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ABSTRACT 

A set S of vertices in a graph G is a neighbourhood set of G if G = ][vNSv∈  where ][vN  is the subgraph of G 
induced by v and all points adjacent to v. A neighbourhood set S⊆V of a graph G is said to be an independent 
transversal neighbourhood, if S intersects every maximum independent set of G. The minimum cardinality of an 
independent transversal neighbourhod set of G is called the independent transversal neighbourhood number of G and 
is denoted by ηit(G). In this paper we begin an investigation of this parameter.  
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INTRODUCTION  
By a graph G = (V, E), we mean a finite, undirected graph with neither loops nor multiple edges. For graph theoretic 
terminology we refer to the book by Chartrand and Lesniak [1].  
 
In a graph G = (V, E), the open neighbourhood of a vertex v∈V is N(v) = {x ∈  V : vx ∈  E), the set of vertices adjacent 
to v. The closed neighbourhood is N [v] = N (v)  {v}. A clique in a graph G is a complete subgraph of G. The 
maximum order of clique in G is called the clique number and is denoted by ω(G) and clique of order ω(G) is called a 
maximum clique. The subgraph induced by a set S ⊆  V is denoted by S .  
 
A set D⊆V is a dominating set, if every vertex in V – D is adjacent to a vertex in D and the minimum cardinality of a 
dominating set is called the dominating number of G and is denoted by γ(G). A survey of advanced topics in 
domination is given in the book by Haynes et.al [3].  
 
Let deg (v) be the degree of vertex v and as usual δ (G), the minimum degree and ∆ ( G), the maximum degree of a 
graph. α0 (G) is the minimum number of vertices in a vertex cover of G. β0 (G) is the minimum number of vertices in a 
maximal independent set of vertex of G. we employ the notation  x  to denote the smallest integer greater than or 

equal to x, and  x  to denote the largest integer less than or equal to x.  
 
A dominating set S⊆V of a graph G is said to be an independent transversal dominating set, if S intersects every 
maximum independent set of G. The minimum cardinality of an independent tranversal dominating set of G is called 
the independent transversal domination number of G and is denoted by γit(G). This concept was introduced by Hamid in 
[2].  
 
A set S of vertices in a graph G is a neighbourhood set of G if G = 



Sv

vN
∈

][ Where ][vN  is a subgraph of G 

induced by v and all points adjacent to v. The neighbourhood number η(G) of a graph G equals the minimum number of 
vertices in a neighbourhood set of G [4]. In this paper we introduced another basic neighbourhood parameter namely 
independent transversal neighbourhood number and initiate the study of this new neighbourhood parameter.  
 
A neighbourhood set S⊆V of a graph G is said to be an independent transversal neighbourhood, if S intersects every 
maximum independent set of G. The minimum cardinality of an independent transversal neighbourhood set of G and is 
called an independent transversal neighbourhood number and denoted by ηit(G).  
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2. RESULTS  
The following results are immediate  
 
Proposition: 1  
(i): For any graph G, γ(G) ≤ η(G) ≤ ηit (G).  
(ii): For any graph G, γ(G) ≤ γit (G) ≤ ηit(G).  
 

Proposition: A [4] For any path Pp of order p, η(Pp) = 





2
p

  

 

Theorem: 2 For any path Pp of order P, ηit (Pp) = 





2
p

 + 1.  

 
Proof: Let Pp = (v1, v2. . . vp). Then S = {V2i : 1 ≤ i ≤ 2n} is the n-set of Pp  

Further, SV −  = 





2
p

 k1, and hence every independent set in V – S, contains at most 





2
p

 vertices. Now since 







2
p

 = β(Pp).  It follows that S∪ {x}, where x∈V–S is an independent transversal neighbourhood set of Pp.  

 
Hence ηit (Pp) = S  + 1. 

                       = 
2
p

 + 1.  

Since η(Pp)     = 





2
p

  

Proposition B. [4]: For any cycle Cp, with p ≥ 4, η(Cp) = 





2
p

  

 

Theorem 3: For any cycle Cp of order P, ηit(Cp) = 





2
p

 + 1.  

 
Proof: Let Cp = (v1, v2. . . vp). Then we consider two cases.  
 
Case (i): If P is odd then S = {v1, v3, v5. . . vp-1}  

i.e., S = {v2i+1: 0 ≤ i ≤ 
2

1−p
} is a n-set of Cp.  

 

Now, since 12
kpsv 



=−  every independent set in V–S contains at most

2
p

vertices and hence V – S contains β0-

set.  
 
Thus it follows that S }{u  where u∈V-S is an independent tranversal neighbourhood set of Cp. 
 
Hence ηit (Cp) = η (Cp) + 1  

                       = 





2
p

 + 1  

 
Case (ii): If P is even, then  







 ≤≤=

2
1:2

pivs i is a n-set of Cp. and SV − = 







2
P

k1, hence every independence set in V – S contains 
2
p

 

vertices so that V – S contains β0-set.  
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Thus it follows that S {u} where u∈V–S is an independent transversal neighbourhood set of Cp.  
 
hence ηit (Cp)  =  }{uS    
                       = n(Cp) + 1  

                        =  
2
p

 + 1.  

From case (i) and (ii), we have ηit (Cp) =  





2
p

 + 1.  

Corollary 1: For any wheel Wp on p vertices (P ≠ 4) ηit (Wp) = 



 −

2
1p

 + 1.  

 
Proof: Clearly, ηit (Wp) = ηit (Cp-1).  

                                      = 



 −

2
1p

 + 1.   

 
Theorem 4: For any graph G, we have η(G) ≤ ηit (G) ≤ η(G) + δ(G).  
 
Proof: Since an independent transversal neighbourhood set of G is a neighbourhood set, it follows that η(G) ≤ ηit (G).  
 
Now let u be a vertex in G with deg (u) = δ(G), and let S be a n-set in G. Then every maximum independent set of G 
contains a vertex of N (u), so that S N [u] is an independent transversal neighbourhood set of G. Also, since S 

intersect N [u] it follows that )(uNS  ≤ η(G) + δ(G) and hence the right inequalities follows.  
 
Theorem 5: If G is a disconnected graph, with components G1, G2. . . Gr, then  

ηit(G) = min1≤i≤r  
1,

( ) ( ) .
r

it i j
j j i

G Gη η
= ≠

 
+ 

 
∑   

 

Proof: Let G = 


r

i iG
1=

 

 
Suppose that N1, N2, .  . , Nr are the maximum neighbourhood sets of the graphs G1, G2,.  . , Gr respectively and S1, S2. . . 
Sr are the minimum independent transversal neighbourhood sets of G1, G2,  . . , Gr.  
 
Let B1, B2 . . , Br be the maximum independent sets of G1, G2, . . . , Gr. Any independent transversal neighbourhood set 

Si, i = 1,. .. , r is intersect the set 


r

i iB
1=

 .  

 

Hence S1


r

i iN
2=

, S2


r

ii 2,1 ≠=
Ni. . . Sr 



1

,1

−

≠=

r

rjj jN  are all the independent transversal neighbourhood of G and the 

order of those sets will be,  

∑
≠=

+
r

ji
jit GG

12
1 )()( ηη  

2
1 2

( ) ( )
r

it j
i j

G Gη η
= ≠

+ ∑  

3
1 3

( ) ( )
r

it j
i j

G Gη η
= ≠

+ ∑           

1
( ) ( )

r

it i j
i j i

G Gη η
= ≠

+ ∑  



1P. M. SHIVASWAMY* & 2N. D. SONER / THE INDEPENDENT TRANSVERSAL NEIGHBOURHOOD NUMBER OF A GRAPH/ 
RJPA- 3(1), Jan.-2013. 

© 2013, RJPA. All Rights Reserved                                                                                                                                                       65  

Since the minimum independent transversal neighbourhood set is one of the set 


r

i
iNS

1
1

=

 which has the minimum 

cardinality.  
 

Hence ηit(G) = min1≤i≤r  
1,

( ) ( ) .
r

it i j
j j i

G Gη η
= ≠

 
+ 

 
∑   

 
Theorem 6: For any non-complete graph G with clique number ω, ηit (G) ≤ η – ω + 1. Further equality holds if and 
only if β0 (G) = 2.  
 
Proof: Let H be a maximum clique in G. Let u∈V (H). Then S = V (G) – V (H-u) is neighbourhood set of G. Since β0 
(G) ≥ 2 and H is a maximum clique, it follows that every maximum independent set of G intersects S. Hence S is an 
independent transversal neighbourhood set so that ηit (G) ≤ n – ω + 1.  
 
Suppose ηit (G) ≤ η – ω + 1. Let H be a maximum clique in G. Let u and v be two adjacent vertices such that u ∈V (H) 
and V∈V (G) – H (G). Then N = {u} [V (G) – V (H v)] is a neighbourhood set of G with N  = η – ω. Since ηit(G) 

= n – ω + 1, there exists a β0- set in G such that N  S = φ  Hence S consists of the vertex u and a vertex ω ≠ u in H, so 
that β0 (G) = 2.  
 
Theorem 7: Let l and m be two positive integers with m ≥ 2l – 1. Then there exist a graph G on m vertices, such that ηit 
(G) = l + 1.  
 
Proof: Let m = 2l + r, r ≥ - 1 and let H be any connected graph on l vertices.  
 
Let V (H) = {v1, v2. . . v1). Let G be a graph obtained from H by attaching r + 1 pendant edges at V1 and one edge at 
each Vi for i ≥ 2. Let ui (i ≥ 2) be the pendent vertex in G adjacent to Vi clearly η(G) = l and S = {v1, v2,…, vl, ui} (ui is 
any pendent vertex in G) is a ηit set of G. Further every maximal independent set of G intersect S and hence ηit(G) = S  

= l + 1, also )(GV  = b.  
 
Theorem 8: For any non-complete graph G with δ(G) ≥ 2, we have ηit (G) ≤ α0 (G).  
 
Proof: Let S be a β0 set of G. Then V – S is a neighbourhood set of G, since, G ≠ K2 and δ (G) ≥ 2, there exists a vertex 
v in V – S such that SvN )(  ≥ 2. Let u and w be two neighbours of V in S, since δ(G) ≥ 2, it follows that every 
neighbourhood of v in S is adjacent to at least one vertex other than v in V – S and hence D = (V – S ) – {v} is a 
neighbourhood set of G – {v}.  
 
Then D {w} is an independent transversal neighbourhood set of G. This is because (S –{w}) {v} is the only set in 
the compliment of D {w}, which is not an independent set, and hence ηit (G) ≤ η – β0 (G) = α0 (G).  
 
Corollary 2: If G is a non-complete graph ηit (G) = α0 (G) + 1, then η (G) = α0 (G).  
 
Proof: Suppose ηit (G) = α0 (G) +1. It follows from theorem 8 and 4 that ηit (G) ≤ η (G) +1 and hence α0(G) ≤ η(G).  
 
Also since it is always true that η (G) ≤ α0 (G),  
 
we have  η(G) =α0 (G).  
 
Theorem 9: For any graph G, 1 ≤ ηit (G) ≤ p. Further ηit(G) = p, if and only if G = Kp or .pK   
 
Proof: The inequalities are trivial. Suppose ηit(G) = p. assume G = Kp or  .pK  Then G has at least three vertices u, v 
and w such that u and v are adjacent and w is not adjacent to one of u, v.  
 
Suppose w is not adjacent to u. This implies that V–{u} is an independent transversal n-set of G and hence ηit(G) ≤ p – 
1, which is a contradiction. This proves necessity, sufficient is obvious. The following are some interesting open 
problem 
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(1) Characterize graphs for which  

 
(i) γit(G) = ηit (G)  
 
(ii) γ(G) = γit(G) = η(G) = ηit(G).  
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