 is the only invertible element of 𝐺𝐺+ 

 
Notation 2.1: Let G be a partially ordered group and suppose that 𝑎𝑎, 𝑏𝑏 ∈ 𝐺𝐺. Then the least upper bound of a and b is 
denoted by 𝑎𝑎 ∨ 𝑏𝑏, read as a join b. The greatest lower bound of a and  b is denoted by 𝑎𝑎 ∧ 𝑏𝑏, read as a meet b. 
 
The following Proposition is due to Donald B.McAlister [2] 
 
Proposition 2.2:   Let G be a partially ordered group and suppose that 𝑎𝑎, 𝑏𝑏 ∈ 𝐺𝐺.  Then a and b have a least upper 
bound 𝑎𝑎 ∨ 𝑏𝑏 in G if and only if they have a greatest lower bound 𝑎𝑎 ∧ 𝑏𝑏. This is only possible only when 𝑎𝑎−1 and 𝑏𝑏−1  

have a least upper bound. In particular, 
𝑎𝑎 ∧ 𝑏𝑏 = 𝑎𝑎(𝑎𝑎 ∨ 𝑏𝑏)−1𝑏𝑏 
𝑎𝑎 ∧ 𝑏𝑏 = 𝑎𝑎(𝑎𝑎 ∧ 𝑏𝑏)−1𝑏𝑏 

𝑎𝑎 ∧ 𝑏𝑏 = (𝑎𝑎−1 ∨ 𝑏𝑏−1)−1 
𝑎𝑎 ∨ 𝑏𝑏 = (𝑎𝑎−1 ∧ 𝑏𝑏−1)−1 

Also for any 𝑔𝑔 𝑖𝑖𝑖𝑖 𝐺𝐺, 
𝑔𝑔(𝑎𝑎 ∨ 𝑏𝑏) =  𝑔𝑔𝑎𝑎 ∨ 𝑔𝑔𝑏𝑏 
(𝑎𝑎 ∨ 𝑏𝑏)𝑔𝑔 = 𝑎𝑎𝑔𝑔 ∨ 𝑏𝑏𝑔𝑔 

𝑔𝑔(𝑎𝑎 ∧ 𝑏𝑏) = 𝑔𝑔𝑎𝑎 ∧ 𝑔𝑔𝑏𝑏 
(𝑎𝑎 ∧ 𝑏𝑏)𝑔𝑔 = 𝑎𝑎𝑔𝑔 ∧ 𝑏𝑏

 
Corollary 2.3:  The following are equivalent for a partially ordered group G. 
(i)  G is a ∨-semilattice under   ≤   
(ii)  G is a ∧ -semilattice under  ≤   
(iii)  𝑎𝑎 ∨ 1 exists for each 𝑎𝑎 ∈ 𝐺𝐺 
(iv)  𝑎𝑎 ∧ 1  exists for each  𝑎𝑎 ∈ 𝐺𝐺 
(v)   𝑎𝑎 ∨ 𝑏𝑏 exists for each  𝑎𝑎, 𝑏𝑏 ∈ 𝐺𝐺+ 
(vi)  𝑎𝑎 ∧ 𝑏𝑏 exists for each  𝑎𝑎, 𝑏𝑏 ∈ 𝐺𝐺+ 
(vii)  for each 𝑎𝑎, 𝑏𝑏 ∈ 𝐺𝐺+there exists 𝑐𝑐 ∈ 𝐺𝐺+such that 𝐺𝐺+𝑎𝑎 ∧  𝐺𝐺+𝑏𝑏 = 𝐺𝐺+𝑐𝑐 
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If G satisfies one of the conditions in the above corollary, we say that G is a lattice ordered group or simply latticed 
group. 
 
Definition 2.4:   A lattice G is called a distributive lattice, if for any a, b, c ∈ G 
(i) a ∨  (b ∧ c)  =  (a ∨  b)  ∧ (a ∨  c)  and   (ii)   a ∧ (b ∨  c)  =  ( a ∧ b)  ∨  ( a ∧ c ).  
Clearly conditions (i) and (ii) are equivalent. 
 
Definition 2.5:   A lattice G is called a modular lattice, if for any a, b, c ∈ G such that a ≤ c implies a ∨  (b ∧ c)  =
(a ∨  b)  ∧  c. 
 
Theorem 2.6: Let G be a lattice ordered group under a partial order  ≤ , then G is a modular lattice under ≤ . 
 
Proof:  The proof is obvious, because if G is a lattice ordered group with respect to a partial order ≤, then G is a 
distributive lattice under ≤ and every distributive lattice is a modular lattice. 
 
Definition 2.7: Two elements a, b of a lattice ordered group G are said to be orthogonal if 𝐚𝐚 ∧ 𝐛𝐛 =  𝟏𝟏 
 
Proposition 2.8: Let G be a lattice ordered group and let 𝒂𝒂,𝒃𝒃, 𝒄𝒄 ∈ 𝑮𝑮.  If  𝒂𝒂 ∧ 𝒃𝒃 =  𝟏𝟏, then 𝒂𝒂𝒄𝒄 ∧ 𝒃𝒃𝒄𝒄 =  𝒄𝒄. 
 
Proof:  Since 𝑎𝑎 ∧ 𝑏𝑏 =  1, 
         
 𝑎𝑎𝑐𝑐 ∧  𝑏𝑏𝑐𝑐  =  1  (𝑎𝑎𝑐𝑐 ∧  𝑏𝑏𝑐𝑐 ) 
     =  (𝑎𝑎 ∧  𝑏𝑏) (𝑎𝑎𝑐𝑐 ∧   𝑏𝑏𝑐𝑐 ) 
     =  𝑎𝑎 (𝑎𝑎𝑐𝑐 ∧   𝑏𝑏𝑐𝑐 )   ∧  𝑏𝑏 ( 𝑎𝑎𝑐𝑐 ∧  𝑏𝑏𝑐𝑐 ) 
     =  𝑎𝑎2𝑐𝑐 ∧ 𝑎𝑎𝑏𝑏𝑐𝑐 ∧ 𝑏𝑏𝑎𝑎𝑐𝑐 ∧  𝑏𝑏2 𝑐𝑐 
     =   𝑎𝑎2𝑐𝑐 ∧  𝑎𝑎𝑏𝑏𝑐𝑐 ∧  𝑏𝑏2 𝑐𝑐 , 𝑠𝑠𝑖𝑖𝑖𝑖𝑐𝑐𝑠𝑠 𝑎𝑎 ∧  𝑎𝑎 =  𝑎𝑎 
     =  𝑐𝑐 ( 𝑎𝑎( 𝑎𝑎 ∧ 𝑏𝑏)  ∧  𝑏𝑏2 ) 
     =  𝑐𝑐 ( 𝑎𝑎 ∧ 𝑏𝑏2 ) 
     =  𝑐𝑐, 𝑠𝑠𝑖𝑖𝑖𝑖𝑐𝑐𝑠𝑠 𝑎𝑎𝑚𝑚  ∧ 𝑏𝑏𝑖𝑖 = 1 ∀ 𝑚𝑚,𝑖𝑖 ≥ 0 
 
Definition 2.9:  A homomorphism  θ of a lattice ordered group G into a lattice ordered group H is an l- homomorphism 
if θ respects ∨ and  i.e., (𝐚𝐚 ∨  𝐛𝐛) 𝛉𝛉 =  𝐚𝐚𝛉𝛉 ∨  𝐛𝐛𝛉𝛉   and (𝐚𝐚 ∧  𝐛𝐛 ) 𝛉𝛉 = 𝐚𝐚𝛉𝛉 ∧ 𝐛𝐛𝛉𝛉    for all 𝐚𝐚,𝐛𝐛 ∈  𝐆𝐆. 
          
Definition 2.10: Let M and 𝚪𝚪 be any two non-empty sets. If there exists a mapping𝐌𝐌 × 𝚪𝚪 × 𝐌𝐌 → 𝐌𝐌, written 
(𝐚𝐚,𝛄𝛄,𝐛𝐛) by 𝐚𝐚𝛄𝛄𝐛𝐛, M is called a 𝚪𝚪-Semigroup if M satisfies the identity (𝐚𝐚𝛄𝛄𝐛𝐛)𝛍𝛍𝛍𝛍 = 𝐚𝐚𝛄𝛄(𝐛𝐛𝛍𝛍𝛍𝛍) for all 𝐚𝐚,𝐛𝐛, 𝛍𝛍 ∈
𝐌𝐌 𝐚𝐚𝐚𝐚𝐚𝐚 𝛄𝛄,𝛍𝛍 ∈ 𝚪𝚪 
 
Notation 2.11: Green’s relations are defined on a 𝜞𝜞-Semigroup S as follows: 
𝒂𝒂𝒂𝒂𝒃𝒃 𝒊𝒊𝒊𝒊 𝒂𝒂𝒂𝒂𝒂𝒂 𝒐𝒐𝒂𝒂𝒐𝒐𝒙𝒙 𝒊𝒊𝒊𝒊 𝝐𝝐′𝜞𝜞 𝒂𝒂 = 𝝐𝝐′𝜞𝜞 𝒃𝒃 
𝒂𝒂𝒂𝒂𝒃𝒃 𝒊𝒊𝒊𝒊 𝒂𝒂𝒂𝒂𝒂𝒂 𝒐𝒐𝒂𝒂𝒐𝒐𝒙𝒙 𝒊𝒊𝒊𝒊 𝒂𝒂 𝜞𝜞 𝝐𝝐′ = 𝒃𝒃 𝜞𝜞 𝝐𝝐′ 
𝒂𝒂𝒂𝒂𝒃𝒃 𝒊𝒊𝒊𝒊 𝒂𝒂𝒂𝒂𝒂𝒂 𝒐𝒐𝒂𝒂𝒐𝒐𝒙𝒙 𝒊𝒊𝒊𝒊 𝒂𝒂𝜞𝜞𝒂𝒂  𝝄𝝄  𝒂𝒂𝜞𝜞𝒃𝒃 
Where 𝝐𝝐′denotes S if S has an identity and 𝝐𝝐′ = 𝝐𝝐 ∪ {𝟏𝟏} where 1 acts like the identity and 𝒂𝒂 = 𝒂𝒂 𝝄𝝄 𝒂𝒂 
 
Definition 2.12: A semi group S is regular if and only if, for each 𝐚𝐚 ∈ 𝐒𝐒, there exists 𝐱𝐱 ∈ 𝐒𝐒 such that 𝐚𝐚 = 𝐚𝐚𝐚𝐚𝐱𝐱𝐚𝐚𝐚𝐚 
for𝐚𝐚 ∈ 𝚪𝚪. In this case 𝐚𝐚′ = 𝐱𝐱𝐚𝐚𝐱𝐱 is a solution to the pair of equations 𝐚𝐚 = 𝐚𝐚𝐚𝐚𝐚𝐚, 𝐚𝐚 = 𝐚𝐚𝐚𝐚𝐚𝐚. The element a is called 
an inverse for 𝐚𝐚 in S and the semi group is said to be an Inverse 𝚪𝚪- semi group if each element of S has a unique 
inverse in S. 
  
3. GENERAL PROPERTIES OF 𝚪𝚪-SEMIGROUPS 

 
Lemma 3.1: For every 𝜞𝜞 − semigroup S, the following hold 
i) 𝒂𝒂 ≤ 𝒆𝒆,𝒂𝒂 ∈ 𝝐𝝐, 𝒆𝒆 ∈ 𝑬𝑬𝒔𝒔 𝒊𝒊𝒊𝒊𝒊𝒊𝒐𝒐𝒙𝒙 𝒂𝒂 ∈ 𝑬𝑬𝒔𝒔 
ii) 𝒂𝒂 ≤ 𝒃𝒃,𝒃𝒃 ∈ 𝝐𝝐,𝒃𝒃 𝒓𝒓𝒆𝒆𝒓𝒓𝒓𝒓𝒐𝒐𝒂𝒂𝒓𝒓 𝒊𝒊𝒊𝒊𝒊𝒊𝒐𝒐𝒙𝒙 𝒂𝒂 𝒓𝒓𝒆𝒆𝒓𝒓𝒓𝒓𝒐𝒐𝒂𝒂𝒓𝒓 
iii) 𝒂𝒂 ≤ 𝒃𝒃,𝒂𝒂,𝒃𝒃 ∈ 𝝐𝝐,𝒂𝒂 𝒓𝒓𝒆𝒆𝒓𝒓𝒓𝒓𝒐𝒐𝒂𝒂𝒓𝒓 𝒊𝒊𝒊𝒊𝒊𝒊𝒐𝒐𝒙𝒙 𝒂𝒂 = 𝒆𝒆𝒃𝒃 = 𝒃𝒃𝒊𝒊,𝒆𝒆,𝒊𝒊 ∈ 𝑬𝑬𝒔𝒔,𝒆𝒆 𝒂𝒂 𝒊𝒊 

 
Proof: i) For 𝐚𝐚 ∈ 𝐒𝐒,𝐰𝐰𝐰𝐰 𝐡𝐡𝐚𝐚𝐡𝐡𝐰𝐰  𝐚𝐚 = 𝐱𝐱𝐚𝐚𝐰𝐰 = 𝐰𝐰𝐚𝐚𝐚𝐚 and 𝐱𝐱𝐚𝐚𝐚𝐚 = 𝐚𝐚 = 𝐚𝐚𝐚𝐚𝐚𝐚 for 𝐱𝐱,𝐚𝐚 ∈ 𝐒𝐒′,𝐚𝐚 ∈ 𝚪𝚪 
Now, 𝐚𝐚𝟐𝟐 = 𝐚𝐚𝐚𝐚𝐚𝐚,𝐚𝐚 ∈ 𝚪𝚪 
               = 𝐱𝐱𝐚𝐚𝐰𝐰 𝐚𝐚 𝐰𝐰𝐚𝐚𝐚𝐚 
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               = 𝐱𝐱𝐚𝐚𝐰𝐰 𝐚𝐚 𝐚𝐚 
                = 𝐚𝐚𝐚𝐚𝐚𝐚 
                = 𝐚𝐚 

           ∴ 𝐚𝐚 ∈ 𝐄𝐄𝐬𝐬 
 
ii) Suppose 𝐚𝐚 ≤ 𝐛𝐛, 𝐛𝐛 𝐫𝐫𝐰𝐰𝐫𝐫𝐫𝐫𝐫𝐫𝐚𝐚𝐫𝐫 𝐭𝐭𝐡𝐡𝐰𝐰𝐚𝐚  𝐚𝐚 = 𝐱𝐱𝐚𝐚𝐛𝐛 = 𝐛𝐛𝐚𝐚𝐚𝐚;  𝐚𝐚 = 𝐚𝐚𝐚𝐚𝐚𝐚 
 
𝐁𝐁𝐫𝐫𝐭𝐭 𝐟𝐟𝐟𝐟𝐫𝐫 𝐰𝐰𝐡𝐡𝐰𝐰𝐫𝐫𝐚𝐚 𝐢𝐢𝐚𝐚𝐡𝐡𝐰𝐰𝐫𝐫𝐬𝐬𝐰𝐰 𝐰𝐰𝐫𝐫𝐰𝐰𝐞𝐞𝐰𝐰𝐚𝐚𝐭𝐭 𝐛𝐛′ 𝐟𝐟𝐟𝐟 𝐛𝐛,𝐚𝐚 = 𝐚𝐚𝐚𝐚𝐚𝐚 = 𝐱𝐱𝐚𝐚𝐛𝐛𝐚𝐚𝐚𝐚 
                                                                                       = 𝐱𝐱𝐚𝐚(𝐛𝐛𝐚𝐚𝐛𝐛′𝐚𝐚𝐛𝐛)𝐚𝐚𝐚𝐚 
                                                                              = (𝐱𝐱𝐚𝐚𝐛𝐛)𝐚𝐚𝐛𝐛′𝐚𝐚𝐛𝐛𝐚𝐚𝐚𝐚 
                                                                                       = 𝐚𝐚𝐚𝐚𝐛𝐛′𝐚𝐚𝐚𝐚 
Hence 𝐚𝐚 𝐢𝐢𝐬𝐬 𝐫𝐫𝐰𝐰𝐫𝐫𝐫𝐫𝐫𝐫𝐚𝐚𝐫𝐫. 
 
iii)  Suppose a ≤ b, a is regular, which implies a = xαb = bαy and  
          xαa = a = aαy(x, y ϵ S′ ) 
But For every inverse element a′ of a, a = aαa′αa = aαa′α xαb = eαb for e = aαa′αx   
 
Similarly, a = bαf for f = yαa′βa ϵ Es  
 
Finally, since e = aαa′βx, a = eαb       
 
             ∴ e ℛ a 
 
Since a = bαf, f = yαa′βa, we have  a ℒ  f 
 
Hence e 𝒟𝒟 f (∵ 𝒟𝒟 = ℛ o ℒ ) 
 
Definition 3.2: ( S, Γ,≤ ) is called an ordered Γ − semigroup if (S, Γ ) is a Γ −semigroup and (S,≤ ) is a partially 
ordered set such that  
a ≤ b ⟹ a γ c ≤ b γ c  and  c γa ≤ c γb, for all a, b, c ϵS and γ ∈ Γ   
 
The above property is similar to natural partial order compatibility with multiplication a ≤ b ⟹ ac ≤ bc and ca ≤
cb for all c ∈ S 
 
Definition 3.3: The idempotents Es  of a Γ-semigroup can be given a partial order, ( Es  ≠  ∅  ) as follows: 
For e, f ∈  Es  define e ≤ f ⟺ eαf = e = fαe 
 
Lemma 3.4: The relation ≤ is a partial order on Es such that for 𝑠𝑠, 𝑓𝑓 ∈  𝐸𝐸𝑠𝑠  𝑠𝑠 ≤ 𝑓𝑓 ⟺ 𝑠𝑠𝑒𝑒𝑓𝑓 = 𝑠𝑠 = 𝑓𝑓𝑒𝑒𝑠𝑠 
 
Proof:  Firstly, for all 𝑠𝑠 𝜖𝜖 𝐸𝐸𝑠𝑠 ,  𝑠𝑠𝑒𝑒𝑠𝑠 = 𝑠𝑠 
Therefore  𝑠𝑠 ≤ 𝑠𝑠 

  ≤   is Reflexive 
 
If 𝑠𝑠 ≤ 𝑓𝑓 and 𝑓𝑓 ≤ 𝑠𝑠, then 𝑠𝑠 = 𝑠𝑠𝑒𝑒𝑓𝑓 = 𝑓𝑓 
 
Therefore  ≤ is Anti-Symmetric 
 
If 𝑠𝑠 ≤ 𝑓𝑓 and 𝑓𝑓 ≤ ℎ, then 
𝑠𝑠 = 𝑠𝑠𝑒𝑒𝑓𝑓 = 𝑠𝑠𝑒𝑒𝑓𝑓𝑒𝑒ℎ = 𝑠𝑠𝑒𝑒ℎ and 𝑠𝑠 = 𝑓𝑓𝑒𝑒𝑠𝑠 = ℎ𝑒𝑒𝑓𝑓𝑒𝑒𝑠𝑠 = ℎ𝑒𝑒𝑠𝑠 
 
Therefore  𝑠𝑠 ≤ ℎ  
 
Thus  ≤  is Transitive and hence the relation ≤ is a partial order on 𝐸𝐸𝑠𝑠 
 
Definition 3.5: If  S is a commutative Γ − semigroup and all its elements are idempotents  (S =  Es ) then S is called a 
Γ −semilattice. 
 
Hence for all 𝑥𝑥,𝑦𝑦 𝜖𝜖 𝑆𝑆:𝑥𝑥𝑒𝑒𝑥𝑥 = 𝑥𝑥 and 𝑥𝑥𝑒𝑒𝑦𝑦 = 𝑦𝑦𝑒𝑒𝑥𝑥 
 
The relation  on idempotents is defined on the whole of a Γ − semilattice ‘S’.  



VB Subrahmanyeswara Rao Seetamraju*/ PROPERTIES OF LATTICE ORDERED GROUPS AND ORDERED Γ- SEMIGROUPS/ 
 RJPA- 3(3), March-2013. 

© 2013, RJPA. All Rights Reserved                                                                                                                                                    109  

 
An element g is a lower bound of elements e and f if  𝑔𝑔 ≤ 𝑠𝑠 and 𝑔𝑔 ≤ 𝑓𝑓 i.e.,  
𝑔𝑔𝑒𝑒𝑠𝑠 = 𝑔𝑔 = 𝑠𝑠𝑒𝑒𝑔𝑔 and  𝑔𝑔𝑒𝑒𝑓𝑓 = 𝑔𝑔 = 𝑓𝑓𝑒𝑒𝑔𝑔  

 
Lemma 3.6: Let S be a Γ −semilattice. Then  𝑠𝑠𝑒𝑒𝑓𝑓 𝜖𝜖 𝑆𝑆 is the greatest lower bound of the elements e and f of  S 
 
Proof: Let 𝑠𝑠𝑒𝑒𝑓𝑓 𝜖𝜖 𝑆𝑆, 𝑒𝑒 ∈ Γ. Then 𝑠𝑠𝑒𝑒𝑓𝑓 = 𝑓𝑓𝑒𝑒𝑠𝑠 = 𝑓𝑓𝑒𝑒𝑓𝑓𝑒𝑒𝑠𝑠 = 𝑠𝑠𝑒𝑒𝑓𝑓𝑒𝑒𝑓𝑓 

 
∴ (𝑠𝑠𝑒𝑒𝑓𝑓)𝑒𝑒𝑓𝑓 = 𝑠𝑠𝑒𝑒𝑓𝑓 = 𝑓𝑓𝑒𝑒(𝑠𝑠𝑒𝑒𝑓𝑓) 
 
This means 𝑠𝑠𝑒𝑒𝑓𝑓 ≤ 𝑓𝑓 
 
So, (𝑠𝑠𝑒𝑒𝑓𝑓)𝑒𝑒𝑠𝑠 = 𝑓𝑓𝑒𝑒𝑠𝑠𝑒𝑒𝑠𝑠 = 𝑓𝑓𝑒𝑒𝑠𝑠 = 𝑠𝑠𝑒𝑒𝑓𝑓 
 
Therefore, 𝑠𝑠𝑒𝑒(𝑠𝑠𝑒𝑒𝑓𝑓) =  𝑠𝑠𝑒𝑒(𝑓𝑓𝑒𝑒𝑠𝑠) 
                                  = 𝑠𝑠𝑒𝑒𝑓𝑓𝑒𝑒𝑠𝑠 
                                  = 𝑓𝑓𝑒𝑒𝑠𝑠𝑒𝑒𝑠𝑠 
                                  = 𝑓𝑓𝑒𝑒𝑠𝑠 
                                  = 𝑠𝑠𝑒𝑒𝑓𝑓  
                      ∴ 𝑠𝑠𝑒𝑒𝑓𝑓 ≤ 𝑠𝑠   
 
Thus 𝑠𝑠𝑒𝑒𝑓𝑓 is a lower bound of 𝑠𝑠 and 𝑓𝑓 
 
If g is a lower bound of 𝑠𝑠 and 𝑓𝑓, then  
 
𝑔𝑔 = 𝑔𝑔𝑒𝑒𝑓𝑓 = 𝑔𝑔𝑒𝑒𝑠𝑠, and therefore 𝑔𝑔𝑒𝑒(𝑠𝑠𝑒𝑒𝑓𝑓) = (𝑔𝑔𝑒𝑒𝑠𝑠)𝑒𝑒𝑓𝑓 = 𝑔𝑔𝑒𝑒𝑓𝑓 = 𝑔𝑔 And hence 𝑔𝑔 ≤ 𝑠𝑠𝑒𝑒𝑓𝑓 
 
So, 𝑠𝑠𝑒𝑒𝑓𝑓 𝜖𝜖 𝑆𝑆 is the greatest lower bound of the elements 𝑠𝑠 and 𝑓𝑓 

 
4. PARTIAL ORDERING IN INVERSE 𝚪𝚪 −SEMI GROUPS 

 
In any Γ −semigroup S, the idempotent can be partially ordered by the relation 
𝑠𝑠 ≤ 𝑓𝑓 ⟺ 𝑠𝑠𝑒𝑒𝑓𝑓 = 𝑠𝑠 = 𝑓𝑓𝑒𝑒𝑠𝑠 ∀ 𝑠𝑠, 𝑓𝑓𝜖𝜖 𝑆𝑆,𝑒𝑒 𝜖𝜖 Γ   
 
Analogous to this partial ordering, we can define a partial ordering to all the elements of an inverse Γ −semigroup by   
𝑥𝑥 ≤ 𝑦𝑦 ⇔  ∃ 𝑠𝑠 𝜖𝜖 𝐸𝐸𝑠𝑠  : 𝑥𝑥 = 𝑠𝑠𝑒𝑒𝑦𝑦  
 
Since = ( 𝑥𝑥 𝑒𝑒 𝑥𝑥−1 )𝑒𝑒𝑥𝑥, 𝑥𝑥𝑒𝑒𝑥𝑥−1 𝜖𝜖 𝐸𝐸𝑠𝑠 , we have  ≤  is reflexive  
 
If  𝑥𝑥 = 𝑠𝑠𝑒𝑒𝑦𝑦 and 𝑦𝑦 = 𝑓𝑓𝑒𝑒𝑥𝑥, then 
 
𝑥𝑥 = 𝑠𝑠𝑒𝑒𝑦𝑦 = 𝑠𝑠𝑒𝑒(𝑠𝑠𝑒𝑒𝑦𝑦) =  𝑠𝑠𝑒𝑒𝑥𝑥 
 
Hence 𝑥𝑥 = 𝑠𝑠𝑒𝑒𝑦𝑦 = 𝑠𝑠𝑒𝑒𝑓𝑓𝑒𝑒𝑥𝑥 = 𝑓𝑓𝑒𝑒𝑥𝑥 = 𝑦𝑦, so ≤ is antisymmetric 
 
If 𝑥𝑥 = 𝑠𝑠𝑒𝑒𝑦𝑦 and 𝑦𝑦 = 𝑓𝑓𝑒𝑒𝑓𝑓, then  
 
𝑥𝑥 = 𝑠𝑠𝑒𝑒𝑦𝑦 = 𝑠𝑠𝑒𝑒𝑓𝑓𝑒𝑒𝑓𝑓, 𝑠𝑠𝑒𝑒𝑓𝑓 𝜖𝜖 𝐸𝐸𝑠𝑠,  thus ≤ is transitive  
 
Lemma 4.1: In an inverse Γ − semigroup S, 𝑥𝑥 ≤ 𝑦𝑦 ⟺ 𝑥𝑥 = 𝑥𝑥𝑒𝑒𝑥𝑥−1𝑒𝑒𝑦𝑦 
 
Proof: 𝑥𝑥 ≤ 𝑦𝑦 ⟺ ∃𝑠𝑠𝜖𝜖𝐸𝐸𝑠𝑠 : 𝑥𝑥 = 𝑦𝑦𝑒𝑒𝑠𝑠 
⇔ 𝑥𝑥𝑒𝑒𝑥𝑥−1 = 𝑦𝑦𝑒𝑒𝑥𝑥−1  
⇔ 𝑥𝑥 = 𝑥𝑥𝑒𝑒𝑦𝑦−1𝑒𝑒𝑥𝑥  
⇔ 𝑥𝑥𝑒𝑒𝑥𝑥−1 = 𝑥𝑥𝑒𝑒𝑦𝑦−1 
⇔ 𝑥𝑥−1𝑒𝑒𝑥𝑥 = 𝑦𝑦−1𝑒𝑒 𝑥𝑥 
⇔ 𝑥𝑥 = 𝑥𝑥𝑒𝑒𝑥𝑥−1𝑒𝑒𝑦𝑦 
 

Definition 4.2: Let S be an inverse Γ- semigrou. Then S is E-Unitary if and only if eαe = e = eαa implies aαa = a for 
all α ∈  Γ 
 
Lemma 4.3: Let S be an E-Unitary inverse Γ − semigroup. Then (𝑥𝑥,𝑦𝑦) ∈ 𝜎𝜎  𝑖𝑖𝑓𝑓 𝑎𝑎𝑖𝑖𝑎𝑎 𝑜𝑜𝑖𝑖𝑜𝑜𝑦𝑦 𝑖𝑖𝑓𝑓 𝑥𝑥𝑒𝑒𝑥𝑥−1𝑒𝑒𝑦𝑦 = 𝑦𝑦𝑒𝑒𝑦𝑦−1𝑒𝑒𝑥𝑥, 𝜎𝜎  
is an equivalence on S 
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Proof:  Suppose 𝑥𝑥𝑒𝑒𝑥𝑥−1𝑒𝑒𝑦𝑦 = 𝑦𝑦𝑒𝑒𝑦𝑦−1𝑒𝑒𝑥𝑥. Then 𝑠𝑠𝑒𝑒𝑦𝑦 = 𝑠𝑠𝑒𝑒𝑥𝑥 for 𝑥𝑥,𝑦𝑦 𝜖𝜖 𝑆𝑆 and 𝑒𝑒 𝜖𝜖 Γ 
 
  ⟹ (𝑥𝑥,𝑦𝑦) ∈ 𝜎𝜎 
 
Conversely Suppose that (𝑥𝑥,𝑦𝑦) ∈ 𝜎𝜎. Then (𝑥𝑥−1,𝑦𝑦−1) ∈ 𝜎𝜎 
 
⟹ 𝑠𝑠𝑒𝑒𝑥𝑥−1 = 𝑠𝑠𝑒𝑒𝑦𝑦−1 for some 𝑠𝑠 ∈ 𝐸𝐸𝑠𝑠 
 
⟹ 𝑠𝑠𝑒𝑒𝑥𝑥−1𝑒𝑒𝑦𝑦 = 𝑠𝑠𝑒𝑒𝑦𝑦−1𝑒𝑒𝑦𝑦 is idempotent 
 
Since S is E-Unitary, 𝑥𝑥−1𝑒𝑒𝑦𝑦 is idempotent. 
 
∴  𝑥𝑥−1𝑒𝑒𝑦𝑦 = (𝑥𝑥−1𝑒𝑒𝑦𝑦)𝑒𝑒(𝑥𝑥−1𝑒𝑒𝑦𝑦)−1 
 
                  = 𝑥𝑥−1𝑒𝑒𝑦𝑦 𝑒𝑒 𝑦𝑦−1𝑒𝑒𝑥𝑥       
⟹ 𝑥𝑥𝑒𝑒𝑥𝑥−1𝑒𝑒𝑦𝑦 = 𝑥𝑥𝑒𝑒𝑥𝑥−1𝑒𝑒𝑦𝑦𝑒𝑒𝑦𝑦−1𝑒𝑒𝑥𝑥 = (𝑦𝑦𝑒𝑒𝑦𝑦−1)𝑒𝑒(𝑥𝑥𝑒𝑒𝑥𝑥−1𝑒𝑒𝑥𝑥) 
 
                                                                = 𝑦𝑦𝑒𝑒𝑦𝑦−1𝑒𝑒𝑥𝑥, Since idempotents commute. 
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