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ABSTRACT

Fuzzy metric space have introduced in many ways. We find some fixed point theorem in complete fuzzy 2-metric space
through rational expression. Our paper is generalization form of Binayak S.Choudhary and Krishnapada Das [1] for
Fuzzy 2-metric space motivated by Sushil Sharma [10].

1. INTRODUCTION

Fuzzy metric spaces have been introduced in many ways amongst specially to mention, fuzzy metric spaces were
introduced by Kramosil and Michalek [7]. In this paper we use the concept of fuzzy metric space introduced by
Kramosil and Michalek [7] and modified by George and Veeramani [5] to obtain Hausdorff topology for this kind of
fuzzy metric space. Recently, Gregori and Sepena (2002) [6] extended Banach fixed point theorem to Fuzzy
contraction mappings on complete fuzzy metric space in the sense of George and Veermani [5]. It is to be remarked
that Sharma, Sharma and Iseki [9] studied for the first time contraction type mappings in 2-metric space. Wenzhi [12]
and many others initiated the study of Probabilistic 2-metric spaces. As we know that 2-metric space is a real valued
function of a point triples on a set X, whose abstract properties were suggested by the area of function in Euclidean
spaces.

Our work demonstrates the fact that other types of contractions are possible in Fuzzy metric space.

2. PRELIMINARIES
In this part we review and introduce some definitions and results which are essentials for our discussion in the paper.

Definition 2.1: (Kramosil and Michalek 1975) A binary operation * : [0,1] x [0,1] — [0,1] is a t-norm if it satisfies the
following conditions :

(i =(l,a=a,=*(0,0)=0

(ii) *(ab) ==*(b,a)

(iii) *(c,d) > =*(a,b) wheneverc>aandd>b

(iv) *(x(a,b) ,c) ==*(a, *(b,c)) where a,b,c,de [0,1]

Definition 2.2 : (Kramosil and Michalek 1975) The 3-tuple (X,M, *) is said to be a fuzzy metric space if X is an
arbitrary set * is a continuous t-norm and M is a fuzzy set on X? x [0,0) satisfying the following conditions:

(i) M(xy, 0)=0,

(i) Mxyt) =1forallt>0iffx=y,

(i) M(xy.t) = M(y.x.t) ,

(iv) M(xy,t) * M(y,z,s) < M(x,z,t +5),

(v) M(xy,.):[0,00[—[0,1] is left-continuous,

where x,y,z € X and t,s > 0.

In order to introduced a Hausdroff topology on the fuzzy metric space, in ( Kramosil and Michalek 1975) the following
definition was introduced.
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Definition 2.3: (George and Veermani 1994) The 3-tuple (X, M, *) is said to be a fuzzy metric space if X is an
arbitrary set, * is a continuous t-norm and M is a fuzzy set on X?x[0,0] satisfying the following conditions:

i) Mxyt) >0

(i) Mxyt=1iffx=y,

(i) M(xy.t) = M(y.x.t) ,

(iv) M(xy,b) = M(y,z,s) < M(X,z,t +5),

(v) M(xy, ) :10,00[—[0,1] is continuous,

where x,y,z € Xand t,s > 0.

Definition 2.4: (George and Veermani 1994) In a metric space (X,d) the 3-tuple (X, Md, *) where Md(x,y,t) =t/ (t +
d(x,y)) and a*b = ab is a fuzzy metric space. This Md is called the standard fuzzy metric space induced by d.

Definition 2.5: A binary operation * : [0,1] x [0,1] x [0,1]—[0,1] is called a continuous t-norm if ([0,1], *) is an abelian
topological monoid with unit 1 such that a;* by* c,< a,* by* ¢, whenever a;< a,, b;< b,, ¢;< ¢, for all a;, a, by, b, and
Cy, Cy are in [0,1].

Definition 2.6 : The 3-tuple (X,M,*) is called a fuzzy 2-metric space if X is an arbitrary set, * is a continuous t-norm
and M is a fuzzy set in X? x [0,0) satisfying the following conditions for all x, y, z, u € X and ty, t,, t; > 0.
(FM’-1) M(x,y,z,0)=0,
(FM’-2) M(x,Y, z,t) =1, t > 0 and when at least two of the three points are equal,
(FM’-3) M(X,Y, z,t) = M(x, 2, ¥, t) = M(y, z, X, t), (Symmetry about three variables)
(FM’-4) M(X, Y, Z, ti+t,+t3) > M(X, y, u, t1)*M(X, U, z, t;)* M(u, y, z, t3)
(This corresponds to tetrahedron inequality in 2-metric space)

The function value M(x, v, z, t) may be interpreted as the probability that the area of triangle is less than t.
(FM’-5) M(x, Y, z,.): [0,1)—[0,1] is left continuous.

Definition 2.7: Let (X, M, *) is a fuzzy 2-metric space:
(1) A sequence {x,} in fuzzy 2-metric space X is said to be convergent to a point x € X, if
lim, ., M(x,, X, a,t)=1forallac Xandt>D0.

(2) A sequence {x,} in fuzzy 2-metric space X is called a Cauchy sequence, if
lim,, .. M(xp4p , Xy, 8, t) = 1 forallae Xand t>0, p>0.

(3) A fuzzy 2-metric space in which every Cauchy sequence is convergent is said to be complete.

Definition 2.8: A function M is continuous in fuzzy 2-metric space iff whenever x,— X, y,— Y, then
lim,_,, M(x,, v,, & t) = M(X, y, a,t) for all ac X and t > 0.

Definition 2.9: Two mappings A and S on fuzzy 2-metric space X are weakly commuting iff
M (ASu, SAu, a, ¥) > M (Au, Su, a, t) forall u,a € Xand t > 0.

Definition 2.10: A binary operation *: [0,1]* —[0,1] is called a continuous t-norm if ([0,1], *) is an abelian topological
monoid with unit 1 such that a;* by* ¢ci* dy< a,* bo* ¢, * dy whenever a;< a,, b1<b,, €< ¢, and d;< d,for all a;, a,, by, b»
, C1, C; and dy, d, are in [0,1].

Remark: Definitions and prepositions from Gregori and Sepena 2002 [6], Kumar and Chugh 2001 [8] are also used to
prove our theorem.

MAIN RESULT
Theorem : Let (X,M, *) be a complete fuzzy metric space in which fuzzy contractive sequences are Cauchy and T, R
and S be mappings from (X,M ,* ) into itself satisfying the following conditions:

T(X) < R(X) and T(X) < S(X)

1 1
MTTGat) 1= k(L(x,y,a,t) - 1)

M(Rx,Sy,a,t),M(Sx,Ry,a,t), M(Rx,Tx,a,t),

Wlth 0< k <1 and L(X,y,a,t) = min M(RLV, Ty: a, t): M(SX, Tx; a, t); M(Sy: Ty; a, t);
M(Sx,Ry,a,t)M(Rx,Tx,a,t) M(Sx,Tx,at)M(Sy,Ty,a.t)
M(Rx,Sy,a,t) ’ M(Ry,Ty,a,t)
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The pairs T, Sand T, R are compatible. R, T and S are w-continuous.
Then R, T and S have a unique common fixed point.

Proof: Let Xy € X be an arbitrary point of X. Since T(X) < R(X) and T(X) < S(X), we can construct a sequence {x,}
in X such that
Tx,_1 =Rx, =Sx,

Now,

M(Rx,,Sx,11,a,t), M(Sx,, Rx,,1,a,t), M(Rx,, Tx,,a,t),
M(Rxp 41, Txp 11,0, t), M(Sx,, Tx,, a,t), M(Sxp 11, TXp 41, t),

M(Sxp,Rxp4+1,a,t)M(Rxy,Txy,a,t) M(Sxp,Txn,a,t)M(Sxy+1,Txn+1,a,t)

M(Rxp,Sxn4+1,a,t) ’

L(an Xn+1/ alt) = mln

M(Rxyp4+1,Txpn+1,a,t)

M(Tx,_1,Tx,,a,t), M(Tx,_1,Tx,,a,t), M(Tx, 11, Tx,,a,t),
M(Tx,, Txp11,a,t), M(Tx,_1,Tx,,a,t), M(Tx,, Txy 11, a,t),
M(Txp—1,Txpn,a,t)M(Txy+1,Txn,at) M(Txp—1,Txn,a,t)M(Txy,Txp4+1,a,t)
M(Txp—1,TXp,t) ’ M (Txp,TXp +1,a,t)

=min

=min {M(Tx,_1,Tx,, a,t), M(Tx,, Tx,,1,a,t)}

We now claim that
M(Tx,_1,Tx,, a,t) < M(Tx,,Tx,41,a,t)

Otherwise we claim that
M(Tx,_1,Tx,,a,t) = M(Tx,,Tx,41,a,t)

i.e. L(x,, X1, 4, t) = M(Tx,, Tx,41,a,t)

1 1
S S T
M(Txy,TXp41,a,t) M (Txy,TXp41,a,t)

which is a contradiction.

1 1
Hence, —_— 1 Sk(——l)
M(Txp,Txp+1,a,t) M(Txp—1,Txy,at)

- {Tx,} is a fuzzy contractive sequence in (X, M,*). So {Tx,} is a Cauchy sequence in (X, M,*).
As X is a complete fuzzy metric space, {Tx,.1} is convergent. So, {Tx,.1} converges to some point z in X.

Ao}t {Rx0}, {Sxn} converges to z. By w-continuity of R, S and T , there exists a point u in X such that x, —> u as
n—oo and so lim Rx, = lim Sx, = lim Tx,; = z implies

Ru=Su=Tu=z
Also by compatibility of pairs T, Sand T, R and Tu = Ru = Su = z implies
Tz=TRu=RTu=Rz and Tz=TSu=STu= Sz
Therefore, Tz=Rz=Sz

We now claim that Tz = z.

1 1
Ifnot ————1 < (——1)
M(Txp,Txpny1,0,t) M(Txp—-1,Txp,a,t)

o M(Ru,Tu,a,t),M(Sz,Tz, a,t), M(Su,Tu,a,t),
L(z,u,a,t) =min M (Sz,Ru,a,t)M(Rz,Tz,a,t) M(Sz,Tz,a,t)M(Su,Tu,a,t)
M(Rz,Su,a,t) ’ M (Ru,Tu,a,t)

M(Rz,Su,a,t),M(Sz,Ru,a,t), M(Rz,Tz,a,t), l
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M(Tz,z,a,t),M(Tz,z,a,t),M(Tz,Tz,a,t),
M(z,z,a,t),M(Tz,Tza,t),M(z,z,a,t),
M(Tz,z,a,t)M(Tz,Tz,a,t) M(TzTza,t)M(z,za,t)
M(Tz,z,a,t) ’ M(z,z,a,t)

=min

=min{M(Tz,za,t),M(Tz,za,t),1,1,1,1,1,1}

=M(Tz,z,a,t)

1 1
()
M(Txp,Txp41,0,t) M(Txp-1,Txp,a,t)

which is a contradiction.

Hence Tz=z

So z is a common fixed point of R, T and S.

Now suppose V # z be another fixed point of R, T and

1 1
()
M(Txy,Txn+1,a,) M(Txy—1,Txpn,at)

M(Rv,Sz,a,t),M(Sv,Rz,a,t), M(Rv,Tv,a,t),
M(Rz,Tz,a,t),M(Sv,Tv,a,t),M(Sz,Tz,a,t),
M(Sv,Rz,a,t)M(Rv,Tv,a,t) M(Sv,Tv,a,t)M(Sz,Tz,a,t)
M(Rv,Sz,a,t) ’ M(Rz,Tz,a,t)

L(v,u,a,t) = min

M@,za,t),Mv,za,t),M(v,v,a,t),
M(z,z,a,t),M(v,v,a,t),M(z, 2 a,t),
MWw,z,at)Mwyat) Miwvat)M(zza,t)
M(v,z,a,t) ’ M(z,z,a,t)

=min

=min{M(v,z4a,t),Mv,2za1t),1,1,1,1,1,1}

= M(,za,t)

1 1
S S S S
M(Txpn,Txp4+1,a,t) M(Txp—1,Txy,a,t)

which is a contradiction. Hence v = z.

Thus R, T and S have unique common fixed point. This completes our proof.
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