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ABSTRACT

This paper proposed a new generalization of bounded Continuous multivariate symmetric probability distributions.
More specifically the authors visualizes a new generalization of Sam-Solai’s Multivariate additive Exponential
distribution from the uni-variate exponential distribution.Further,we find its Marginal, Multivariate Conditional
distributions, Multivariate Generating functions, Multivariate survival, hazard functions and also discussed it’s special
cases. The special cases includes the transformation of Sam-Solai’s Multivariate additive exponential distribution into
Multivariate Inverse exponential distribution, Multivariate Weibull distribution, Multivariate Power law distribution,
Multivariate chi-square distribution with two d.f, Multivariate Rayleigh distribution, Multivariate Pareto distribution,
Multivariate logistic distribution, Multivariate Generalized extreme value distribution and Multivariate Benktander
weibull distribution. Moreover, the bivariate correlation between any two exponential random variables found to be -
0.25 and it is independent from the Co-variance. Similarly, we simulated and established a symmetric matrix of Co-
variances based on different combinations of values for parameters.

Keywords: Sam-Solai’s Multivariate Exponential distribution, Multivariate Inverse exponential distribution,
Multivariate Weibull distribution, Multivariate Power law distribution, Multivariate chi-square distribution,
Multivariate Rayleigh distribution, Multivariate Pareto distribution, Multivariate logistic distribution, Multivariate
Generalized extreme value distribution and Multivariate Benktander Weibull distribution.

*Mathematics Subject Classification: Primary 62H10; Secondary 62E15.

INTRODUCTION:

The exponential distribution was extensively studied in the past and it is used in the field of Reliability theory, queuing
theory and also applied to test the life length of equipment, machineries etc. In recent times, statisticians showed the
interest to generalize the univariate distributions to its multivariate case and exponential distribution is not an exception
to its multivariate generalization. Some authors gave more concentration to the bivariate generalization of exponential
distribution with different assumptions respective to their fields. Gumbel (1960), Freud (1961) Marshal and Olkin
(1967), Downton(1970), Block et al(1975,1975b,1977), Fridayandpatil (1977), Raftery(1984), Cowan(1987), Sarkar
(1987) Arnold and Strauss(1988), Hayakawa(1994) and Kotz et al(1999) were extensively studied the Bivariate
generalization of exponential distribution and give different forms and shapes of Bivariate exponential distribution.
Similarly these authors also attempted to give the multivariate generalization of the exponential distribution.
Krishnamoorthy and Parathsarathy(1951) studied the multivariate exponential distribution as a special case of a
multivariate Gamma type distribution and Gumbel (1961) proposed a new form of multivariate exponential
distribution. Likwise Marshalland Olkin (1967a, 1995), Essary(1974), Block (1975a), Raftery(1994), LindleyandsIn g
p-urwalla (1986), Ghurye(1987),0’cinneide. et.al (1989),singpurwalla and youngren (1993) introduced new form of
multivariate exponential distribution and some authors proposed alternate form of multivariate exponential distribution
and applied it to the specific field of application respectively. This paper deals with the new and alternate generalization
of multivariate exponential distribution and the authors discussed its properties in the next section.
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SECTION 1: SAM-SOLAI’'S MULTIVARIATE ADDITIVE EXPONENTIAL DISTRIBUTION
Definition 1.1: Let XI‘XZ'X3""Xp be the random variables followed Continuous univariate exponential distribution with

parameter )‘i for all i (i=1 to p), then the density function of the Multivariate Sam-Solai’s additive exponential

distribution is defined as
p

—EAixi p 7Zpr,
F(X, % X, ... ZZe‘“ (2% = DM TN)e ©)
i=1

where g <y <00 )\ >0

Theorem 1.2: The cumulative distribution function of the Sam’s Multivariate additive exponential distribution is
defined by

MoX X ul p 7iA1ul (2)

F (X, X X, . X fff f{ ZZe ) (2Pe ==K [Ne T dududu,..du,

where g<y <x \>0

F(Xl’xz’x?’""xp):f[l e/\XI){Z((]:-L ee_A,x).(l)) ﬁ((]i ee_,\:)_(p_z)}

Theorem 1.3: The Probability density function of Sam-Solai’s Multivariate additive Conditional
exponential distribution of X on X, X,,...X; is
P *i)‘ixi (3)
Ae (2> Je M) —(2Pe ) —(p—2)}
FOQT Xy Xg iy X)) = i=1 =

P 72/\,xi
{23 _e™)—(2""e ™7 )—(p—3)}

where 0§X1<OO A1>0

Proof: It is obtained from F (X Xy X - Xp)

(X %5000, %,)

FO /X, X5 X)) =

Theorem 1.4: Mean and Variance of Sam - Solai’s Multivariate additive Conditional exponential distribution are

p
A

- —Ax p-2 Z
2+226 —(2"% = )—(p-2}

(4)
E(X /%% X)) = Al -
=)W
2Ze —(2"%e % )—(p-3)}
V(] Xy X o X)) = B X, Xg ooy X0) = (E(X X5, X0, X)) ()
—Ep:)\ixi
where G e - ) (-2

E(X/ X %00 X,) =

p

p =Y A%
{(ZZe’AiXi)— (2"7e = )—(p—-3}

Proof: The n™order moment of the distribution is

oo

E(x" /x2,x3...,xp):Jﬂxl”f(xllxz,x3...,xp)dx1

0
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p

— N X P ZNX 7ZAiXi
w A TT{(2>Te ) —(2Pe T ) —(p—2)}
E(Xln/xz,xs...,xp):fxln = p dx,

P 72/\ixi
(2> e ™) (e 7 ) —(p-3}

1n{r(”+k)+r(n+1>{(2“' H-(p-m
n )‘1 Fkl |72
E(X" /X5, %5, X,) = x
Z(' H-(p-2)
If n=1, then the Conditional expectation is -
p i)‘ixi
2+229’“ (2% = )—(p-2}
E(X /%% X)) = Ai
Exx,

2Ee —(2"% = )—(p-3)}
If n=2, then the second order moment is

2 1 ° —A% p-3 7§Mi
?{(24-2;9 )—(@2"e ™ )—(p-2}

B/ X0 %00 X,) =

P
p o ot *Zkixi
{2y ™) - )-(p-3)}
The conditional variance of the distribution is obtained by Substituting the first and second moments in (5).
Theorem 1.5: If there are p = (g + k) random variables, such that g random variables X1 X2 )(3 X conditionally
! 1 10
depends on the k varlables)( )( X

ge21 Agagres
conditional Exponential dlstrlbutlon is

X +k,then the density function of Sam-Solai’s multivariate additive
q

q q+k (6)
Sax gk =Y %
(HA )e = {(22)?A ")—(2"e T )—(g+k—2)}

gtk
Aii

@Y ey @e ™ ) (k-2

i=q+1

f(xllXZ’Xs"'7Xq/Xq+1'xq+2’xq+3 o Q+k)_

where 0<x <00 A\>0

Proof: Let the multivariate conditional law for q random variables )(1l Xz’ x3’ X conditionally depending on the k
T

variables is given as
Xq+l’xq+2’xq+3”"xq+k g
T (X0 Xy Xg e e Xy s Xgaas Xgios Xgazs--- Xguk)
F (X Xy Xy X I X1 Xy s Xggr e Xgi ) = 9’ 9’ aral 9b a*
2 3 q q+1 q+2 q+3 q+k f (Xq+l’ 2o Xq+3 e Xq+k)
IRV {(22e H)—(27 e = ) (q+k—2)}
f(Xl! 21 3’ Xq/Xq+l’xq+2’xq+3""xq+k): = q+k q+k
) 00 o q+ =D A A%
TR T @Y e ™) —@ e T ) —(a+k -2}l d
00 0o I= i=
q zq:Axv q-+k %)\ixi
(1 [Nk ™ {(229’“') (2% e 7 )—(q+k—2)}
F (X X0 Xg oo X T Xq10 X 20 Xgpa oo X ) = —— —
X =N X k E 1)\i><i
{@> eM)—(2e ™ )—(k-2)}

i=q+1
where 0<x <oo \>0
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SECTION 2: CONSTANTS OF SAM-SOLAI’'S MULTIVARIATE ADDITIVE EXPONENTIAL
DISTRIBUTION

Theorem 2.1: The Marginal product moments, Co-variance and Population Correlation Co-efficient between the

Exponential random variables X 1 and X pare given as

3
E(xX,) = (7)
(%%;) Do
COV (X, %,) = — ®)
(%:%,) o
1 9
p(Xy, %) = —— ©)
4
Proof: Assume that X1 and X2 are random variables from Sam-Solai’s multivariate additive exponential
distribution. Let the product moment of the distribution is
oo o0 oo p
E(xlxz):ff...fxlxzf(xl,xz,x3,...xp)]__[dx
0o 0 i=1
Its Co-variance is
COV (%, X,) = E(XX,) — E(x)E(X,) (10)
Then
o0 00 00 i i)"xi p
EG0e) = [ [ [xd@ e )~ @ T )~ (p— 2)}(HA)e T ]dx
0 0 0 i=1 i=1
B L 3
y evaluation, it follows that E(X1X2):
AN,

The Marginal expectation of exponential variables X 1 and X pare 1/% and 1/A, respectively. The Marginal Product

moment for E (X1X2) is obtained by substituting the above Marginal expectations for X 1 and X 2 in (10).
Thus

1
COV (%, %,) =~ (11)
AN,
Correlation coefficient of a distribution is COV (x,, X,) (12a)
p(%, %) =
0,0,
It observed that o; = 1/, and o, = 1/, (12b)

From (11), (12a) and (12b), it follows that
p(%%) =7 13)

Remark 2.1: The Product moments, Co-variance and population Correlation Co-efficient between the j™and jth of
Sam-Solai’s multivariate additive exponential distribution random variable are given as

B (14)
E0ex) = AN,
1 (15)
COV (X, X)) =———
AN,
(16)
pxx) =7
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Theorem 2.2: The Moment generating function of Sam- Solai’s Multivariate additive exponential distribution is

Mxl,xz,x}.t,xp(tl’tzfte.""t ) H ' { Z 2)\ —t sz)\ _t p_ )} (17)

i 1

Proof: Let the moment generating function of a Multivariate distribution is given as

o] Z‘lxi p
M s x, (ot ts f g f(xl,xz,x3,...xp)1_[dxi
0 !

0%8
ng

P

P > A%
{(2)_e™)—(2°e = )—(p— 2)}(H>\)e” HdX

i=1

Mxl,xz,x@.t,xp (tl’tZ’tS" J H Z i pHZ)\ _t _2)}

e

xlxzxgx(tt t p):

o%g
o\}{
y

by integrating the above equation.

Theorem 2.3: The Cumulant of the Moment generating function of the Sam-Solai’s Multivariate additive exponential
distribution is

Copro, (ol Zlog +I0g{22 o —it sz/\ m p—2)} (18)

Proof: It is found from

C (Lt 1)) = log(M

X1, X, %3, X

X1, X2, X3, Xp (tl ’ t2 ’ t3,.._tp )) .

Theorem 2.4: The Characteristic function of the Sam- Solai’s Multivariate additive exponential distribution is

¢x1,x2,x3“.,xp(t1’t2't3" H Z 2)\ _”J: pHZ)\ —t p_ )} (19)

J

Proof: Let the characteristic function of a multivariate distribution is given as

p
0o 0o o) |Z[J'Xi P
¢xl,x2,x3wxp (tl'tz ’t3,..4tp ff fe = f (Xii X2 ’ X31' .- Xp)l__[dxj
0 o 0 j=1

o0 |ZP:I’XJ - 7i)\jxj p ’Zp:’\in p
e g@>ze My —2e T ) —(p—2H[[N)e T []ox,
5 j=1 j=1

i=1

kel

¢X1vX2:X3,... t t t . f
0

o%g

a,xz,xg...,xp<t1,t2,t3...,t)=<1jk_ N e L R e ICRE)

by integrating the above equation.

Theorem 2.5: The survival function of the Sam-Solai’s Multivariate additive exponential
distribution is

P 7“ p 1 eZAx, p 1 e2)\x,
S(xl,xz,x3...,xp):1—H(1 {Z = H ) —(p—2)} (20)

i1 = (1-e™ el (-

Proof: Let the survival function of a multivariate distribution is given as

S(X:L’XZ!XS'--!Xp):1_F(X:L’X2!X3'--’Xp)
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p
X Xy X3

SO, X Xg oo X,) =1 Hj j{(zze%“) (2pe§ )—(p - 2)}(Hz,)e'?dudu du,...du,

000

Theorem 2.6: The hazard function of the Sam-Solai’s Multivariate additive exponential distribution is

n(X, X, X0 X)) = = = (21)

1- ﬁl e {ijl ¢ X')—lﬂ[(l * ) _(p-2)

i= i= 1 e_)\XI i=1 (l e AiXI)

Proof: It is obtained from

(X%, %00,
h(Xy, X0 X ooy X)) = (4, %, %5, %p) and

S(X, Xy, %5444, X,,)
S(X, X5, X5 oo X)) =1=F (X, X, X5 ..., X))

Theorem 2.7: The Cumulative hazard function of the Sam-Solai’s Multivariate additive exponential distribution is

H (G, %, X, ., X, ) = —log(L— Hl = {211 ee_ﬂl')—f[((ll__ee_%;i))—(p—z)}) @2)

Proof: Let the Cumulative hazard function of a multivariate distribution is given as
H(, X, X000 X)) = =1og(L = F (%, %, X5 ..., X))

H (X, X, X o0 X)) = =109(S (X, X5, X5+, X))

p 1 eZAx, p 2)\><I

H (X, %, X .. —log(1— ﬁ 1—e W) {Z

(l1—e
= — (1 ™) Al

-(p-2)})

SECTION 3: SOME SPECIAL CASES

Result 3.1: The uni-variate marginal of the Sam-Solai’s multivariate additive exponential distribution is the uni-variate
two parameter exponential distributions.

Result 3.2: From (1) and If P= 1, the Sam-Solai’s multivariate additive exponential density is reduced to density of
univariate exponential distribution.

Result 3.3: From (1) If P=2, then the density of Sam-Solai’s Multivariate Exponential distribution was reduced into
F(%,X,) = (287%% 4 26777 — de Wiy ) o) (23)

where () <y, X, <00 ), >0
This is called the density of Sam-Solai’s Bi-variate additive Exponential distribution.

Result 3.4: Table 1 and Bi-variate probability surface for (23) show the selected simulated standard Bi-variate Co-
variances between any two exponential random variables calculated for different combinations of parameters

values ()\i , )\j) .
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Tablel: Standard Co-variances between two exponential random variables for different values of parameters

Aand 4,
A4 01 o5 1 | 15| 2 | 25| 3 | 35| 4 | 45| 5 | 55| 6 | 65 | 7
01 | .00 o | ~03|-04|-05|-06|-08-09|-10|-11|-13 |-14 | -15 | -16 | -18
05 | o1 | g | 13| -19| 25 | 31 | -38 | -44 | 50 | -56 | 63 | -69 | 75 | -81 | -88
1 _63 . 1'3 -25 | -38 | -50 | -.63 | -.75 | -.88 1.'00 1.'13 1.'25 1.'38 -1.50 | -1.63 | -1.75
L5 | 04| 19| 38|56 | =75 | -94 | 15| 131 | 150 | 1.69 | 1.88 | 206 | 225 | 244 | -263
2 | 05| 25| 50| =75 | 100 | 1.5 | 150 | 1.75 | 2.00 | 2.25 | 2.50 | 2.75 | 300 | -3:25 | -3.50
25 | 06| 31| 783 | ~9% | 125 | 156 | 1.88 | 219 | 250 | 2.81 | 3.13 | 3.44 | 375 | 406 | -4.38
3 | o8| 38| " | 113 | 150 | 1.88 | 2.25 | 2.63 | 3.00 | 3.38 | 3.75 | 413 | 450 | 488 | 525
35 | 09| 44| 8 | 131|175 | 219 | 2.63 | 3.06 | 350 | 3.94 | 4.38 | 481 | 525 | -5:69 | 613
4 | 10| 50 | 1.00 | 150 | 2.00 | 2.50 | 3.00 | 3.50 | 4.00 | 450 | 5.00 | 5.50 | ©:00 | -6:50 | -7.00
45 | 11| 56 | 113 | 1.69 | 2.25 | 2.81 | 3.38 | 3.94 | 450 | 5.06 | 5.63 | 6.19 | ©7° | 731 | 7.8
5 | 13| 63| 1.25 | 188 | 250 | 3.13 | 3.75 | 4.38 | 5.00 | 5.63 | 6.25 | 6.88 | 20 | 813 | 875
55 | 14| 69 | 1.38 | 2.06 | 2.75 | 3.44 | 413 | 481 | 550 | 6.19 | 6.88 | 7.56 | 825 | 894 | 963
6 | 15| 75| 1.50 | 2.25 | 3.00 | 3.75 | 450 | 5.25 | 6.00 | 6.75 | 7.50 | 8.25 | %00 | 975 | 1050
65 | 16| 81| 1.63 | 2.44 | 3.25 | 406 | 4.88 | 569 | 650 | 7.31 | 8.13 | 8.94 | °7% | 1056 | 11.38
7 | 18| 88| 1.75 | 263 | 350 | 4.38 | 5.25 | 6.13 | 7.00 | 7.88 | 8.75 | 9.63 | 10.50 | 11.38 | 12.25
Where i#
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Result 3.5- From (1) and IfY. =1/ X;, then the Sam-solai’s Multivariate additive exponential distribution transformed

into Sam-solai’s Multivariate additive Inverse exponential distribution of Kind -2 with parameter )‘i and its density

function is given as
p

p N S S PGy
F(Y Yo Yo oonn ¥p) ={(2) e ) = (2% =7 )—(p—Z)}(Hy—_;)e S e

p

where 0 <y, < 400 A >0

Result 3.6-From (1) and If )‘i =land yi = Qi ki Xi , the Sam-solai’s Multivariate additive exponential distribution
transformed into Sam-solai’s Multivariate additive Weibull distribution with Parameters (6, ki)and its density function

is given as
& 7§ki p 7-p(%:)ki O R 7-2%(;7:)&

POV Yo Vs V) ={(2) e " ) —(27e = )—(p—Z)}(H(g)'kiyi' Je = (25)
i=1 i=1 Y

where ()< y, <oo 6,k >0

Result 3.7-From (1) and If y, = e i/ ki, then the Sam-solai’s Multivariate additive exponential distribution reduced
into Sam-solai’s Multivariate Power law distribution with parameters y , | and its density function is given as
1 1

P

FOV Yo Vs V) ={(22(kiyi)”)—(pr[(kiyi)*i)—(p—2)}(ﬁkikﬁi ¥ ) (26)

i=1 i=1

1
where (< y. <? Aok >0

Result 3.8- From (1) and If \, =1/2,then the Sam-solai’s Multivariate additive Exponential distribution modified into

Sam-solai’s Multivariate additive chi-square XZZ -distribution with 2 degrees of freedom and its density function is

given as
p p

b, X 226 226G
4K %,) ={@D e )= (2% T2 —(p-2}E)7e T e
where OSXi<OO )

2

Result 3.9- From (1) and If )\, = 1/ 20’i2 and Y; = 4/ X, , then the Sam-solai’s Multivariate additive exponential

distribution transformed into Sam-solai’s Multivariate additive Rayleigh distribution with parameter O; and its
density function is given as

yi2 ¢ yi2 : yi2

p. I —2(20_2) EVERESY %)
f(0 Yo Yoo ¥Y) ={(2) e )= (2% = ')—(p—2)}(H§)e R

where 0<y <00 0,50

Result 4.0- From (2)If yi = kiexi , then the Sam-solai’s Multivariate additive Exponential distribution transformed
into Sam-solai’s Multivariate additive Pareto distribution with parameters N k) and its density function is given as

(YL Yo Yaon ¥p) = Zi[é] _zplﬁ[[ﬁ] _(p-2) [ﬁ/\.‘;.l] (29)

i1 Y i1 Y

where k. <y <oo Ak >0
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e
Result 4.1-From(D)If\ = land V. = 1, — -|0 — | ,then the Sam-solai’s Multivariate additive
i i :ul i X
— 1

Exponential distribution transformed into Sam-solai’s Multivariate logistic distribution of Kind -2 with parameters [,

and ﬁi and its density function is given as
yl i Y| Hi _YitH

e /i
f(y11y2’y3" {( Z l+e (Y. —15163;) le—l—e (yi— M/J) (p 2)}(Hﬁ(l+e (yi #I/d)) ) (30)

Where _ oo < y. < 4-00:—00 < f; < +00, >0

Result 4.2- From (1) If )‘i =1 and yi = 4 —0; Iog Xi, then the Sam-solai’s Multivariate additive exponential
distribution transformed into Sam-solai’s Multivariate Generalized extreme value distribution of Kind -2 with

parameters [i; and O0; and its density function is given as

p
_N e Oi-nilai) P e_{(yi —piloy)+eVizrilai)y

(Y VoY) =@ e ) =@ )= (p- [ [ ) @

where _ o < y. < 4o001—00 < g <4001 ;>0

Result 4.3-From (1) Ify; = 1+ X; then the Sam-solai’s Multivariate additive exponential distribution transformed

into Sam-solai’s Multivariate Benktander weibull distribution of Kind -2 with parameter )‘i and its density function is
given as

fEA(y. 1) p fZA(y, )
POV Yo Yo ¥y) = {228 U —(2%e ) (p- 2}(HA e (32)

whereg <y < 4001 A >0

CONCLUSION

The multivariate generalization of exponential distribution in an additive form of Sam-Solai’s generalization having
some interesting features. At first, the marginal univariate distributions of the Sam-Solai’s Multivariate additive
Exponential distribution are univariate and enjoyed the symmetric property. Secondly, the Population Correlation co-
efficient of any two exponential random variables is found to be -0.25 and correlation co-efficient is independent from
its Co-variance. Moreover,the authors simulated and proposed standard Co-variance matrix for different values of
parameters. Finally, the multivariate generalization of exponential distribution in an additive form open the way for the
same additive form of the generalization of Multivariate Inverse exponential distribution, Multivariate Weibull
distribution, Multivariate Power law distribution, Multivariate chi-square distribution with two d.f, Multivariate
Rayleigh distribution, Multivariate Pareto distribution, Multivariate logistic distribution, Multivariate Generalized
extreme value distribution and Multivariate Benktander weibull distribution.
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