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ABSTRACTS

Inthe present paper we try to find some known or new summation formulae for basic hyper geometric functions of one
and more variables, using certain fundamental results of g-fractional calculus in the line of Purohit S. D.[5].

1. INTRODUCTION
In the present paper we try to find some known or new summation formulae for basic hyper geometric functions of one
and more variables, using certain fundamental results of g-fractional calculus. We have by Agarwal R. P. [1]

L@ . g
P (2% 1)_Fqga“ﬁ)za F=1 Re(a) >0, for all p. (1.2)

g- extension of the Leibnitz rule for the fractional g-derivatives for a product of two functions n terms of a series
involving fractional g-derivatives of the individual function as:

n(n+1)
D" 2z (q7%:q)

(@:9n

Dy {U(2V(2) } = Tis “ Dy "{U (24" 35 { V(D) }, (1.2)
where U( z) and V( z) are regular functions such that

U(2) =70 a2", [2I<R1;V(2) = X byz”, [2I<Ra

Then for result (1.2) [z|<R = min (Ry, Ry).

We will use the following notations:

For real and complex a, 0< |g| <1, the g-shifted factorial is defined as:

(@@= Q% Dy = {(11 — gD - g™ ... (1 - qa+n—1);;i£¢‘r:l: ,(\),} (1.3)
In terms of g-gamma function (1.3) can be written as:

(4% = " 050 (L4)
where g-gamma function [gasper] is given by

L(@)= ——Le__ (1.5)

@%@)(1—q)2 1
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Indeed it is easy to verify that

limg—i- I (@) =I(a) and lim_- ((j_:;)):; = (a),, (1.6)
where (a), =a@a+l)........... (a+n-1). .7

The Generalized Basic Hypergeometric series , @ (), is defined by:

a,, ap,

(@1,-ar;@)n n

for convergence 0 < g <1, forallzifr<s,and |z| <1 ifr = s+1.

Basic Appell function ® ® (-) defined as:
(@) m +n (B;)m (b/;q)n ma.n

16
© 718 b, b7 ¢ 4%, Y1 = Do ©Om+n @:0m @:0n (1.9)
where x| < 1,ly|] <1
Basic hypergeometric function CDEf)(-)
@Dm+n+p G:)m (b5a), (b q)

(3) NI A — P
o57()[a, b,b’b”;c;0,%x,y, 2] = MynzP 1.10

D ()[a q y ] Zmnp =0 (c; Q)m+n+p(q Dm (@;9)n (q; Q)p xyz ( )
Basic Lauricell function d)gl)(-)

(bj0),, %

n) (aFQ)m1+..+mn mjy )
@7 ()[a,by,0b2,.,00;,C50,X1, X2, X0] = Xy my. M0=0 (esa)m 1 pormn | Y W (1.11)
And the convergence |x3| < 1,[X;| < 1,...,[%a| < 1.
The g- multinomial theorem due to Gasper G. & Rahman M. [4]

_ (@D a§1a§1+k2 k1+k2+ +km

ag,as,..,a = .

(a1, a, m+1)n anljcll"jrzk'z'frf'}i?{m (@GOk @Ok G Dk (@ q)n—(k1+k2+~-+km)
X (a1; Dy (25 Dy Qs Dy (@15 Din—(ieg +eg -tk (1.12)

wherem=1.2,..., n=0,1,2,....

Purohit S. D.[5] has found some known summation formulae associated with the basic hypergeometric functions and
some new summation formulae for the basic Appell function ®“(-), the basic hypergeometric function d)Ef)(-) and the

basic Lauricella function <D(”)() as the application of the g-Leibnitz rule for the fractional order g-derivatives of a
product of two basic function .

The results obtained by assigning particular values to the function U (z) and V/(z) in the g-Leibnitz rule and result (1.1)
as follows:
1) If U(z) =z and V(z) = 22" and p=-a

Replacing in (1.2) and using (1.1) result will be Lauricell function d)gl)(-) ie.

Iy(c—a=bi—by—=by ) Ty(c) _ (m) —a— —a—bq— —a—bq—by—m
q pq(c_;l_.z.._bm) Fqgc_a) _(DD (q“,qbl,qbz,...,qu; qc;q’qc a blqc a—bq bz'qc a—b1—b> bm) (1.13)

Which is g-analogue due to Gaira M. K. & Dhami H. S. [2] as:

I'(c—a=b1—by—+—=by ) I'(c) _ (m)
(c—by——bm) I(c—a)

(a, by, by, ...,by, ,c; 1) (1.14)

2) IfU(@2) =z and V(z) = 22" and B = n, replacing in (1.2) and using (1.1) , we get

(qc b1-b2—.—bm. q)
T ( q—n‘ q qbz' — qu‘ qC : q' qC-H'L—bqu-H’l—bl—bz' qC+n—b1—b2—"'—bm) (115)

Which is a g-identity if the parameters are so restricted that each of the functions involved exists.
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2. MAIN RESULTS
In the line of Purohit S.D. [5], we will find the following results

1) If U(Z) = gz citeztatopm—a—1 ’ V(Z) — Z-(b1+h2+....+bm) and B=-a

Replacing in (1.2) and using (1.1) ,result will be Lauricell function d)gl)(-) ie.

Iq(c1+ep+.tem—a—bi—by——by ) I;(c1+ca+.+om) -
I Cepteptatom —by——bp) IG(crtertotom—a)

m). o b b b c1tep+.tc c1tept.tom —a—bq c1t+cp+.+cy—a—b1—b c1tcp+.tem —a—by—by—+—b
¢)D (q ’q 1’q Z’".’q m;ql 2 m;q’ql 2 m 1q1 2 m 1 Z’ql 2 m 1—02 m)

(2.1)
which is a new result.

2) If U(Z) = z C1teztaton +n—1’ V(Z) — Z-(b1+h2+....+bm) and B=n

Replacing in (1.2) and using (1.1) , result will be Lauricell function CDE)")() i.e.

(qcl+cz+..+cm —b1-b2—.—bm ;q)n

@%@n -
(m), _ - —bqi— —by—by—ee
(DD (q n' qbl, qbz’ . qu; qcl+cz+..+cm iq, qC1+Cz+--+Cm +n bl' qcl+..+cm +n—bq bz' qC1+--+Cm +n—b1—b; bm) (22)

which is a new result.
3) IfU(z) =z 2 —tm—a1 \/(z) = 7OWP2-PM gpg g =-a
Replacing in (1.2) and using (1.1) result will be

I(ci—cp—.—cpm—a—bi+by++by ) Ij(c1—c2—.—Cm)

Iq(c1—ca—.—cm—b1+++by) I(c1—co——cm—a)

(I)E)m)(qar qbl, q—bz’ . q—bm; qcl—..—cm i q, qcl—..—cm —a—b1qc1—..—cm —a—b1+b2’ qc1—..—cm —a—bq1+ ...+bm) (23)
Which is g-analogue to known result due to Gaira M. K. & Dhami H. S. [2]

r(ci—cy—.—cpm—a-by—by——=bpy ) I'(ci—cz—.—cp) _ (M)

F, (@by,by, by, cr — o= =Cp; 1) (2.4)

I'(ci—cz——cm—b1——bpy)  T(c1—cz——cm—a)

Proof of results (2.1), (2.2) and (2.3)
i) fU@)=zc"21 V(@)=z" andp=-a

Replacing in (1.2) and using (1.1) we get

nn-1)
ry(c—a—b) _ Zw (-1)"q 2 qn(c—a)(qa;q)n Iy(c—a) I;(1-b) (2 5)
Lyc-by ~ “=n=0 (@GDn Iy (c+n) Iy(1—b—n) ‘
After some algebra (2.5) reduces a summation formula for basic hypergeometric function
. Lgle—a-b) Iile) _ a ,b.c. c—a-b
2®u()as: Ty T e (e%975a% 4,470 ) (2.6)
Which is known as g-Gauss summation theorem.
i) IfU@) =zt V(@)=z" andp=n
Replacing in (1.2) and using (1.1) result will be
(@), _ _
szq)l (@™q%;q%q,9"") (2.7)

Known as terminating q-Gauss summation formula.
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i) IfU(z) =z a1t2—a71 \(z) = z=(1+h2) apdB=-a
Replacing in (1.2) and using (1.1) we get
nn-1)

Iy(ci+cp—a—b1—b3) - Zw (-D"q~ 2 'qn(c1+c2—a)(qa;q)n Iy(citep—a) I;(1—by—by) (2 8)
Iy Cc1+ez—b1—b) n=0 @On Iy (e1+ea+n) Ty(1—by—by—n)

After some algebra (2.8) becomes

Fq(61+62—a—b1—b2) fq(Cl+Cz) qn(cl+cz—a)(qa;q)n (qb1+bZFQ)n

Ig(ei+cz—a)  Ty(ci+ez—b1—bz) = Zio (@:@)nqn(P1Fb2) (gc1+e2,q), (2.9)
Using relation (1.12) equation (2.9) becomes
fyletemazbihy)  flate) v qrte1tea=®(gq),
Ig(e1+cp—a)  Tg(ci+cp—b1—b3) nZk1 (g;q)nq"(P1HD2) (gc1Hc2;9),
Ses e @@ Dk @ Dy (210
After some algebra (2.10) reduces to basic Appell hypergeometric function (1.9) i.e.
Ig(c1+cg—a—bi—by)  Tg(ci+cy) :<D(l)[ q% q by q bz, g1tz q,q crtez=a=by qC1+Cz—a—b1—b2] (2.11)

Fq(cl+cz—a) Fq(cl-H:z—bl—bz)
where 0<|g|< 1.
iv) IfU (2) = z1te2tn=1 v/ (z) = z=(01+02) and Bp=n

Replacing in (1.2) and using (1.1) result will be terminating summation formula for basic Appell hypergeometric
function

c1+cp—b1-b3.
(q (qc1+c2;q)nvq)n = (@] [ q—n' q by , q by : q Cl+(12; q‘ q n+ci+cy —bq , qn+Cl+Cz —bl—bz] (212)
V) Also if U(z) = z17272¢71 | \(z) = z=(17P2) and B=-a
Replacing in (1.2) and using (1.1) and (1.9) result will be

[‘q(cl—cz—a—b1+b2 ) Fq(cl_cz) - D a b1 ,=by . Hc1—C2. c1—cp—a—bq 4c1—Cc2—a—b1+b) 213
ICei—ca —bi+by) Ty(ei—cz—a) P @ a™a™ 5 q 49 q ) (213)

VI) If U(Z) =z c1tept.toy —a—ly V(Z) - Z—(b1+b2+..+bm) and B =-3

Replacing in (1.2) and using (1.1) we get

n(n—-1)
Fylertben—a=bi——bp) ¢ (D'q T gnctttem=a)(qaq), Iy (ci+tem=a) [g=bi—-—bm) (2.14)
y(c1+a+cm—b1—b2—b3) n=0 (@©Dn Ty (cqtotem +n) Tq(1=by—+—by—n) )
After some algebra (2.14) becomes
Iq(c1++em—a—by——bpy) Iq(cr+tcm ) _ 0 qr(erttem=a)(q%q), (qb1+m+bm;q)n (2 15)
Iq(cit+om—a) Tg(cqtotem —b1——bm) n=0" (giqngn b1+ +bm) (ge1+tem q), '

Using relation (1.12) equation (2.15) becomes

Iy(c1totem—a—by—.—bp) Tq(eit+cm ) _ Z qn(51+"‘+0m —a)(qa;q)n
Iy (c1tten—a) Tq(crtotom—bi—.—by)  SMZitketthm—1 g0y, qnlbit+bm)(gert—+em q),
k1 k1+k) k1+k++km—1
(@:0)n (a°2) " (¢%3) (gbm) "

feathotthm —120 @Dk G Dk 1 @GDn—(eq +hp++km —1)

X (@°5 Oy - (@5 Dy @™ Dy kg bt 1) (2.16)
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On further simplification the equation (2.16) becomes a summation formula for the basic Lauricell function (1.11)

Iq(ci+.+cpm—a—byi—.—bp) Iq(ci++em ) _
Ig(c1+.+cp—a) Iy(cp+.tepm—bg—.—bnp)
(n) b by . +etep . +.+cp —a—b +.+c3—a—by-b +.+cp —a=b;—.—b
q)D [qa’q 1’".’q m’qcl Cm’q’qcl Cm—a l’qcl c3—a 1 Z’”’qcl Cm—a 1 m] (2.17)

For convergence 0 < |g| < 1.
vii) IfU(z) = zert-tem+n=1 \/(z) = z=(B1+b2tb3) apnd g=n
Replacing in (1.2) and using (1.1) result will be

(qc1+..+cm —bq1—.—bm ;q)n _

(qc1+..+cm;q)n
M) r.—n b bm . 4 C1H.tC3. n4cq+.+c3 -b n+4cq+.+c3 -b;—by ~n+cq+.+c3-bi—.—b
(DD [q ,q°t,..,q°™;q!t 39,9 1 3701 gtta 37b17by gnter 3-b1 m] (2.18)

This is a new g-identity if the parameters are so restrict that each of the function involved exist.
viii) Also if U(z) = z¢17~m=a=1 \/(z) = z7(B1=~Pm) apd B =-a
Replacing in (1.2) and using (1.1) result will be

Iq(cg—+—cpm—a—by+-+by ) IH(c1——cy) -
IiCcg——cm—bi+ ..4by) IH(cg——cy —a)
() by 4—b —bm . —.—c3. —.—c3—a-b —.—c3—a—by+b —.—c3—a—bj+.+b
q)D (qa’q 1’q Z’__,q m . qC1 C3’q’qC1 c3—a 1,qC1 c3—a—Db1 2’ qcl c3—a—bq m) (219)

Which is g-analogue due to Gaira M. K. & Dhami H. S. [2].

3. CONCLUSION

The g- Leibnitz rule given by Agrwal R.P. [1] is certainly an important tool for driving many summation formulae
which involve various basic hypergeometric functions of one or more variables. The results derived in this paper are
general and have certain applications in theory of general hypergeometric function.
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