Research Journal of Pure Algebra -2(12), 2012, page: 387-391
@ Available online through www.rjpa.info ISSN 2248-9037

FIXED POINT THEOREM IN MENGER PROBABILISTIC METRIC SPACE

Rajesh Shrivastava”
Govt. Beneezer Science and commerce College, Bhopal (M.P.), India

(Received on: 18-11-12; Revised & Accepted on: 17-12-12)

ABSTRACT
In this paper Fixed point results and menger probabilistic metric space for multivalued maps.
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INTRODUCTION

The probabilistic metric spaces is an important part of Stochastic Analysis, to develop the fixed point theory in such
spaces. There are many results in fixed point theory in probablisitc metric space. Metric spaces were introduced by
Gahler in 1964, and since then there have been many fixed point theorems proved in metric spaces and as a
generalization of metric spaces, there have been only a few results in fixed point theory.

A coincidence point theorem for multivalued mappings satisfying generalized Hicks’ contraction principle in Menger
spaces. A probabilistic metric space is introduced by Menger. Many fixed point results have been obtained for single
valued in probabilistic metric spaces. Fixed point theorem is proved for multi-valued version of the strict probabilistic
(by)-contractions by Mihet. Hadzic introduced the notion of a multi-valued probabilistic y-contraction and by using the
notion of the function of non compactness, a fixed point theorem was proved. Radu in generalized C-contraction which
was presented by Hicks. A multi-valued generalization of the notion of a C-contraction and fixed point theorem are
introduced in. Hadzic generalized fixed point theorem for multi-valued in. Zikic proved a coincidence point theorem
for three mappings, which is a generalization of Hicks theorem.

2. PRELIMINARIES

2.1 Definition: [18] A t-norm is a function A: [0, 1] x [0, 1] — [0, 1] which satisfies the following conditions.
i) A(l,a)=a

ii) A(a, b) = A(b, a)

iii) A(c, d)>A (a, b) wheneverc>aand d>b,

iv) A (A(a, b), c) = A(a, A(b, ¢))

2.2 Definition: [18] A mapping F: R — R" is called a distribution function if it is non-decreasing and left continuous

with ing{c F(t): 0 sup F(t)zl, where R is the set of real numbers and R* denotes the set of non-negative real
te teR

numbers.

2.3 Definition: Menger Space [18] A Menger space is a triplet (M. F, A) where M is a non empty set, F is a function
defined on M x M to the set of distribution functions and A is a t-norm, such that the following are satisfied.

i) Fy(@)=0forallx,yeM,

ii) Fy(s)=1foralls>0andx,y e Mifandonlyifx=y

iii) Fy(s) = Fyx(s) forall x,y € M, s> 0 and

iv) Fyy(u+v) > A (Fy(u), Fyy (v)) forallu,v>=0and x, y, z € M.

A sequence {X,} < M converges to some point X € M if for given € € M if for given € > 0, > 0 we can find a positive
integer N, such that for all n > N, .

Fex (e)>1-2
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Fixed point theory in Menger spaces is a developed branch of mathematics. Sehgal and Bharucha-Reid first introduced
the contraction mapping principle in probabilistic metric spaces. [Hadzic and Pap].

2.4 Definition: (Cauchy sequence) A sequence {X,} in a Menger space (M, F,A) is called a Cauchy sequence if for
each E € (0.1) and t > 0. There exists no € N such that Fy,, X, (t) > 1 - € for all m, n > n,. The Menger space (M, F, A)
is said to be complete if every cauchy sequence in M convergent.

Lemma 2.1: Let X be a metric space and (x, F, A) be a Menger probabilistic metric space with metric d and let w be w-
distance, t-norm in A, on x. Let {x,} and {y,} be a sequence in X. Let {a,} and {B.} be sequences in [0, «) converging
to 0, and let x, y, z € X Then, the following hold:

a) Ifw(X, y) <a,and w(x, z) < B, forany n e N, then y = z; in particular, if w(x, y) = 0 and w(x, z) =0, then y = z;
b) 1f w(Xn, Yn) < o, and w(x,, z) < B, for any n e N, then {y,} converges to z;

c) Ifw(x,, Xn) <an forany n, m eN with m > n, then {x,} isa cauchy sequence;

d) Ifw(y, x,) <a,forany n e N, then {x,} is a cauchy sequence.

Theorem: Let (X, F, A) be a Menger probabilistic metric space with the t-norm A satisfying the condition:

sup A (t, t)=1 1)

t<1
For any o € (0, 1], we define d, : X x X — R" as follows:
do (X, y) =inf{t>0: Fcy (t) >1- a}. (2.2)
Then {x, d, : a € (0, 1)) is a generating space of quasi metric family; (2.3)
The topology T, 0N (X, d,, : o € (0, 1]) coincides with the (g,A) — topology t on (X, F,A)

3. MAIN RESULTS
In this section, we consider X complete and M is a non empty closed subset of X.

Theorem: 3.1 Let (x, M, A) be complete menger probabilistic metric space with the t-norm let T: M — cl(M) be a
multivalued k,, — map such that

Inf {t>0:M,, (X, u,a)+M, (X, t0)(X)>1-a:xeX, teT}

Foreveryu € Xwithu ¢ T(u) Xx € Xand a € (0, 1] where 0 <h < '. Then “T” has a fixed point.

Proof: Let u, be an arbitrary element of M and u; e T(up) since T is k,,-map. There exists u,eT(u;) such that
M, (U, u, a)<rM,, (Ug,uy, a)+rM, (ug,u,, o)

Where 1 € [0, 1/2) and consequently

M,, (Ul’ u, a)gl—rr M, (Ug, U, “)

Thus we get a sequence {u,} in M such that for every n € N, un+; € T(uy)

M (Un . Upe, @) < Li} M, (un-1,u, a)

1
For some fixed pointr,0<r < E

r
Put A=——then0<A<1
1-r
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For m and n positive Integers m > n, we have

My (Un, U a) <My, (Un, Unsg,@) + My (Unag, Unso @) +oneneeee + My, (Un-1, Un @)
< 7\.n MW (Uo, ulvoc)

7\”

< X M, (uo, u, a)

Which implies that M, (U,, Uy o) = 0 as n — oo and by lemma 2.1, { u, } is a Cauchy sequence.
From the completeness of x, we get that {u,} converges to some V, € X. M being closed we have v, € M.

Letn e N be fixed since {un} converges to some v, and w(u,, .) is lower semi continuous, we have

n

Mu(Un, Vo @) < lﬁ[l inf Mw(un.uma)sl . M, (uo, ula)

So, as n — oo, we have My, (U,, Vo o) —> 0
Assume vy ¢ T (Vo). Then by hypothesis, we have.
0<Inf{My (u,vo o) + My, (U, t(u) &) >1 -0, u € x}

<Inf {My, (Up, Vo &) + My, (Up, T (Uy)) ;>1-0a,n e N}
<Inf { My, (Un, Vo) * My (Un . T(Up), @) >1 -0, :n e N}

<Inf {1an M, (U, Uy, @)+ A" M, (Uy, Uy, 0)>1-0;ne N}

=0
Which is impossible and hence vy € T(v)
Theorem: 3.2 Let (x . M. A) be complete Menger probabilistic Metric space, Each k,, — map T: M — cl (M) has a fixed
point, provided that for any iterative sequence {u,} in M with u, — vy, € M. The sequence of real number {M,, (Vo, Uy,

o} converges to zero.

Proof: as intheorem 3.1. There exists a convergent iterative sequence {u,} such that u, — v, € M. with.
n

MW (ul"l Vo. a’) < Iim inf I\/IW (un: Um, a’) < MW (UOi Uz, (X,)
m—oo

and
My (Un . Ups, @) SA "My (U Uy ) :>1 - o

where k:L<1
1-r

Note that M, (U, . Vo . &) — 0 as n — oo further. Since u, € T(u,1) and T is a k,, — map. There is v, € T(Vy) such that

My (Un, Vo, @) <1 [Myy (Up.g, Un, @) + My, (Vo, Vi, @)] > 1 - @
< {rJ‘ MW(un-ll Un) tr MW (Vo, Vn) tr MW (un: Vn) :>1- Q.}

r
< — {MW (un-li Un, (X’) >1- (X,} +

= I\/IW » Uns >1-
-~ M ) > 1)

And Thus M,, (Up, V, ) > 0asn — o
Thus by lemma 2.1 we get that Vo, — V, and since V,, € T (Vo) which is closed, Sq Vo € T (Vo)

Now we prove some results on existence of common fixed points.
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Theorem 3.3: Let (x . M. A) be complete Menger probabilistic metric space with t-norm and A satisfying condition Let
1
{T.} be a sequence of multivalued maps of M in to cl (M) suppose that. There exists a constant 0 <r < E such that for

any two maps T;, Tj € {T,} and for any x € M. u € T; (X). There exists V e Tj(u) for all y € M with
Wy (U, v, o) <t {Myy (X, U, o) + Myy(X . To(X). o) >1-a:xex}>0
Forany u ¢ T, (u). Then {T,} has a common fixed point.

Proof: Let uy be an asbitrary element of M and let u; € T, (ug). Then these is an u, € T, (u;) such that

My (g, Up, &) < My (U, Uz, o)

So there exist a sequence {u,} such that un,; € Ty (u) and forall n> 1.
n
r
Mw (un’ un+1’ U’)S |:1_ r} MW(UO’ Ul,(l)

r
Put kzl— Note that 0 < A < 1 and
—-Tr

My (Up. Uns1, 00) A" My, (Ug, Uy, o) for all n> 1. Then, as n — oo, we get that {u,} is a cauehy sequence in X

Let P=limu  inM.

n—oo

Now we show that P e n ., T, (P).

n>1 "n
Let T, be an arbitrary member of {T,}. Since u, € T, (u,.1). By hypothesis there is S, € T,,(P) such that.
My (U, Sny @) <1t{My, (Up 1, Uy, @) + My, (P, S, . 0) i > 1 -}

We proceed as in the proof of theorem 3.1 and get

M, (u,.p.a)<liminf M, (u,,u,,a)
)\‘n
Y M, (uy,u,, a)

Which is converges to O as n — c. Now assume that P ¢ T,(P). Then, by hypothesis and forn>mand M> 1.

We have

O<Inf{My,(u.p.o)+My, (U, T (u),a)>1-0a:uex}
< Inf {My (U1, P, @) + My (U1, T (Umt) @) > 1 -0 :m e N}
< Inf {My (U1, P, @) + My (U1, T (Uma), @) > 1-o:me N}

m-1
< inf {i - M, Uy, Uy, @)+ A" M, (U, u,0)>1-a:me N}

Which is impossible and hence p € T,,(P). But T,, is an arbitrary hence P is a common fixed point.

Theorem: 3.4: Let (X, F, A) be complete Menger probabilistic Metric space with the t-norm and A satisfying the
condition let {T,} be a sequence of multivalued maps of M into cl(M). Suppose that there exists a constant r with & r

1 and such that for any two maps T;, T; and for any x € M, u e Ti(x). There exists V e T;(u) for all
2

ye MW" (U, v, o) <r {My (X, U, o) + My (U, v,a)>1-0a:xe X}
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Then {T,} has a common fixed point provided that any iterative sequence {u,} in M with u, — v, € M the sequence of
real number {M,, (Vo, U,, o)} converges to zero.

Proof: can be proved early in above
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